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Abstract

Let a be a p x ¢ interval matrix with p > ¢ and with the endpoints of all its entries
in Q. We prove that, if @ contains a rank-r real matrix with r € {2, —2,¢— 1, ¢}, then
it contains a rank-r rational matrix.

1 Introduction

Let p,q € N\ {0}; a p x ¢ interval matrix a is a p X ¢ matrix whose entries are intervals
in R; we usually denote the entry i, 7, a; ;, by [Qi,jvai,j] with a; ; < @; ; and we point
out that we denote every interval matrix in bold. A p X ¢ matrix A with entries in R
is said contained in a p x ¢ interval matrix a if a; ; € a;; for any ¢, j. There is a wide
literature about interval matrices and the rank of the matrices they contain. In this
paper we consider the following problem: let a be an interval matrix whose entries
have rational endpoints; for which r can we deduce that, if a contains a rank-r real
matrix, then a contains a rank-r rational matrix?

Before sketching our results, we illustrate shortly some of the literature on interval
matrices, and the rank of the contained matrices, on partial matrices and on the
matrices with a given sign pattern; these last two research fields are connected with
the theory of interval matrices.

Two of the most famous theorems on interval matrices are Rohn’s theorems on full-
rank interval matrices. We say that a p X ¢ interval matrix e has full rank if and only
if all the matrices contained in @ have rank equal to min{p, ¢}. For any p X ¢ interval
matrix @ = ([, ;, @ ])i; With a; ; < @;j, let mid(a), rad(a) and |a| be respectively
the midpoint, the radius and the modulus of a, that is the p X ¢ matrices such that

@ + Qi Qij — Q

mld(a)m = =% 7 , rad(a)i’j =

}

i ; = max{|q, ;|, [@i;
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for any ¢, 7. The following theorems characterize respectively full-rank square interval
matrices and full-rank p x ¢ interval matrices, see [14], [16], [17], [21]; see [14] and [15]
for other characterizations.

Theorem 1. (Rohn) Let a = ([, ;, @i ])i; be a p X p interval matriz, where a; ; <
@ for any i,5. Let Y, = {—1,1}¥ and, for any v € Y,, denote by T, the diagonal
matrix whose diagonal is x. Then a is a full-rank interval matriz of and only if, for
each x,y € Y,

det (mid(a)) det (mid(a) — T, rad(a) Ty) > 0.

Theorem 2. (Rohn) A p X q interval matriz o with p > q has full rank if and only
iof the system of inequalities

lmid(a) | < rad(a) |x|, r € R
has only the trivial solution x = 0.

A research area which can be connected with the theory of interval matrices is the one
of the partial matrices: let K be a field; a partial matrix over K is a matrix where only
some of the entries are given and they are elements of K; a completion of a partial
matrix is a specification of the unspecified entries. In [5], Cohen, Johnson, Rodman
and Woerdeman determined the maximal rank of the completions of a partial matrix
in terms of the ranks and the sizes of its maximal specified submatrices; see also [4]
for the proof. The problem of a theoretical characterization of the minimal rank of
the completions of a partial matrix seems more difficult and it has been solved only in
some particular cases. We quote also the papers [13] and [23] about the NP-hardness
of the problem and the paper [7] for rank-1 completions.

In [19] we generalized Theorem 1 to matrices whose entries are closed connected
nonempty subsets of R, i.e. the so-called matrices in Kahan arithmetic.

In [18] we determined the maximum rank of the matrices contained in a given interval
matrix and we gave a theoretical characterization of interval matrices containing at
least a matrix of rank 1. In the previous paper [6], the authors studied the complexity
of an algorithm to decide if an interval matrix contains a rank-one matrix and proved
that the problem is NP-complete.

Finally we quote another research area which can be related to partial matrices,
to interval matrices and, more generally, to general interval matrices: the one of the
matrices with a given sign pattern; let @ be a p X ¢ matrix with entries in {+, —,0}; we
say that A € M(px¢,R) has sign pattern @ if, for any 4, j, we have that a; ; is positive
(respectively negative, zero) if and only if Q); ; is + (respectively —,0). Obviously the
set of the matrices with a given sign pattern can be thought as a matrix whose entries
are in {(0,+00), (—00,0),[0]}. There are several papers studying the minimal and
maximal rank of the matrices with a given sign pattern, see for instance [1], [2], [9],
[22]. In particular, in [1] and [2] the authors proved that the minimum rank of the
real matrices with a given sign pattern is realizable by a rational matrix in case this
minimum is at most 2 or at least min{p, ¢} — 2.
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Obviously the three theories we have quoted, that is the theory of interval matrices,
the theory of partial matrices, and the theory of matrices with a given sign pattern
can be seen as parts of the same theory: the one of subset matrices, i.e. matrices
whose entries are subsets of a given field; we denote also subset matrices in bold.

In [20] we proved the following theorems:

Theorem 3. Let p > q and let a = ([ay ;, @i ])i; be a p X q interval matriz with
i <@y and o, 5,05 € Q for any i, j. If there exists A € a with tk(A) < q, then
there erists B € anNM(p x q,Q) with tk(B) < q.

Theorem 4. Let p > q and let a = ([ay;, @ij])i; be a p X q interval matriz with
; <@y and a; ;,a;; € Q for any i, j. If there exists A € a with 1k(A) = 1, then
there exists B € a N M(p x q,Q) with tk(B) = 1.

Moreover, in [20] we observed (see in Remark 13 there) that from the papers [3], [22]
and [8] we can deduce that it is not true that, for any r, if a p x ¢ interval matrix with
the endpoints of all its entries in Q contains a rank-r real matrix, then it contains a
rank-r rational matrix. In particular this is not true for r = 3, min{p, ¢} — 3.

In this paper we prove that, if a p X ¢ interval matrix with p > ¢ and with the
endpoints of all its entries in Q contains a rank-r real matrix, then it contains a rank-
r rational matrix for r = 2,9 — 2,9 — 1, q, see Theorem 8, Theorem 13 and Remark
9. Summarizing we get the following result; observe that the behaviour of interval
matrices is similar to the one of the matrices with a given sign pattern showed in [1]

and [2], even if, to prove it, we have to use a technique which is different from the one
in [1] and [2].

Theorem 5. Let p > q and let a = ([ay;, @i ])i; be a p X q interval matriz with
a,; <@ and o, 05 € Q forany i,j. Ifr € {0,1,2,g— 2,9 —1,q} and there exists
A € a with tk(A) = r, then there exists B € a N M(p x q,Q) with tk(B) = r.

2 Notation and first remarks

e Let R be the set {z € R| z > 0} and let R>( be the set {x € R| x > 0}; we define
analogously Ry and R<y. We denote by I the set R — Q.

e Throughout the paper let p,q € N\ {0}.

e For any set X, let | X| be the cardinality of X.

e For any field K, let M(p x ¢q, K) denote the set of the p X ¢ matrices with entries

in K. For any A € M(p x q,K), let rk(A) be the rank of A, let AU) be the j-th

r)

column of A and, more generally, let A ‘Z b)) he the submatrix of A given by the
1y-eris)

columns ji,..., 7, and the rows iy,..., 1% of A with the orders, respectively, j1, ..., J,
and 71, ..., %.

e For any vector space V over a field K and any vy, ...,v, € V, let (vy,...,v;) denote
the span of vy, ..., v.

e Let a be a p X ¢ subset matrix over a field K. Given a matrix A € M(p x ¢, K), we
say that A € a if and only if a;; € a; ; for any 1, j.
We say that an entry of a is degenerate if its cardinality is 1.
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e Let @ and @’ be two p x ¢ interval matrices. We say that
o Ca

if a} ; C ayj for every i, j.

We defer to some classical books on interval analysis, such as [10], [12] and [11]
for the definition of sum and multiplication of two intervals. In particular, for any
interval oo in R and any interval § either in R.g or in R, we define & to be the set

p
{4 a€a, bep}.

3 Rational realization of the rank 2

Lemma 6. Let K be a field and let k,n € N\ {0}. Let A€ M(k xn,K) withn > k.

m K" forj=k+1,...,n:

/ det(A(2 ..... k,j)) \
. det(A(1’3""’k’j))

(_1)141 det(A(l ..... k—l,j))

Proof. The vectors vi1,...,v, are obviously linearly independent, they are n —k and
we can easily see that they are in the kernel of A, so we conclude. ]

Corollary 7. (1) Let K be a field and let k,n € N\ {0}. Let A € M(k x n, K) with
n >k and tk(A) = k. For any j1,...,jke1 i {1,...,n} with j1 < ... < Jpa1, let

Vj,,..jess € the vector such that

e the i-th entry is equal to 0 for every v # ji, ..., Jki1,
e the ji-entry, forl=1,...,k+1, is equal to
(_1)l det<A(j1 ~~~~~ Jises jk-&-l)).

Then the kernel of A is generated by the vectors vy,
{1,...,?1} with 71 < ... < Jgi1-

(2) Let K be a field and let m,n,k € N\ {0} withn > k. Let A€ M(m x n, K) with
n >r1k(A) > k. Foranyiy,... is i {1,...,m} with iy < ... <ig, for any ji, ..., Jsi1
in {1,...,n} with j1 < ... < jsi1, let Uﬁ """ . » be the vector such that

,,,,, Jk+1 Jor g1, ..., jry1 elements of



e the i-th entry is equal to O for every i # j1,..., Jsi1,

e the ji-entry, forl=1,...,s+ 1, is equal to

(_1)1 det(A(j17~'~7jla'~'ajs+l)).

(Z.l,.‘.,ZS)

Then the kernel of A is generated by the vectors vﬁzﬂ for s € {k,..., min{m,n —

1}, a1, is in {1, ... om} with iy < ... < g, J1,---,Jse1 0 {1,...,n} with j; <
--‘<js+1-

Theorem 8. Let p > q and let a = ([Qz’,ﬁai,j])ivj be a p X q interval matrix with
a;; <@ and a; ;,a;; € Q for any i, j. If there exists R € a with tk(R) = 2, then
there exists Q@ € aN M(p x q,Q) with rk(Q) = 2.

Proof. Let a;, b, cj,dj € Rfori=1,...,pand j =1,...,q such that
ri,j = GjiCj + bzd]

for any 7, j. Observe that we can easily suppose that, for any j € {1,..., ¢}, at least
one of ¢; and d; is nonzero (call this assumption “assumption (x)”).

For any ¢ € {1,...,p} such that ; ; is nondegenerate for at least one j € {1,...,¢q}
and for any j € {1,...,q} such that «;; is nondegenerate for at least one i €
{1,...,p}, let A;, B;,C}, D; be open neighbours respectively of a;, b;, ¢;, d; such that

AZ'CJ' + BZDJ C o

for any (i,7) € {1,...,p} x {1,...,q} such that a; ; is nondegenerate.

Define
T={(7j) e{l,...,p} x{1,...,q}| ai; is degenerate},

Ti={ie{l,....p}3je{l,....q}st (i,j) €T}
Th={j€{l,...;q}Fie{l,...,p}st. (i,j) €T},
t = |11, ty = |Tal;

for any ¢ € T}, let

TG, )={je{l.....q}l(i,j) € T}
and, for any j € T, let

T(.j)={ie{l,....p}(i,j) € T}
We can easily suppose that T is nonempty, hence t; > 0 and ¢5 > 0, and that

T=1{1,....t.}, Ty=1{1,....t:}).

Obviously, for any (i,7) € T
a;ic; + bid; = ay j, (1)

where here a; ; denotes one of the two (equal) endpoints of a; ;. So, if (¢, 7) and (7, h)
are in T', we have:
ch(ai,j — bz d]) = cj(am — bz dh),
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thus
bi(Cj dh — Cp, dj) =CjQp — Chly ;. (2)

By (1), equation (2) holds also if (i,h) € T and ¢;, =0, for any j =1,...,q.
From (1), we can deduce also that, if (7, 5) and (i, h) are in T, then

CLZ'(Ch dj —Cj dh) = dj a;p — dh Q; ;. (3)
Moreover, by (2), if (¢, ), (i, h) and (7, k) are in T, then

(dek — dej)(cj Ofi’h — Ch, am-) = (deh — Chdj)(Cj aiJg — Ck ai,j)7

that is
Cj(Cj Q;p — Cp ai,j)dk+
—Cj(Cj Q. — Ck ai,j)d}ﬁ— (4)
—I-[Ch(Cj QL — Ck ai’j) — Ck(Cj a;p — Cp ai,j)]dj =0

Let us consider the homogeneous linear system (S) in the unknowns d; for j = 1,..., %y

given by the equations

Vi (’Yj Qin— Vh ai,j)5k+
= () @i — Yk @i j)Ont (5)
+vn (v ik — e ;) — (7 @in — Yhai )]0, =0

for any i, j, k, h such that (i, 7), (i, h) and (i, k) are in T and the equations
o p0r — ;10 =0 (6)

for any i, h, k such that (¢,h) and (i, k) are in T and ¢, = ¢; = 0 (observe that the
first equations are obtained from (4) by replacing ¢; with +; and d; with the unknown
;).

Let us denote by Ga, ). cr(v))sem:
which has obviously ¢5 columns.
If1k(Gla,,) ;) = 1, let C = Cyx...xCy, be aneighbourhood of (ci, . . ., ¢;,) contained
in Cy x ... x Cy, such that 1k(G(a, ) (-,)) = 1 for every (v;); € C.

By Corollary 7, if 1 < 1k(G(q,,),(+,)) < t2 — 1, we can see the kernel of G, ), for

or by G(q,,),(y,) for short, the associated matrix,

(75); € C as generated by some vectors

vy ((vj)jer,) for f=1,...,g

(for some g) whose entries are polynomials in e, for (r,s) € T (which are fixed)
and v, for j € T5. By (4) and (3), (dy,...,d,) satisfies both the equations (5) and
the equations (6) with ¢; instead of 7;; moreover also (ci, ..., c,) satisfies both the
equations (5) and the equations (6) with c; instead of 7;; hence rk(G 4, ) () < t2 — 1,
because at least one of (cy,...,¢,) and (dy, ..., d;,) must be nonzero by assumption
(*); moreover, since (dy, ..., dy,) satisfies both the equations (5) and the equations (6)
with ¢; instead of v;, we have that, if tk(G g, )(,)) = 1, then

dy
f = Ao ((¢)jen) + - Agvg ((¢5)jemy)
dy
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for some Aj,..., A\, € R.

If 1k(Ga,.,).(c;)) = 1, choose

(i) ¢; € C; NQ for any j € Ty,

(ii) (A1, ..., ) in a neighbourhood of (A, ..., ),) and in @,
in such a way that, if we define

di

| =M (@)jen) + -+ Ay () jems) 7)
d,

we have that:
(a) ¢; = 0 if and only if ¢; = 0;

(b) if 4, j, h are such that (7, j), (i.h) € T, ¢j, cp, @; j, @; 5, are nonzero and det <Cj O‘i,j) _

Ch QG

- QL

0, then det %) 0;
Ch Q4p .

- ¢j d; ¢j d; .
(c) if det (Ch dh) # 0, then det <5h dh) # 0;

(d) for any j € Ty, if d; # 0, then d; # 0;

(e) d; € D; for any j € Th.

Observe that, by the choice of (¢, ...,¢,) we have done, the rank of G(q, ) ) is less
than or equal to to — 1: if (¢4,...,¢,) = 0, then the equations (5) with ¢ instead
of v; become trivial; moreover, by (a), we have that (ci,...,c,) = 0, hence, by (%),
(dy,...,dy,) # 0; by (3), we have that (di, ..., d,) satisfies equations (6) and then the
system (S); if (¢1,...,¢,) # 0, the statement follows from the fact that the transpose
of (¢1,...,6,) is in the kernel of G(q, ) ()-

,S

Observe also that, obviously, d; € Q for any j € T5, since the ¢; for j € T5 and the
Apfor f=1,...,garein Q.

If 1k(G(q,,).(c;)) = 0, choose

(i) ¢, € C;NQ for any j € T,

(ii) d; € D; NQ for any j € Ty,
in such way that
(a) ¢; = 0 if and only if ¢; = 0;

(b) if 4, j, h are such that (i, 5), (i, h) € T', ¢;, cp, i j, & j, are nonzero and det (Cj a“) =

Ch Qp
0, then det G Qi = 0;
Ch QG

(c) if det <? ;i]) # 0, then det (?J Cé]) # 0;
ho dp

r dp
(d) for any j € Tb, if d; # 0, then d; # 0.

Remark A. Observe that, by our choices, if tk(Ga,.,) ;) = 0, thentk(G(q, ) ) = 0.
This follows from the following remarks.



e Equations (6) do not depend on ;.

e Let us consider equations (5);

- if, for any 7,4, h,k with j, h,k € T(7,-), we have that ¢; = ¢, = ¢t = 0,
then, by condition (a), we have that ¢; = ¢, = ¢, = 0, hence equations (5) with
¢; instead of v; for every [ are trivial;

- if there exist 4, j, h, k with j, h, k € T(i,-) and ¢; # 0, then, since tk(G(q, ,) (¢,)) =
0, we must have
det <Cj ai’j> = det <Cj ai’j> = 0;
Ch Qi Cr QG
det <?J ai’j> = det <€j ai’j> =0, (8)
Ch Qjp Cr QG

in fact: let us prove for example that det G Qi) —o
Ch Qi

hence

Cj Qi

» if ¢;, = 0 then a; ;, must be zero (from det
’ Ch QG

>:Oandcj7é0)and

. . i @
¢, must be zero (by condition (a)), thus det G g = o,
Ch QGp

Cj Qi

Ch QGp

a;, = a; j = 0 or both a; ;, and a; ; are nonzero; if a; ;, = a; ; = 0, then obviously
~. a< . . ~. a‘ .

det (& @i ) = 0; if both @; , and a; ; are nonzero, then det CAR A by
Ch Qi ’ ’ Ch Qp

condition (b).

- if ¢, # 0, then, from det ( ) = 0 and ¢; # 0 we get that either

Moreover observe that (8) and the fact that ¢; # 0 imply that det (gk Z““) =0
ho Qih

Therefore, in every case, equations (5) with ¢ instead of 4, for every [ are trivial.

Remark B. If, for some i,j,h with j,h € T(i,-) we have that det (? ZJ> =0 (in
h Ap
particular, by (c), this holds if det ‘i Czj =0), then det ?j @) =o.
’ ’ ¢n, dp ’ Ch Qp

In fact: det (Cj d > = 0 implies, by (2), that det (Cj ai’j) = 0; thus det <?] ai’j) =

J
cn dyp, o TH Ch iy,

o : TR A
0 (let z be the cardinality of the nonzero entries of ? a” ; if z =4 our statement
h Oip

is true by (b), if z < 2, it is obviously true; observe that z cannot be 3).

We have defined ¢; and Jj for any 5 € T,. We want now to define a; and b; for any
1€T1y. Let v € T}.
o If |T(i,-)| = 1, let T(4,-) = {J(i)}; choose &; and b; in Q such that

@iC5(0) + bidys) = i), (9)
8



e Suppose |T(i,-)| > 2.

CASE 1: if &;dj, — é,d; is nonzero for some distinct j, h € T(i,-) (hence, in
particular, there exists j € T'(i,-) with & # 0), define b; (by analogy with (2))
as follows: ~ ~

j, - G = hna, 10
¢idp — epd;

(observe that the denominator is nonzero by our assumption; moreover, it is a
good definition, i.e. it does not depend on the choice of j, h € T'(7,-) such that
¢;dp — ¢pdj # 0, because the transpose of (di, ..., ds,) is in Ker(Gq, ), @)) (by
(7) in case 1k(G(q, ,),(¢,)) = 1 and by Remark A in case rk(G(q, ,),¢,)) = 0), hence
it satisfies the equations (5) with ¢; instead of 7;); then define @; for i =1,...,¢;
by o

;= % — s (11)

Cj

for any j € T'(7,-) with & # 0; it is a good definition by our definition of b; and
by Remark B, in fact: let j,h € T'(i,-) such that ¢; # 0 and ¢, # 0; we have to

@ij—bid;

prove that = ai7h;1bidh; this is equivalent to (éjcih—éhczj)i)i =Cja; ,—Cha, j,
j ~ ~ ~
which is true by the definition of b; in case ¢;dj, — ¢;d; # 0 and by Remark B in

case ¢jdy, — cpd; = 0.
CASE 2: if &;d, — &,d; = 0 for every j,h € T(i,-), then, by Remark B, we

have that det (9 ai’j) = 0 for every j,h € T'(i,-).
Ch Qp

Case 2.1. If there exists j € T'(¢,-) such that ¢; # 0, define b; to be any
element of B,NQ and @, as in (11) for any 5 € T'(7,-) such that ¢; # 0 (it is well
defined because ¢;dy, — ¢pd; and ¢;a; ;, — Cha; j are zero hence b;(C;d, — ¢pd;) =
@-am — 6hai,j for any j, h € T(Z, ))

Case 2.2. If ¢; = 0 for any j € T'(4, -), then, by (a), ¢; = 0 for any j € T'(, -);
hence d; # 0 for any j € T(i,-) by assumption (x); therefore, by condition (d),
we have that d; # 0 for any j € T'(4,-); define

bi = —2 12
7 (12)

for any j € T'(i,-) (it is a good definition because, as we have already said,

(dy, ..., d,) satisfies the system (S) with ¢; instead of v;, in particular satisfies
equations (6)). Moreover define a; to be any element of A; N Q.

By continuity, we can do the choices of the ¢; and of the S\f in case 1k(G(q, ) ;) = 1,
of the ¢; and of the ch in case tk(G(q, ) (;)) = 0 in such way that:

- if |T(i,-)| = 1 we can choose the @; and the b; satisfying (9) respectively in A; and
Bi) ~

- if |T(4,-)| > 2, the a; and the b; we have defined are respectively in A; and B;.
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Finally, for any ¢ € {1,...,p} \ 11, define

G — a; ifCLZ'EQ
* ] apoint of A, NQ if q; €1,

‘| apoint of B;NQ if b; € I;
and, for any j € {1,...,q} \ Tb, define

~_{Cj iijGQ

%7 a point of C; NQ if ¢; € I,
j d; if d; € Q
J a point of D; NQ ifd; € L.

We have o

CNLiéj + bldj € Q;
for any (i,7) & T, since a; € A;, b; € B;, ¢; € O, ch € Djforanyi=1,...,p and
7 =1,...,q. Moreover a;, Bi, Cj, cij are in Q foranyi=1,...,pand j=1,...,q.
Finally we prove that o

ELZ-E]- + bZdJ =Q
for any (i,5) € T.
In case |T'(i,-)| = 1 the statement is true by (9).
Suppose |T'(3,-)| > 2.
o If ¢; # 0 we can be either in Case 1 or in Case 2.1; in both cases the statement is
true by our definition of a; (see (11)).
e Suppose ¢; = 0 and there exist h, k € T'(7,-) such that cndy, — édy, # 0; hence there
exists h € T'(i,-) with ¢, # 0 and we are in Case 1. From the fact that ¢; = 0 we
have, by (a), that ¢; = 0; therefore, by assumption (%), we have that d; # 0; hence,
by (d), we have that ch = 0; hence @dh — éthj = —5;@7 =+ (0 and the statement holds
by our definition of b; (see (10)). )
e Finally, suppose ¢; = 0 and ¢é,dy, — ¢xdp, = 0 for any h,k € T(i,-). As before, this
implies ¢; = 0 (by (a)) and then d; # 0 by assumption (x), and finally, by (d), czj + 0.
From the fact that 6hczj — @-Jh = 0 for any h € T(i,-), we get that Ehcij = 0 for any
h € T(i,-), hence ¢, = 0 for any h € T'(7,-) and in this case (Case 2.2) we have defined
b; by (12). Then the statement is true by (12).

Hence the (p x ¢)-matrix ) whose entry (4, 7) is @;¢; + Bldj, for any i = 1,...,p and

j =1,...,q, is a rational matrix of rank less than or equal to 2 contained in a. If
rk(@) = 1, by changing an entry of () in an appropriate way, we can get a rational
matrix of rank 2 contained in a. ]

4 Rational realizations of the ranks ¢ — 2, ¢ — 1, ¢

Remark 9. Let p > q and let @ = ([a; ;,@;;])i; be a p X ¢ interval matrix with
a;; <@ ;and q; ;, @;; € Q for any 4, j. Suppose there exists A € a with rk(A) = g¢;
then obviously there exists B € a N M(p x ¢, Q) with 1k(B) = q.
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Notation 10. In the proof of the following theorem we will use the following notation

for any b € R:
_Jbo f beQ,
bw_{v if bel,

where v can be a real number or an interval.

Moreover, if we have two systems of equations, (P) and (M), in the same unknowns,
we call (PM) the system “union” of the two systems, i.e. the system given both by
the equations of (P) and the equations of (M).

Remark 11. (i) If a linear system with rational entries has a solution ¢ and V' is a
neighbourhood of ¢, then there is a solution of the system contained in V' and with
rational entries.

(ii) Let (S;) be a linear system whose entries depend linearly on a parameter ¢t € R”.
Let ¢ € R™. If the system S; has a solution b, then for every neighbourhood U of
b, there exists a neighbourhood V of ¢ such that if ¢ € V, S; is solvable and the
dimension of the solution space of S; is equal to the dimension of the solution space
of Sz, then there is a solution of Sy in U.

Theorem 12. Let p > q and let a = ([a; ;, @i j])ij be a p x q interval matriz with
a;; <@ and a; 5, @;; € Q for any i,j. If there evists A € a with 1k(A) < ¢ — 2,
then there exists B € a N M(p x q,Q) with tk(B) < q — 2.

Proof. We can suppose that A4=D A@ ¢ (AN Al=2)) Jet
A = p AW 1 pp, p A2 (13)
for some by,...,0,-2 € R and let
AD = AV 4 e, p AU (14)

for some ¢y, ..., c,—2 € R. We can suppose that, for any j = 1,...,¢—2, either b; # 0
or ¢; # 0 (call this assumption (xx)).
Up to swapping rows and columns, we can also suppose that a;, 1,q;, are nonde-

generate for ¢ = 1,...k, while, for ¢ = £+ 1,...p, at least one of a;,—1 and a;, is
degenerate.
For any i = 1,...,p, we define:

Ni={je{l,...,q—2} a;; €I}

Moreover, let us define
B={je{l,...q—2}| bel}

C={je{l,...,q—2} ¢ el}.

Finally we can suppose that a;; € Q forany i =1,...,kand j =1,...,¢—2; in fact:
if for some i € {1,...,k} the set IV; is nonempty, we have that for any j € N; the
entry a; ; is nondegenerate (since has rational endpoints and contains a; ;, which is

11



irrational); so there exist neighbourhoods U ; of a;; contained in e ; for any j € N;

such that
Z bj . (Clw' ! Ui’j) C ;41
je{l,...,q—2}
and
Z Cj - (CLi,j l Um’) C a5
Jje{l,....q—2}
hence, for any j € N; we can change the entry a; ; into an element a; ; of U; ; N Q and
the entries a;,-1 and a;, respectively into

> bi-laigiay),  and Y ¢ (aivay);

jedl a2} jefl a2}

in this way we get again a matrix with the last two columns in the span of the first
q — 2 columns and such that the first ¢ — 2 entries of each of the first £ rows of
the matrix are rational. So we can suppose that a;; € Q for any ¢ = 1,...,k and

j=1,....q—2
Moreover define

Xv={ie{k+1,...,p} a;, 1 is degenerate, a; , is nondegenerate
and either N; = () or b; = 0Vj € N;}.

Xe={ie{k+1,...,p} ai,1 is nondegenerate, o, is degenerate
and either N; = or ¢; = 0Vj € N;}.

Yi={ie{k+1,...,p} a;, 1 is degenerate, a; , is degenerate
and either N; = () or b; = 0Vj € N;}.

Ye={ie{k+1,...,p} ai,1is degenerate, a; , is degenerate
and either N; = or ¢; =0Vj € N;}.
We want now to define some neighbours Z} of b;, V/ of ¢; and Uj; of a;; for some
je{l,...,q—2}and i € {1,...,p}.
CASE 0: Let i € {1,...,k}. Hence a; ,—1 and a;, are nondegenerate.
Choose

- for any j € B, a neighbourhood Zj of b;,

- for any j € C, a neighbourhood V} of ¢,
such that the following two conditions hold:

Z (bj l Z;) c ;5 C Qg1

je{limg—2}
Y (V) e Caig
jella-2}

CASE 1: Let i € {k+1,...,p} such that a; ,; is degenerate and a;, is nondegen-
erate.

12



e SUBCASE 1.1: i & X",

Hence N; # () and there exists 7(i) € N; such that by, # 0.
Choose

- for any j € B, a neighbourhood Zj of b;,

- for any j € C, a neighbourhood V} of ¢,

- for any 5 € N;, a neighbourhood U, ; of a; ; contained in a; j,
such that the following three conditions hold:

if by;) € I, we have that Zji(z.) is contained either in R ( or in R.y;

> (V) (ai Uy Caig (15)
je{l,....q—2}
1 i
— Y. B2 (a0Ui)) —aigr| C U (16)

B 2 Z50) | eqr, 0

e SUBCASE 1.2: i € X? and N; # 0.

Choose

- for any 5 € C, a neighbourhood VjZ of ¢j,

- for any j € N;, a neighbourhood Uj ; of a; ; contained in a; ,

such that (15) holds.

e SUBCASE 1.3: i € X” and N, = 0.

Choose

- for any j € C, a neighbourhood ij of ¢j,

such that (15) holds with a;; instead of (a;; ! U;;) (observe that a;; € Q for any

je L q-2)).
CASE 2: Leti € {k+1,...,p} such that a; ,; is nondegenerate and a;, is degen-

erate.
Analogous to Case 1 by swapping ¢ — 1 with ¢ and b with c.

CASE 3: Let i € {k+1,...,p} be such that e;,—1 and «; , are degenerate.

SUBCASE 3.1: i ¢ YU Y* and there does not exist j € N; such that b; # 0 and
¢j # 0; by the assumption (#x), there exist 7(¢) and j(¢) in NN; such that

by 70, @ =0, ¢u#0, by =0.
We consider: |
for any j € B, neighbourhoods Z; of bj,
for any j € C, neighbourhoods V; of ¢,
for any j € N; \ {7(4), 7(¢) }, neighbourhoods U; ; of a; ; contained in a; ;

such that the following four conditions hold:
if by;) € I, we have that Zji(z.) is contained either in R ( or in R.g;

if ¢;;) € I, we have that V;’(Z) is contained either in Ry or in R.;

1 1
_—b, NYZ Z (bj l ZJ) . (a,',j l Um’) — Qig-1| C @54); (17)
10 S 2360) | jef,....a—2)\{0)706))
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1 7
TV > (c; Vi) - (aij tUi ) — aig| C @y (18)
IO Y560 | jeqt,a—2N\6)30)}

SUBCASE 3.2: i ¢ Y?UY* and there exists 7(i) € N; such that by, # 0 and ¢ # 0.
We consider:

for any j € B, neighbourhoods Z} of b,

for any j € C', neighbourhoods ij of ¢j,

for any j € N; \ {7(4)}, neighbourhoods U; ; of a; ; contained in o ;

such that the following four conditions hold:

if by;) € I, we have that Zji( ) is contained either in R or in R.;

1

if ¢55) € I, we have that le(z) is contained either in R or in R.y;

1 7
b T Z (bj ! Zj) : (ai,j ! Uz‘,j) — Qg1 | C Q53:); (19)
710 2560 | jef1,. g2\ {300}

1 7
TV Z (¢t Vi) - (aij Ui ) — aig| C @iz (20)
D V360 | jedt, g2\ {300))

SUBCASE 3.3: i € Y¢\ Y°.

In this case we must have: N; # 0, ¢; = 0 ¥j € N; and there exists j(i) € N; such
that bj(i) 75 0.

We consider:

for any j € B, neighbourhoods Z} of b,

for any j € N; \ {7(?)}, neighbourhoods U; ; of a; ; contained in a; ;

such that:

if by;) € I, we have that Zji( ) Is contained either in Ry or in Ry and (19) holds.

SUBCASE 3.4: i € Y?\ Y*.
Analogous to the previous subcase.

Finally observe that if i € Y’ N Y we must have N; = () since, by assumption (**),
there does not exist j such that b; = ¢; = 0. In this case we do not give at the moment
any definition.

Definiition. e For any j € B, let 5(j) be the set of the i € {1,...,p} such that we
have chosen Z!.
e For any j € C, let v(j) be the set of the i € {1,...,p} such that we have chosen V]Z

Choice of the Bj for any j € B and of the ¢; for any j € C in case BUC # .
If X*UY? =, then, for any j € B, choose l~)j in the set

(Nies(nZ;) NQ

(observe that in this case we have 5(j) # 0).
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If XUY*=(, then, for any j € C, choose ¢; in the set
(mig’Y(j)V}i) naQ

(observe that in this case we have v(j) # ).
If X°UY?+#0, define (M) to be the linear system given by the equations

> (biby) - aij = aig, (21)

je{l,---,Q*Q}

for i € X®UY?, in the unknowns Bj for j € B. Observe that the linear system has
rational coefficients and it is certainly solvable since b := (b;);ep is a solution.
If X¢UY¢=#1(, define (V) to be the linear system given by the equations

Z (Cj { 5]') “ Qi = A q, (22)

for ¢ € X°UY*, in the unknowns ¢; for j € C. Observe that the linear system has
rational coefficients and it is certainly solvable since ¢ := (¢;);ec is a solution.

Moreover, define W to be the set

{ie{l,...,p} @iq41,a;, are degenerate, i ¢ YO U Y,

(that is TV is the set of the 7 in Case 3.2) and, if BU C # (), consider, for i € W, the
following equation:

_l*au;l;j(i) {Zfe{lw-,q—?}\{y(i)}(bz‘?bj) (@i ta ) — ai,q—l] -

1

i i (23)
GGt {Zje{l ..... 20y (G 16) - (i Vi) = “i’q} ’

where the unknowns are the @, ; for j € N; \ {7(7)}. It is obviously equivalent to

Z bjzi)j . Cj?éj a/ o
JENNIOY \byylbyey GG ) 7 (24)

b;; c;1C; Qjq—1 Qi.q

B ngNi (bm)?%) T Gon ) Y T bty G300
We would like to find b := (b;)jep and ¢ := (¢;)jec such that they satisfy (M) and
(N), the equation (24) in the unknowns a,; for j € N; \ {7(¢)} is solvable for any
i € W and, finally, we can find a solution of (24) “arbitrarily near” to (a;;);cn,\ f)}-
Let (24),, be the equation we get from (24) by replacing Bj with b; for every j € B
and ¢; with ¢; for every j € C; observe that (24),. is true, because, by replacing in
(24) b; with b; for every j € B and & with ¢; for every j € C, both members of (24)
become equal to a; ;).
Let G' be the set of the i € W such that at least one of the coefficients of a;; for
g€ N;\{7(¢)} in (24); is nonzero. Let Z and V' be neighbours respectively of b and

¢ such that such coefficients are nonzero for any (b,¢) € Z x V and any i € G.

15



Let us call (P) the linear system in the unknowns l~)j for j € B with entries depending
on ¢; for j € C given by imposing the second member of (24) equal to 0 for any
i€ W\ G, ie. given by the equations

(ijBj) iq Z(CJ LC)aiy | + Z )(e5¢7)ai; — (¢50¢5)aig-1 =10
JEN; JEN;

for any ¢ € W\ G, and given by the equations

bj { Z~)j _ Cj l 6]' —0
by Loy Gty LG50)

fori e W\ G and j € N; \ {7(¢)}.
Let (P.) be the system we get from (P) by replacing ¢ with c.
Let us call (X) the linear system in the unknowns ¢; given by the equality :

“rank of the incomplete matrix of (PM)=
= rank of the incomplete matrix of (P.M)=
= rank of the complete matrix of (PM)”.

REMARK A. Observe that ¢ is a solution of (X), in fact, b is a solution (P., M).
Moreover ¢ is a solution of (N). So ¢ is a solution of (X N).

REMARK B. Observe also that, if b; € I, then all the columns of the complete matriz
associated to the linear system (P), apart from the column corresponding to l;j are
multiple of c;1¢; and not depending on the other c;1¢;’s and it is easy to see that the
system (X) is linear in the ¢;.

Also if b; € Q, we can conclude easily that the system (X) is linear in the ¢;.

Suppose C' # (). By Remarks A and B, the system (XN) is a linear system in the
unknowns ¢; with rational entries and c is in its solution set. Hence, by (i) of Remark
11, we can find a rational solution ¢ := (¢;) jec With ¢; € Nicy(; )V for every j, G;q) 7 0
foreveryzEW and c e Vif G # 0.

Let (P:) be the system we get from (P) by replacing ¢ with ¢. The linear system
(P:, M) in the unknowns Bj for 7 € B is solvable by our choice of ¢ and the dimension
of its solution set is equal to the dimension of the solution set of (P., M) (in fact, ¢
is a solution of (X)); moreover it has rational entries, so it has a rational solution
b= (b )jen by (i ) of Remark 11. Moreover, by (ii) of Remark 11, we can choose ¢ so
thatbeﬂleﬁ() 75 byiy # 0 for every i € W, and b e Z if G # 0.

If C =0, take ¢ = ¢ and argue analogously.

The couple (b, ¢) satisfies (P) (precisely b satisfies (P:)). So, if we replace (b, ¢) with
(b,¢) in (23), we get a solvable equation in the @;;. Moreover b satisfies (M) and ¢
satisfies (). We choose (b, ¢) for (b, ¢).

If C # () and B = (), we argue analogously.

Choice of the a; j forie {k+1,...,p} and j € N;.

CASE 1, i.e. a4 is degenerate and a;, is nondegenerate.

SUBCASE 1.1: i & X (hence N; # () and there exists 7(i) € N; such that by, # 0).
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Choose a;; € U; ; N Q for any j € N; \ {7(¢)} and define a; ;) to be

—f Z (bj ! bj) : (ai,j { C~Li,j) — Qjg-1| - (25)
JE{L,a—21\{3(0)}

By (16), we have that a; () € Qn Ui,j(i)

SUBCASE 1.2: i € X? and N; # 0.

For any j € N; choose a;; € U; ; N Q.

SUBCASE 1.3: i € X? and N, = 0.

In this case we have that a;; € Q for any j € {1,...,¢— 2}, so we have to choose no
CASE 2, i.e. a; 41 is nondegenerate and «; , is degenerate.

Analogous to Case 1.

CASE 3, i.e. a1 and a;, are degenerate.
SUBCASE 3.1: i ¢ YU Y* and there does not exist j € N; such that b; # 0 and

Cj 75 0.
Choose a;; € U; ; N Q for any j € N; \ {7(¢), )(¢)} and define @, ;) to be

by by D (bj 1b;) - (@i Vi) — aig-1| - (26)
70 C936) | jeq1,....q—21\{3(0).3(i)}

Moreover define a; 5;) to be

1 - .
——— Yoo () - (aiglag) —aig| - (27)
SORSSIONE e
JE{Lq=23\{j(9).3(0) }
By (17) and (18), we have that a;54) € a;34) and @; ;) € o ;).
SUBCASE 3.2: ¢ ¢ Y?UY* and there exists J(i) € N; such that by, # 0 and ¢;;) # 0.

Choose a;; € U;;NQ for any j € N; \ {7(¢)} in such way that (23) holds and deﬁne
i3(;) to be one of the members of (23). Observe that, if BUC # 0, this is possible by

the way we have chosen the b; and the ¢&;; if BUC = (), the equation (23) has rational
coefficients and is solvable, because the a; j for i € W, j € N; \ {j(i)} give a solution;
so it has a rational solution in X en i Ui;-

SUBCASE 3.3: i € Y\ Y? (hence N; # 0, ¢; = 0 Vj € N; and there exists 7(i) € N;
such that by, # 0).

Choose @; E Ui; NQ for any j € N; \ {7(¢)} and define a5 as in (25).

SUBCASE 3.4: i € Y*\ Y* (hence N; # 0, b; = 0 Vj € N; and there exists 7(i) € N;
such that c¢;;) # 0).

Analogous to the previous subcase.

Finally, let H be the p X ¢ matrix such that, foreveryt=1,...,pand j=1,...,9—2,

o &i,j if aij € I
HZ’J o { a; j if ai; &€ Q
17



and such that

Hla—D) — Z ij(j) + Z BjH(j),
je{l1,...,q—2}| b;€Q je{l,....q—2}| bjel
@ — Z CjH(J') + Z EjH(j).
je{1,...,¢—2}| ¢;€eQ Jje{1,....q—2}| ¢;€l

By the choice of Bj for j € B and of ¢; for j € C, and the choice of a;; for ¢ €
{k+1,...,p}, j € N;, we have that h; ;1 = a;,—1 when a;,; is rational, h;, = a;,
when q; , is rational, h;, 1 € ;1 when a;,1 € I and h;, € a; , when a;, € I. So
the matrix H, whose rank is obviously less than or equal to ¢ — 2, is contained in
anNMpxq,Q). ]

From Theorems 3 and 12 we can easily deduce the following result:

Theorem 13. Let p > q and let @ = ([ay ;,@i;])i; be a p X q interval matriz with
a,; <@ and o; 5, ;5 € Q for any i, 7.

(a) Suppose there exists A € a withtk(A) = q—1; then there exists B € anM (pxq, Q)
with tk(B) = ¢ — 1.

(b) Suppose there ezists A € a with vk(A) = q—2; then there exists B € anM (pxq, Q)
with tk(B) = ¢ — 2.

Proof. (a) Since there exists A € a with rk(A) = ¢ — 1, we can find a p x ¢ interval
matrix ' = ([a; ;, /s j])i; with o/, ; < o/;; and o, ;, o ; € Q for any 4, j such that
Aead Ca

and
rk(X) >qg—1 VX ed. (28)

By applying Theorem 3 to the interval matrix o', we get that there exists B €
M(p x q,Q) Na’ with tk(B) < ¢ — 1; but, by (28), we have that rk(B) = ¢ — 1
and we conclude.

(b) Analogous to (a), but we have to use Theorem 12 instead of Theorem 3. O

Remark 14. We point out that the result above can have some applications: for
instance suppose to have a linear subspace L of dimension 2 or ¢ — 2 in RY given as
solution set of a linear system S:

L ={z € RY Az = 0},

where A is a p X ¢ matrix (of rank respectively g — 2 or 2 obviously); we may want to
find a linear subspace L' in R? with the same dimension as L and given by a linear
system A'r = 0 such that, for every i and j, the entry A}, is equal to A, ; if A;; is
rational and the entry A is rational and in a given interval containing A, ; if A;; is
irrational; the results of this paper allow us to say that this is possible and the proofs
describe also algorithms to find A’. We observe that the most “expensive” step of
the algorithm described in the proof of Theorem 12 is to calculate the linear system
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(X) (before Remarks A and B), which requires O(pg*) elementary operations, and
to solve the system (XN), which requires O(p?q?) elementary operations, while the
other steps are less “expensive”, so we need in all O(p?q?) elementary operations.

Remark 15. In [8], the authors exhibited a 12 x 12 sign pattern matrix () such that
there exists a real matrix B with rk(B) = 3 and sign pattern ) and there does not
exist a rational matrix A with rk(A) = 3 and sign pattern Q.

In [22] the author showed that there exists a p X ¢ sign pattern matrix ) such that
there exists a real matrix B with rk(B) = ¢ — 3 and sign pattern @) and there does
not exist a rational matrix A with rk(A) = ¢ — 3 and sign pattern Q.

Analogous results are in [3].

The same examples show that it is not true for any r, that, if an interval matrix
contains a rank-r real matrix, then it contains a rank-r rational matrix. In fact let a
be an interval matrix containing B of rank r as above and such that, for any i, 5, we
have:

a;; = {0} if and only if b; ; = 0,

a;; C Ry if and only if b; ; > 0,

a;; C R if and only if b; ; < 0.

Obviously, since there does not exist a rational matrix with sign pattern ¢) and rank
r, there does not exist a rational matrix in @ with rank . So Theorem 5 is not
generalizable to any rank, that is, it is not true for any r, that, if an interval matrix
contains a rank-r real matrix, then it contains a rank-r rational matrix.

Acknowledgments. This work was supported by the National Group for Algebraic
and Geometric Structures, and their Applications (GNSAGA-INdAM).

References

[1] M. Arav, F.J. Hall, S. Koyuncu, Z. Li, B. Rao, Rational realizations of the minimum
rank of a sign pattern matriz, Linear Algebra Appl., 409 (2005), pp. 111-125.

[2] M. Arav, F.J. Hall, Z: Li, H. van der Holst, J. Sinkovic, L. Zhang, Minimum ranks
of sign patterns via sign vectors and duality, Electron. J. Linear Algebra, 30 (2015),
pp. 360-371.

[3] A. Berman, S. Friedland, L. Hogben, U.G. Rothblum, B. Shader, Minimum rank of
matrices described by a graph or pattern over the rational, real and complex numbers,
Electron. J. Combin., 15 (2008), no. 1, Research Paper 25, 19 pp..

[4] N. Cohen, J. Dancis, Mazimal Ranks Hermitian Completions of Partially specified
Hermitian matrices, Linear Algebra Appl., 244 (1996), pp. 265-276.

[5] N. Cohen, C.R. Johnson, L. Rodman, H.J. Woerdeman, Ranks of completions of
partial matrices, The Gohberg anniversary collection, Vol. I (Calgary, AB, 1988),
pp. 165-185, Oper. Theory Adv. Appl., 40, Birkhauser, Basel, 1989.

[6] N. Gillis, Y. Shitov, Low-rank Matriz Approximation in the Infinity Norm, Linear
Algebra Appl., 581 (2019), pp. 367-382.

[7] D. Hadwin, J. Harrison, J.A. Ward, Rank-one completions of partial matrices
and completing rank-nondecreasing linear functionals, Proc. Amer. Math. Soc., 134
(2006), pp. 2169-2178.

19



8]

[9]

[10]

[11]

[12]

[13]

[14]

[15]

[16]

[17]

18]

[19]

[20]

[21]

[22]

23]

S. Kopparty, K.P.S. Bhaskara Rao, The minimum rank problem: A counterexample,
Linear Algebra Appl., 428 (2008), pp. 1761-1765.

Z.Li, Y. Gao, M. Arav, F. Gong, W. Gao, F.J. Hall, H. van der Holst, Sign patterns
with minimum rank 2 and upper bounds on minimum ranks, Linear Multilinear

Algebra, 61 (2013), pp. 895-908.

R.E. Moore, Methods and applications of interval analysis, STAM Studies in Applied
Mathematics, 1979.

R.E. Moore, R.B. Kearfott, M. Cloud, Introduction to interval analysis, STAM,
Philadelphia, 2009.

A. Neumaier, Interval methods for systems of equations, Cambridge University Press,
1990.

R. Peeters, Orthogonal representations over finite fields and the chromatic number
of graphs, Combinatorica, 16 (1996), pp. 417-431.

J. Rohn, Systems of Linear Interval Equations, Linear Algebra Appl., 126 (1989),
pp. 39-78.

J. Rohn, Forty necessary and sufficient conditions for reqularity of interval matrices:
A survey, Electron. J. Linear Algebra, 18 (2009).

J. Rohn, A Handbook of Results on Interval Linear Problems, Prague: Insti-
tute of Computer Science, Academy of Sciences of the Czech Republic, 2012,
http://www.nsc.ru/interval /Library /InteBooks /!handbook.pdf.

J. Rohn, Enclosing solutions of overdetermined systems of linear interval equations,
Reliab. Comput., 2 (1996), pp. 167-171.

E. Rubei, On rank range of interval matrices, Linear Algebra Appl., 561 (2019), pp.
81-97.

E. Rubei, A generalization of Rohn’s theorem on full-rank interval matrices, Linear
Multilinear Algebra, 68 (2020), pp. 931-939.

E. Rubei, Generalization of real interval matrices to other fields, Electron. J. Linear
Algebra, 35 (2019), pp. 285-296.

S.P. Shary, On Full-Rank Interval Matrices, Numer. Anal. Appl., 7 (2014), pp. 241-
254.

Y. Shitov, Sign pattern of rational matrices with large rank, European J. Combin.,
42 (2014), pp. 107-111.

Y. Shitov, How hard is the tensor rank?, arXiv:1611.01559.

20



