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SPINOR BUNDLES ON QUADRICS

GIORGIO OTTAVIANI

ABSTRACT. We define some stable vector bundles on the complex quadric
hypersurface Qn of dimension n as the natural generalization of the universal
bundle and the dual of the quotient bundle on Q4 ~ Gr(1,3). We call them
spinor bundles. When n = 2k — 1 there is one spinor bundle of rank 2¥~1,
When n = 2k there are two spinor bundles of rank 251, Their behavior
is slightly different according as n = 0 (mod4) or n = 2 (mod4). As an
application, we describe some moduli spaces of rank 3 vector bundles on Qs
and Qs.

Introduction. Let @, be the smooth quadric hypersurface of the complex pro-
jective space Pnt1,

In this paper we define in a geometrical way some vector bundles on the quadric
Q@ as the natural generalization of the universal bundle and the dual of the quotient
bundle on Q4 ~ Gr(1,3). We call them spinor bundles. On @4 this definition is
equivalent to the usual one.

Spinor bundles are homogeneous and steble (according to the definition of Mum-
ford-Takemoto). We study their first properties using the geometrical description
given and some standard techniques available in [OSS].

We also use a theorem of Ramanan (see [Um)]) about the stability of homoge-
neous bundles induced by irreducible representations. When n is odd there is only
one spinor bundle, while when n is even there are two nonisomorphic spinor bun-
dles. When n is even the behavior of spinor bundles is slightly different according
as n =0 (mod 4) or n = 2 (mod 4).

In [Ot2] we have given a cohomological splitting criterion for vector bundles on
quadrics involving spinor bundles.

Qnr =~ Spin(n + 2)/P(a1) [St] is a homogeneous manifold, and the semisimple
part of the Lie algebra of P(a;) is o(n). At the level of Lie algebras, spinor bundles
are defined from the spin and half-spin representations of o(n).

The paper is divided into three sections. In §1 we give some preliminary results
and we define the spinor bundles. In §2 we study the first properties of spinor
bundles. In §3, as an application, we describe some moduli spaces of rank 3 vector
bundles on @5 and Qg.

1. Geometrical definition of spinor bundles on Q,,. For basic facts about
vector bundles we refer to [OSS]. We set E(t) = E ®¢,, Og,(t) for t € Z when
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E is a vector bundle on @Q,. The first Chern class of £ can be considered as an
integer. We denote by E* the dual vector bundle of E. If F is a sheaf on a variety
X, we denote by h*(X, F) the dimension of the complex vector space H*(X, F).

We will recall some facts about linear spaces of mazimal dimension on @, [GH,
Chapter 6; LV, pp. 16-17].

The situation is different for quadrics of odd or even dimension. If n = 2k is even,
then the linear spaces of @), of maximal dimension have dimension k. There are
two disjoint families of k-planes on @, each parametrized by a smooth irreducible
projective variety Sk (called spinor variety) of dimension k(k + 1)/2. We have:
Pic(S) ~ Z and if Os, (1) is the ample generator, then H°(S, Os, (1)) = C2".

If n = 2k + 1 is odd, then the linear spaces on @, of maximal dimension have
dimension k. There is only one family of k-planes on @, which is parametrized by
Sk+1-

It is well known that S; ~ P!, S, ~ P3.

Let Q2k+2 N H = Q241 with H a nontangent hyperplane. The natural map

{PE+1 | PF*! C Qota} — {P* | PF C Qaksr ),
Pk+1 — Pk+1 NH

(1)

is 2 : 1 and is an isomorphism when restricted to each connected component of
{Pk+1| Pk+1 C Qg 42}. Observe that if P¥*! C H for some P¥*!, then H would
be tangent to Qax+2, so that (1) is well defined.

If £ € @, the linear spaces on @, of maximal dimension which contain z are
in a natural bijective correspondence with the linear spaces of maximal dimension
on Qn_2 ~ Q,NT,Q, N H, where T, Q,, is the tangent space to @, in z and H is
a generic hyperplane. In fact T,Q, N @, is a cone with vertex in z over a smooth
quadric @n—o.

PROPOSITION 1.1. Let Qax+1NH = Qaok, where H 1s a nontangent hyperplane.
We have {P* | P¥ C Qax} ~ S, U S}, so that we have two natural embeddings
U: S — Sk41 and "' S;! — Sgy1, where Sgyg ~ {Pk | P* C Qaks1}-

Then i'* O, , (1) = Os; (1), ©"* Os, ., (1) = Osy (1), and the restriction map

H°(Sk+1,0(1)) — HO(S;, 0(1)) @ HO(S¢, 0(1))
s an tsomorphism

PROOF. We have a natural commutative diagram

St —L Gr(k,2k +1)

li' lj’
Sk+1 —2— Gr(k, 2k +2)

where 7*O¢_ , se2) (1) = Ogizeeny (1)-

It is shown in [LV] that f*0 2). Then

Gr(k,2k+2)(1) = Osk+l(
il*oSkq-l (2) — (goi/)*ocr(k'2k+2)(1) e (] fe) f)’OGr(k,2k+2)(1) >~ OS"‘(2)

As Pic(Sy) = Z, it follows that ¢"* Os, ., (1) = Og; (1) and in the same way 1" O0s,,, (1)
~ Qg (1).
k
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For the second assertion, since H%(Sk+1, 0 (1)) and HO(S;, O0(1))®HO(Sy, 0(1))
are vector spaces of the same dimension 2%¥+!, it is sufficient to prove that the
restriction map is injective.

We use induction on k. If £k = 1, then ¢'(S]) and ¢"(S]’) are two skew lines in
P3, so that the assertion is true.

Suppose that the assertion is false for k+ 1: we have s € H(Sk42,0(1)), s #0,
such that s|s; =0, s|sy,, = 0. Let P¥+1 C Qqk43 such that s(P*¥+1) # 0 and

let z € P*+1 N H. Then
{Pk+1 | 2 € PE*1 C QaeqsNHY —  {P¥H! |z e P! C Qopys}

2 2
Spu sy Skt1

and we obtain the natural commutative diagram:

SpUS!  —— Sk

Sk41USK — Sk2

We have s | §ey, 7 0 because Pk+1 € Sp4q, but s | §=¢ | §= 0, contradicting the

induction hypothesis . This completes the proof.

COROLLARY 1.2. (i) Let z € Q2k+1 and consider

(Sk)z := {P* | € P¥ C Qak1} <5 {P* | P¥ C Qak1} = Sk1-
Then i3 0s,,, (1) = Os,), (1) and the restriction map
H°(Sk41,0(1)) = HO((Sk)a, O(1))
s surjective.
(ii) Let z € Q2 and consider
(Sh_1)= U (Si_1)z = {P* | 2 € P* C Qa} & {P* | P¥ C Qak} = SLU SV
Jz tnduces two embeddings:
Jz : (Sk—1)z — Sk Jz + (Sk-1)e — Sk-
Then j;*Os; (1) =~ Os;_ )(1), 37" Osy (1) == O(syr_ ). (1) and the restriction maps
HO(Sg, 0(1)) = HO((Sk=1)2- O(1)),
H°(S¢,0(1)) = HO((SK-1)2» O(1))
are surjective.

PROOF. We have observed that {P¥ | z € P*¥ C Qqry1} ~ {Pk~! | Pk C
Q2k+1 NTzQ2k4+1 N H} where H is a hyperplane not tangent to Q2x+1 and not
containing z.

From map (1) we see that the last variety is isomorphic to one component of
{P* | P¥ C Q2x+1 N H}. Now the thesis of case (i) follows from Proposition 1.
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In case (ii), we cut with a hyperplane H, so that from map (1) we go back again
to case (i).

Consider now the quadric Q2x+1. From Corollary 1.2, for each z € Qx4+ we
have an inclusion

H((Sk)2, O(1))* — HO(Sk+1,0(1))"

and then an embedding s: Q2x+1 — Gr(2% — 1,2%*! — 1) in the Grassmannian of
(2% — 1)-subspaces of P21,

In the same way, in the case of even dimension, from Corollary 1.2 we have the
two embeddings

§':Qak — Gr(2F-1 —1,2F —1),  §":Qqox — Gr(2F"1 — 1,2k —1).

DEFINITION 1.3. Let U be the universal bundle of the Grassmannian. We call
s*U = S the spinor bundle on Qgryy. Its rank is 2. We call s*U = S’ and
§"*U ~ S" the two spinor bundles on Qqx. Their rank is 2F~1.

If f is an automorphism of Q2 that exchanges the two families of k-planes, we
have f*S’ ~ S” and f*S" ~ S'.

It is clear that spinor bundles S on all quadrics @ are homogeneous, i.e., f*S ~
S Vf € Aut(Q)°, where Aut(Q)? is the connected component of the identity in
Aut(Q).

From the geometrical description given, the following theorem is clear.

THEOREM 1.4. (i) Let S', S” be the spinor bundles on Q2k, and let ©: Qax—1 —
Q2x be a smooth hyperplane section. Then 1*S’ ~1i*S" ~ S, where S is the spinor
bundle on Qak—1.

(ii) Let S be the spinor bundle on Qok+1, and let ©: Qo — Q2k+1 be a smooth
hyperplane section. Then 1*S ~ S’ ® S”, where S’ and S” are the spinor bundles

on Qak.

EXAMPLES 1.5. In the definition of spinor bundles, the two embeddings
§":Q4 — Gr(1,3) and §": Q4 — Gr(1,3) are isomorphisms. So the spinor bun-
dles on @4 are the universal bundle and the dual of the quotient bundle.

The embedding s: @3 — Gr(1,3) corresponds to a hyperplane section. If S is the
spinor bundle on Q3, then §2S* = T'Q;. In fact TQ4 |g,~ S*®S* ~ S2S*® 0(1)
and the exact sequence

0-TQ3 = TQ4 |y, — O(1) =0

|Q3
splits. On @, the two spinor bundles are the duals of the two line bundles corre-

sponding to two skew-lines on Q.
On Q; ~ P! we can define the spinor bundle to be Op:(—1).

COROLLARY 1.6. Let! C Qn (n > 3) be a line and let S be a spinor bundle on
Qn. Then S|, = oﬂ”“"'am’ o ol(_l)egl(n—S)/Zl.

2. First properties of spinor bundles on @,. Now let n = 2k + 1 and
consider the connected, simply connected, simple Lie group Spin(n +2) = G,. We
fix a maximal torus T C G,,. The Lie algebra of G, is o(n + 2) and the Lie algebra
of T is a Cartan subalgebra of o(n + 2) which we denote by b.

Let ® be the set of roots of o(n+2) relative to b, and let a4, ..., ax4+1 be a subset
of simple roots, so that every root a € ® can be written as an integral combination
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o= Zk+1 n;o; with either all n; > 0 or all n; < 0. This divides the set of roots
into two disjoint subsets, the positive roots ®*, and the negative roots ®~

Let (, ) denote the natural inner product on h* induced by the Killing form.
Let A1,...,Ak+1 € b* be the fundamental weights, characterized by the property
2(Xi,a;)/(aj,05) = 6;;. We also denote by A; the corresponding fundamental
weights which act on T'.

Associated to the set of simple roots ai,...,ak+1 is the Dynkin diagram Bg4i.
Let g* C o(n + 2) be the eigenspace for a root a. If A C {a1,...,ak+1} we define
®t(A)={ae€edt |a= Zf+1 n;a;, n; = 0 for a; € A}. Let P(A) be the standard
parabolic subgroup of G, whose Lie algebra is h @ (D ce- 9%) © (®ae¢+(A) g%).
Consider the incidence variety F := {(z,P*) € Q, X Sk4+1 | z € P¥ C Q,}.

We have two surjective projections as follows:

; F
(2) /N
Qn Sk+1
Then, if 2 € Qn, p~!(z) = (Sk); and ¢ |p-1(z)= iz (see Corollary 1.2). From the
geometrical description given, the dual of the spinor bundle S* on @, is p.q*0(1),
where O(1) is the ample line bundle on Sk4; which generates Pic(Sk+1) = Z. It is
well known [St] that in the diagram (2) we have the isomorphisms Q,, ~ G, /P(c1),
Sk+1 = Gn/P(ak+1), F ~ Gn/P(o1, ag+1)- A

The line bundle O(1) on Sk, is defined by the character Ag+1 of (the semisimple
part of) P(ak41), that is O(1) = Gpn Xp(as,,) C Where the twisted product is
defined to be the quotient of G, x C by the action p - (g,v) = (gp~ !, Ak+1(p)v),
(g9,v) € Gn X C, p € P(ak+1).

Then ¢*O(1) is a line bundle on F defined by the character Mg+ of the semisim-
ple part of P(a;), and S* = p.¢*O(1) is defined by the irreducible representation
p of the semisimple part of P(c;) with maximal weight Ag41. At the level of Lie
algebras, the semisimple part of Lie P(«ay) is o(n) (the Dynkin diagram is By) and
it follows that Dp is the spin representation of o(n).

Exactly in the same way, when n = 2k, S’* and S”* are defined from the two
half-spin representations of o(n).

The important fact is that for each n the spinor bundles are defined by irreducible
representations. By a theorem of Ramanan (see [Um)]), vector bundles defined by
irreducible representations are stable with respect to each ample line bundle, so
that we can state the following.

THEOREM 2.1. The spinor bundles on @, are stable.

We shall use also the now classical theorem of Bott (see [St]) about cohomology
of homogeneous bundles.
For further reference, we also state the following.

COROLLARY 2.2. Let E be a vector bundle on Qar+1 and let Qox C Q2k+1 be
a generic hyperplane section. If E |g,,~ S’ ® S" then E is semistable.

THEOREM 2.3. Let S be a spinor bundle on Q. Then
HY(Qn,S(t)) =0 fori such that0 <i<mn, for allt € Z,
Ho(Qn,S(t)) =0 fort <0, h%(Qn,S(1)) = 2l(n+1)/2),
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PROOF. We could apply the theorem of Bott, but we prefer to give a simple
inductive argument.

For n = 1,2 the theorem is well known. So we proceed by induction on n. Let
S be a spinor bundle on @p+;. Consider the exact sequences on Qn41:

0-S(t—-1)—St)—S|g, (t) =0 forallteZ
From the induction hypothesis and Theorem 1.4 we have

H"(Qn,S |g, (t)) =0 for ¢ such that 0 < ¢ < n, for all t € Z,
H%(Qn,S |g, (£)) =0 fort<o0.

Then

H'(Qn41,S(t)) =0 for i such that 1 <7 < n, for all ¢t € Z,
H( (t—=1)) = H (Qns1,S(t)) is surjective for all t € Z,
H™(Qn+41,S(t—1)) = H*(Qn+1,S(t)) is injective for all t € Z,
HO(S(t-1)) — H°(S(t)) is surjective for ¢t < 0.
From Theorem B and Serre duality the result follows.
We now want to study the case when spinor bundles restrict to maximal linear

spaces on quadrics.
We first need the following lemma.

LEMMA 2.4. Let E be a vector bundle on P™ such that

en gy - {§ 0T En
’ 0 f0<4,j<ni#j.

Then .
E ~ @ 0 (3).
1=0
PROOF. We have a Beilinson spectral sequence [Be, OSS] with E;-term
Q" (n) 0 ..ofe

which converges to
, { E fori=0,
E' = .
0 otherwise.
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In our case ET? = E®'? = EP, so that a filtration of E results: 0 = Eo C E; C
-++ C E, = E with E; subsheaves such that

éEi/E,-_l ~ éE;P*P ~ éﬂi(i).
1=0 p=0 i=0

Consider the sequence
0— E, - E; —» Ey/E; — 0.
By [At], we have E; ~ QP(p), E2/E; ~ Q9(q) for some p,q. By Lemma 2 of
[Be]: Ext'(Q9(g), 07(p)) = 0, so that E, =~ 0P(p) & Q9(q).
Exactly in the same way it follows that each subsheaf E; is a direct summand
of E;41, and this completes the proof.

THEOREM 2.5. Let S be a spinor bundle on Q2m+1 and consider a linear space
P™ C Qam+1. Then S |pm= @2y Uom (2).

PROOF. The proof is by induction on m. For m = 1 the result is well known.
By Lemma 2.4 it is sufficient to show that

. ) C for0<i=j5<m,
HE™S lon (~3)) = { =sm
0 for0<¢,7<m,2#7.

Consider a linear space P™*! 5 P™. Then P™*t! N Qapmi1 = P™ U P™ := X and
we have an exact sequence of Mayer-Vietoris type [Ba]

3) 0— Ox — Opm ® Opm — Oy — 0

where Y = P™ N P™ ~ Pl

Consider a generic linear space P?™ C P?™*2 such that P?™ > Y. Then
PP =Y, P NQ2m+1 = Qam—1 smooth quadric.

We get the commutative diagram:

Y — Q2m—l

l l

P™ —— Q2m+1

Thus by Theorem 1.4 S |y= Sg,,._, |Y ®5Q;m-1 ly, where Sg,,._, is the spinor
bundle on Qm-—1. By the induction hypothesis, Sg,,._, |, ~ @ir' U (:). Then
CZ, OSz:]Sm—lv

0, 0<#j<m-—1,i#7j,

m-—1
hm_l(ya S |y (_m)) =2 Z(
i=0
Moreover, as X is a (singular) plane section of Qam 1, it is easy to check inductively
that

Hi(Y.S |y (-3 = {

Ty=2mitog,

HY(X,S | (7)) =0 forj>0,
HY(X,S |, (-5))=0 for1<i<m-1Vj€eZ,
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0 for j <m -1,
m(X,S |, (=) = { 7

2m+l forj=m
If we tensor (3) by S and consider the associated cohomology sequence we get
C? for0<i=j<m,
o aEn s - { € TSI
0 for0<z,7<m,i#7.

As S is homogeneous, we have S |Pm: S |'~,m. This completes the proof.

THEOREM 2.6. (i) Let S', S” be the spinor bundles on Q4m. The restrictions
to one family of linear P*™ C Qg4 are

m—1

S’ |pam= @npzm 8" |pem> € QFF (20 + 1),
1=0

while the restrictions to the other family of linear P?™ C Qum are

S’ |p2m~ @ Q?:Z-tnl 21 + 1)1 S// Ip2m @szm

(ii) Let S’, S be the spinor bundles on Qam+2. The restrictions to one family
of linear P?™*1 C Qumyo are

m m
s' |P2"'+12 @Q?}?"‘*“ (20), s" ||:v2-m+12 @Q?;nlﬁ-l (2 4+ 1),
=0 Py

while the restrictions to the other family of linear P*™+! C Qqum42 are

m
s’ |pzm+1— @(2?5;1“ 2Z + 1)v s" |p2m+l: @Q%i?'"“ (21)
; i=0

PROOF. Let P* C Qqk be a linear space. From Theorems 1.4 and 2.5 it follows
that §' @ §" |, ~ Do Qi (i). By [At] S’ and S” must decompose on P* with
direct summands (), (¢) for some <.

Consider now a hyperplane Pk~ c Pk, As QF, |P,¢ e ka 1 (1) ® Opk-1,
from the canonical isomorphism A" (A® B) = @;’:0(/\] A®A""? B) (A, B vector
bundles) we get

£06) o s Toacs (i) © UL, (- 1)

By Theorem 1.4, S’ |Pk_,: S |P,‘_H so that it follows that the only possible
decompositions are those stated.

LEMMA 2.7. Let E,, E, be semistable vector bundles on @, with rank E; =
rank Es, ¢;(E;) = ¢1(E3). Let at least one of Eq, E be stable. Then

0 if and only if E1, E2 are not isomorphic,

R (Qn, Ef ® E3) = ;
(Qn, BT ® E2) { 1 if and only if Ey, E2 are isomorphic.

PROOF. It is a straightforward extension of [OSS, corollary of Lemma 1.2.8 and
Theorem 1.2.9, pp. 171-172].
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THEOREM 2.8. (i) Let n=2m+1 and let S be the spinor bundle on Q,. We
have a natural ezact sequence:

O—»S——»Oée

n

2" L 5(1) -0
and an isomorphism S* ~ S(1).

(i) Let n = 2m and let S’, S” be the spinor bundles on Q,. We have two natural
ezacl sequences

08— 08" -8"(1) >0, 0—8"- 08" -5 (1)—0.

Furthermore, if n = 0 (mod4) we have the two isomorphisms S"™ =~ S’(1) and
S ~ S"(1), and if n = 2 (mod 4) we have the two isomorphisms S ~ S"(1) and
S ~ §'(1).

PROOF. The proof is by induction on n. The result is well known for n = 2, 3, 4.
By definition of spinor bundles, if S is a spinor bundle on @), we have an exact
sequence

(4) 0—S— 0%

By the induction hypothesis (and Corollary 2.2) it follows that if E|g,_, is semi-
stable for the generic @,—1, then E is semistable too.

Now let n be odd. If we tensor (4) by S and consider the associated cohomology
sequence, we get by Theorem 2.3

R(S®E)=h'(S®S).
Let @, -1 be a smooth hyperplane section of @,. Look at the exact sequence
(5) 0-S®5S—-5S®S5(1)—S®S(1 — 0.

[(n+1)/2]

- E—0.

) |Qn—l

By the induction hypothesis, if S’ and S are the spinor bundles on Q,,_, we have
from Theorem 1.4

S® S(l) !Qn—lz (Sl ® S”*)e2 ® (Sl ®SI*) ® (S/r ® Sm).

Then by Lemma 2.7 h%(S ® S(1) lQn_l) =2.
From (5), we have an exact sequence

(6)  HQn,S®S(1) = HQn-1,5®S(1) |, ) — H'(Qn,S®S).

As h°(S®S(1)) < 1 by Lemma 2.7, we have h!(S®S) # 0, and then h°(S®E) # 0.
From Lemma 2.7 it follows that E ~ S*, and h!(S ® S) = 1. From (6) it follows
that A%(S ® S(1)) # 0, and from Lemma 2.7 again it follows that S* ~ S(1).

Let n be even. We have an exact sequence

(7 0—-S8 - 0%

with E semistable. If we tensor it by S"*(—1) and we look at the associated
cohomology sequence we get

/2
T LE—0

(8) H°(Qn,S"*(-1)®E) — HY(Qn,S' ® §"*(-1)) = 0.
Let @n—1 be a smooth hyperplane section of @,,. Look at the exact sequence
(g) O—>S,®S"'(—l)->5'®s//*—»S'@S”* Q _1__*0.
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By the induction hypothesis, if S is the spinor bundle on @Q,_;, we have
S'® S O™ S ® S*, so that

H°(Qn-1,8' ® 8" =C.

|Qn—l)
From (9) we have an exact sequence
HO(Qn,Sl ® S//*) —~C— Hl(Qn,S/ ® S"*(—l))
|
0

so that h!(S’ ® §”*(—1)) # 0. Then from (8) it follows that HO(S"*(~1)® E) # 0
and from Lemma 2.7 E ~ S"(1).
If we tensor (7) by S’ we get

(10) 0-5®S — 8% L s"1)®s —0

so that

(11) RO(S"(1)® S') = h'(S'® S').

Look at the exact sequence

(12) 0-5®5-515(1)—5®S(Q1) |Qn_1—+o.

We have an associated cohomology sequence
(13)  HOQn,S'®S'(1)) = H(Qn-1,5'®5'(1) |5 )= H'(Qn,S' ®S").

Since, by the induction hypothesis, H%(Qn—1,5'®S'(1) | Q
(13) we must have

_1) = C, from (11) and
either h%(S'® S'(1)) #0,
or hO(S"(1)®S') #0.
From Lemma 2.7 we must have respectively

either S ~ §'(1),
or S ~S"(1).
Now Theorem 2.6 gives the result.

REMARK 2.9. From Theorems 1.4, 2.5, 2.6 and 2.8 it is possible to compute
inductively the Chern classes of spinor bundles. (See [Fr] for a description of the
intersection ring of @Q,.) With obvious notations, for n < 8 the Chern classes of
spinor bundles on Q,, are the following:

n=2: ¢; =(—1,0) or (0,—1) (according to S’ or S”),

n=3 c;=-1,¢c0=1,
n=4:¢; =-1, ce =(1,0) or (0,1),
n=>5 c=-2,c0=2,¢c3=-2,¢c4=0,

n==6: ¢ =—-2,¢c0=2,c3=(-2,0)or (0,—-2), cq =0,

n=7T ¢c;=—-4,¢c0=8,¢c3=—-10,cq4 =16, c5s = —8, ¢ = 4,

n=2=8 c =—4,¢co =8, ¢3 =—10, ¢y = (11,5) or (5,11), ¢c5 = —8, ¢ = 4,
Cc7 = —2, cg = 1.
Obviously, on Q, (n > 3), ¢; = —2[(r=3)/2]_ It seems hard to find simple general
formulas for higher Chern classes.

The following theorem shows that spinor bundles are rigid.
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THEOREM 2.10. (i) Let n be odd. If S is the spinor bundle on Qn, then
h1(S® S*) =0.
(i) Let n be even. If S’, S" are the spinor bundles on Qn, then
hl(s/ ® Sl*) — hl(sl ® S/I*) — hl(SII ® SII*) =0.
PROOF. The proof is by induction on n. The case for n = 2 is well known. If n
is odd, the cohomology sequence associated to (5) is

HO(QnaS®S‘) - HO(Q”—I,S®S* IQn—l) -
l |
C C?
HY(Qn,S®5) = H'(Qn, S ®S*) = H'(Qn-1,S85* |5 )
I |
C 0
so that h!(S ® S*) = 0 as we wanted.

If n is even the proof is longer (according to n = 0,2 (mod4)) though still
elementary and will be omitted.

THEOREM 2.11. Let E be a vector bundle on Q,. Let Qn,—1 be a smooth
hyperplane section of Qn (if E is semistable we can omit the word “generic”).
(i) Let n be even and let E be a vector bundle on @, such that E IQ,._xz S

where S s the spinor bundle an Q1. Then E 13 a spinor bundle on Q,,.
(ii) Let n be odd and let E be a vector bundle on Q, such that E |Q.._1z S'eS”,

where S’, S" are the spinor bundles on Q,_1. Then E is the spinor bundle on Q.

PROOF. First observe that by Corollary 2.2 E is semistable. From the cohomol-
ogy sequence associated to the sequence

0—E(k-1)—Ek)—Ek) [, —0 (k€2)

we get that the map H!(Qp, E(k—1)) — HY(Qn, E(k)) is surjective Yk € Z. From
Theorem B and Serre duality it follows that

HY(Qn,E(k)) =0 VkeZ.
Now let n be even. Consider the sequence (S’, S” spinor bundles on Q)
0-E®S*(-1)>EQ®QS*"—-E®S"™ |Q”_l—> 0.
By hypothesis, H*(Qn-1,E ® S | @._,) = C, so that we have an exact sequence

H°(Qn,E®S™) — C — H'(Qn, E® §"(-1)).

It must be either h°(E ® S™*) # 0 or h!(E ® S'*(—1)) # 0. In the first case from
Lemma 2.7 it follows that £ ~ S’.
In the second case, by Theorem 2.8 we have the sequence

0 E®S*(-1)— E® L E®S"™ 0.
From the associated cohomology sequence we get

H(Qn,E®S"™) = H'(Qn,E® 8" (~1)) = 0
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so that h°(E ® §"*) # 0. From Lemma 2.7 it follows that E ~ S” as we wanted.

If n is odd, by the hypothesis, h°(E ® S* | 0 _1) = 2. Consider the sequence

0-E®S*"(-1) > E®S*—E®S"

— 0.

IQn -1
From the associated cohomology sequence we get

H(Qn,E®S*) — C* — HY(Qn,E® S*(-1)).

By Lemma 2.7, h°(E ® S*) < 1, so that h'(E ® S*(—1)) # 0.
By Theorem 2.8, we have the sequence

0—-E®S*"(-1)—F
From the associated cohomology sequence we get

H(Qn,E®S*) —» H (Qn, E® S*(-1)) = 0
so that hO(E ® S*) # 0, and by Lemma 2.5 it follows that E ~ S.

3. Some moduli spaces of rank 3 vector bundles on Q5 and Qs.

REMARK 3.1. Observe that on Qg, the duals of the spinor bundles S’, S” are
globally generated vector bundles of rank 8. As by Remark 2.9, ¢g(S"™*) = ¢cg(S"*) =
1, we get that the generic section of S"* (or S”*) vanishes only at a simple point.

In a similar way, observe that on @5 and Qg the duals of the spinor bundles (of
rank 4) have their generic sections which do not vanish anywhere. Thus we can
construct a trivial line subbundle of the dual of a spinor bundle S on Q5 (and Qs),
so that we have an exact sequence

(14) 0—0— 8" —5/0—0,

where S*/0 is a rank 3 bundle.
We recall that on Q4 Hernandez and Sols [HS] have constructed rank 3 bundles
E from the sequence (S’, S” spinor bundles on Q4)

(15) 050—S*"®S"™ —E—0.

In [Ot1] this construction is extended to Gr(k,n).

From Theorem 1.4 we get the surprising consequence that the bundles F in (15)
extend to Qs and even to Qg to the bundles S*/0 in (14). Using the description
of the moduli space given in [HS] we are able to prove the following:

(n+1)/2
®2 —-E®S*—0.

THEOREM 3.2. (i) P"\Qg is the fine moduli space of rank 3 stable vector bun-
dles on Qg with Chern classes ¢; = 2, ca =2, ¢z = (2,0) or (0,2).

(ii) P"\Qe 1is the fine moduli space of rank 3 stable vector bundles on Qs with
Chern classes ¢y =2, ¢co =2, ¢c3 = 2.

PROOF. We want to show first that a rank 3 stable vector bundle F on Qg with

Chern classes ¢; = 2, ¢co = 2, ¢3 = (2,0) arises as a quotient of the dual of the
spinor bundle S”* (the one with ¢3(S"*) = (2,0)) in a sequence

(16) 0—0—8"—=E=0.
Let Q4 C Qs C Qg be smooth generic plane sections and E a vector bundle as

above. By a theorem of Maruyama [Ma2, Theorem 3.1] E | Q.8 semistable, thus

stable because
h.c.f.(¢;(E),rank E) = h.c.f.(2,3) = 1.
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By [HS], we have an exact sequence on Q4

U Qn
(17) 0-0—-Se®S —+E|Q4—>O

where S’, §” are the spinor bundles on Q4.

From the dual sequence of (17) one easily computes h?(E*(t) | Q4) =0Vtel,

h'(E*(t) |o,) = 0 for t < —1, h'(E* |Q4) = 1. Then, looking at the cohomology
sequences associated to the sequences,

0—-E*(t-1) |Q — E*(t) |Q5—-» E*(t)

0— E*(t—1)— E*(t) — E*(t)

|Q4_'

’Qs—’ 0
we get successively (by Theorem B and Serre duality):

RY(E*(t |Q )=0 VteZ, h'(E*(t) |Q5)=0 fort < -1, hY(E* |Q5)=1,
RY(E*(t)) =0 VteZ, hYE*(t))=0 fort<-1, AYE*)=1
In particular, the restriction maps
HI(Q57E* |Q5) - Hl(Q‘iaE* |Q4)a Hl(QGaE*) - Hl(Q5aE* |Q5)

are both isomorphisms of one-dimensional vector spaces.
When we interpret H!(Qg, E*) in terms of extensions, we get that there is an

exact sequence on Qg,

which restricts on the generic @4 to (17), so that by Theorem 2.11 A ~ S* and
(16) is proved (there is only one nonsplitting extension).

Next, observe that all bundles E arising from (16) are stable, in fact one easily
computes

Enorm = E(‘“l)y (E*)norm = E‘, hO(Enorm) = ho((E*)norm) =0.

Furthermore, two bundles E;, E; arising from (16) are isomorphic if and only
if the two sections s;, sg that define them are a scalar multiple one of the other.
In fact each morphism ¢ = S§* — E can be uniquely extended to a morphism
1:S8* — S* by the vanishing of h°(S) and h!(S).

So we have a bijective map from a Zariski open set of P7 to the coarse moduli
space M (which exists by [Mal]).

The following lemma shows that M is smooth, so that M is exactly a Zariski
open set of P7, and the description given shows that it is fine.

Precisely, we have M = P7\Qg. In order to prove this claim, consider that by
the triality principle [T4i, §3.1] the image of the embedding Q¢ — Gr(3,7) which
defines the spinor bundles can be described as the set of linear P3 in P7 lying in
some quadric Qs C P7. The cycles {P3 | P> C P® with P® fixed hyperplane} are
the zero loci of sections of the dual of the universal bundle of Gr(3,7). There exists
a linear P3 C Qg lying in a hyperplane if and only if the hyperplane is tangent to
Qs.

Then the sections of S* corresponding to the hyperplanes tangent to Qg are the
only one for which the quotient S*/0 is not locally free. These sections vanish on
a linear P2 contained in Qg. This completes the proof of (i). Observe now that the
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embedding Q5 — Gr(3,7) which defines the spinor bundle on Qs factors through
Qe It follows that the proof of (ii) is very similar to the proof of (i). We omit the
details.

LEMMA 3.3. Let S be a spinor bundle on Qg. Let E be a vector bundle on Qg
arising from the sequence

0—-0—-S"—-E—-0.
Then h*(E® E*) =1.
PROOF. Tensoring by S* the dual sequence of (16), we get
0-E"®S" —-S®S*"—S*—0.

From the associated cohomology sequence and Theorem 2.10 we have

0— H(Qs, E* ®S") =H(Qs, S ® S*) —=H(Q6,5") — H'(Qs, E* ® S*) = 0

l I
C c?8

so that hO(E* ® S*) — h}(E* ® S*) = —T.

From the cohomology sequence associated to the dual sequence of (16) we get
RO(E*) = 0, h'(E*) = 1, h2(E*) = 0. Then, after tensoring (16) by E* and looking
at cohomology we have

0— H%(Q,S*® E*) ~H°(Qs, E® E*) —=H'(Q6, E*) — H'(Q6,S" ® E¥)

I I
C C

— H'(Qe, E® E*) =0

so that h!(E ® E*) = h!(E* ® S*) — hO(E* ® S*) = 7, as we wanted.

REMARK 3.4. We do not know if a semistable vector bundle on @, with the
same rank and Chern classes of a spinor bundle is a spinor bundle. For n < 4 this
is true (using the same techniques of [HS]).

In §1 we noted that the variety S3 which parametrizes one family of the linear
P%’s contained in Qg is isomorphic to the variety which parametrizes the linear P?’s
contained in Q5. By the triality principle, S3 ~ Qg [Ti]. So, with obvious notations,
we have the isomorphisms (recall that G, = Spin(n + 2)): Qe =~ Gg/P(01) =~
Ge/P(a3) ~ Gg/P(a4) ~ G5 /P(a4), Qs ~ Gs/P(a}).

THEOREM 3.5. A rank 3 stable vector bundle on Qg =~ Spin(7)/P(aj) with
Chern classes ¢; = 2, ca = 2, c3 = (2,0) or (0,2) is defined by the irreducible
representation of the semisimiple part of P(o4) with mazimal weight Ay.

PROOF. Consider the following three diagrams given by incidence relations:
Gs/P(a), o) Ge/P(a1,a4) Ge/P(a3, a4)

P \ / &/ p" \:1

Gs/P(a}) Gs/P(a})  Ge/P(a1) Ge/P(as) Ge/P(a3) Ge/P(a4)
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The dual of the two spinor bundles on Qg are defined by S™* = ¢,p"™*0(1),
S"™ = ¢!p"*O(1). So in this case the spinor bundles are the pullback of the
universal bundles by the two embeddings Qe ~ S3 — Gr(3,7) corresponding to the
two families of linear P3’s contained in Qs.

In the same way the 3-bundle ¢.p*O(1) = U* on Q¢ = G5/P(a}) is the pullback
of the dual of the universal bundle by the embedding Q¢ ~ G5/P(aj) — Gr(2,6)
corresponding to the family of linear P?’s contained in Q5. U* is defined by the
irreducible representation of the semisimple part of P(a4) with maximal weight A;.

We have two exact sequences of vector bundles on Qg:

(18) 0-U—-S8—0-0, 0-U—-S5"-0-—0.
Now the thesis follows from Theorem 3.2 dualizing the sequences (18).

THEOREM 3.6. (i) Let E be a stable 3-bundle on Qg with Chern classes ¢; = 2,
c2 =2, ¢3 =(2,0) or (0,2). Then

1 _ [ R%(Qe, E(t)) fort >0,
et tDE+2(E+3)(E+(E+5)(t+7) = { h(Qe E(1)) fort < -8

All other values of h*(Qs, E(t)) vanish except h3(Qs, E(—6)) = 1.
(ii) Let E be a stable 3-bundle on Q5 with Chern classes ¢y =2, ca =2, ¢c3 = 2.
Then

1 _ K°@s,E(t))  fort>0,
m(t+1)(t+2)(t+3)(t+4)(6t+35)—{ R (Qu. E(®) fort < 6.

All other values of h*(Qs, E(t)) vanish except h*(Qs, E(=5)) = 1.
(iii) Let E be a stable 3-bundle on Q4 with Chern classes ¢; = 2, ¢o = (2,2),
¢3 = 2. Then
hO(Q4, E(t)) fort >0,
h4(Q4, E(t)) fort < —5.

All other values of h*(Qg4, E(t)) vanish except h®(Qq, E(—4)) = 1.

1
SE+FDE+2)(E+3)(3t +14) = {

PROOF. On Qg the result follows after some computations from Theorem 3.5
and the theorem of Bott. On @5 it follows by restricting the bundles from Qg to a
smooth hyperplane section and by the cohomology sequence associated to the exact
sequence on Qg,

0— E(t-1)— E(t) — E(t) |gs— 0.

In the same way we get the result on Q.
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