QUIVERS AND THE COHOMOLOGY
OF HOMOGENEOUS VECTOR BUNDLES

GIORGIO OTTAVIANI and ELENA RUBEI

Abstract

We describe the cohomology groups of a homogeneous vector bundle E on any
Hermitian symmetric variety X =G/ P of ADE-type as the cohomology of a com-
plex explicitly described. The main tool is the equivalence (introduced by Bondal,
Kapranov, and Hille) between the category of homogeneous bundles and the category
of representations of a certain quiver 2x with relations. We prove that the relations
are the commutative ones on projective spaces, but they involve additional scalars
on general Grassmannians. In addition, we introduce moduli spaces of homogeneous
bundles.
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1. Introduction

The Borel-Weil-Bott theorem computes the cohomology groups of an irreducible
homogeneous bundle on a rational homogeneous variety X. In this article we compute
the cohomology groups of any homogeneous bundle (including the reducible ones) on
a symmetric Hermitian variety of ADE-type. This class of varieties includes Grass-
mannians, quadrics of even dimension, spinor varieties, two exceptional cases, and
products among all of them.
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In order to compute the cohomology groups (see Th. 6.11), we have to describe
the homogeneous bundles as representations of a certain quiver 2x. The moduli
spaces of such representations give moduli spaces of homogeneous bundles, which
are introduced in §7 and seem to have an intrinsic interest.

We describe now in detail the background of this article.

Let X = G/ P be arational homogeneous variety. It is known that the category of
G-homogeneous bundles on X is equivalent to the category P-mod of representations
of P, and also to the category #-mod, where 2 =Lie P (see, e.g., [BK]). Since P is
not reductive, its representations are difficult to describe. In fact, if E is a homogeneous
bundle, it has a filtration 0 C E| C --- C E, = E where E;/E;_, is irreducible, but
the filtration does not split in general.

Let P =R - N be the Levi decomposition, where R is reductive and N is nilpo-
tent. At the level of Lie algebras, this amounts to =% @ ./ as vector spaces.
Considering E as R-module (and hence as #-module), we get the graded bundle
gr E=@,E;/E;_;. The nilpotent radical /" is an %#-module itself, with the ad-
joint action, corresponding to the bundle Q). The action of 2 over E induces a
G-equivariant map

9:Q§(®grE—>grE. (%)

Our first result is that when X is a Hermitian symmetric variety, a morphism of #-
modules 0 : Q}( ® F— F is induced by a Z-action if and only if 6 A 68 =0 (see
Th. 3.1).

In analogy with [S], we call a completely reducible bundle F endowed with
such 6 satisfying 6 A 6 =0 a (homogeneous) Higgs bundle. So the category of G-
homogeneous bundles turns out to be equivalent to the category of Higgs bundles. In
the pair (F, 0), F encodes the discrete part and 6 encodes the continuous part.

By using the Bott theorem, we can prove that Hom(gr E ® QL , gr E)¢ is isomor-
phic to Ext!(gr E, gr E)“ (see Th. 4.3). In this setting, a reformulation of Theorem 3.1
implies that the set of Z-modules E such that gr £ = F is in natural bijection with the
set of e € Ext!(F, F)© such that m(e) = 0, where m is the quadratic Yoneda morphism
Ext!(F, F)¢ —Ext’(F, F)°.

Bondal and Kapranov had the remarkable idea that quivers are the appropriate
tool to manage P-modules; indeed, we state our results in the framework of quivers.

A quiver 2y is associated to any rational homogeneous variety X. The points of
2x are the dominant weights of R, and the arrows correspond to the weights of A~
in the action (x). Bondal and Kapranov [BK] and Hille [H1] proved that the category
of G-homogeneous bundles on X is equivalent to the category of representations of
2x with certain relations to be determined (see also [Ki]). Hille in [H1] proved that
the relations in 2y are quadratic if X is Hermitian symmetric and found that the
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relations of the quiver constructed in [BK] were not properly stated in the case of the
Grassmannian of lines in P (see Exam. 5.11). Then Hille showed that in 2p2, the
relations correspond to the commutativity of all square diagrams. If X is Hermitian
symmetric, we see that the relations are consequences of the condition 6 A 6 = 0. This
allows us to extend Hille’s result to 2p- (see Cor. 8.5). We have found that the relations
for general Grassmannians involve some additional scalars (see Prop. 8.4).

The second part of this article is devoted to the computation of the cohomology.
The Borel-Weil-Bott theorem computes the cohomology groups of an irreducible
bundle E on X. In particular, it says that H*(E) is an irreducible G-module. It follows
that for any G-homogeneous bundle E, there is a spectral sequence constructed by the
filtration gr E abutting to the cohomology groups of E. The main problem is that the
maps occurring in the spectral sequence, although they are equivariant, are difficult
to control. In fact, most of the main open problems about rational homogeneous
varieties, like the computation of syzygies of their projective embeddings, reduce
to the computation of cohomology groups of certain homogeneous bundles (see the
book [W]).

Assume now that X is Hermitian symmetric of ADE-type. Thanks to the Borel-
Weil-Bott theorem, and to the results of Kostant in [Ko], we can divide the points of 2y
into several chambers, separated by the hyperplanes containing the singular weights,
which we call Bott chambers. We consider the segments connecting any point of 2
with its mirror images in the adjacent Bott chambers, and we define certain linear maps
c;: Hi(gr E) — H'*!(gr E), by composing the maps associated to the representation
of 2x corresponding to E, along these segments. We get a sequence

oo —>H'(grE) -5 Ht Y (grE) 25 ...

In Theorem 6.11 we prove that this sequence is a complex, and its cohomology
(as a G-module) is the usual cohomology H'(X, E).

The proof of this result is obtained by comparing the maps ¢; with the boundary
maps. In the case of projective spaces, the computation of ¢; can be done quite easily.
The advantage of this approach with respect to the spectral sequence is that the maps
¢; are defined at once, while in the spectral sequence we need an iterative construction.
Note that the spectral sequence can degenerate after a large number of steps. At present
it is not clear if our approach will be useful for the computation of syzygies of G/ P.
It is worth noting that the derived category of homogeneous bundles was described by
Kapranov in the last section of [K]. The quivers allow us to refine that approach.

It turns out from our proof that the cohomology modules H'(E) are equipped
with a natural filtration

0cC H'[I(E) Cc H[2I(E) C --- C H'[NI(E)= H'(E).
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The third part of this article deals with moduli spaces. There is a notion of
semistability of representations of quivers introduced in [Ki] (see also [M]) which
is suitable to construct moduli spaces according to Mumford’s geometric invariant
theory (GIT). This notion of semistability turns out to be equivalent to the Mumford-
Takemoto semistability of the bundle, and we get moduli spaces of G-homogeneous
semistable bundles with fixed gr E. More precisely, the choice of an #-module F is
equivalent to the choice of a dimension vector « as in [Ki]. All semistable P-modules
E such that gr E = F are parametrized by a projective moduli space Mx(«). The
properties of such moduli spaces probably deserve further study.

In the last part of this article we compute explicitly the relations on any Grassman-
nians by using Olver maps. As one of the referees pointed out, in order to generalize
our result to other Hermitian symmetric varieties it would be necessary to find the
substitutes for the Olver maps.

Finally, we want to mention that some applications of this approach to the case
of homogeneous bundles on P? appear in [OR].

We now sketch the content of the sections. In §3 we describe the equivalence of
categories between G-homogeneous bundles and Higgs bundles. In §4 we recall the
Borel-Weil-Bott theorem, in the form found by Kostant [Ko], which is suitable for our
purposes. In §5 we construct in detail the quiver 2y with its relations, and we prove
the equivalence between the category of homogeneous bundles and the category of
representations of 2x. In §6 we prove our main result about the cohomology groups.
In §7 we introduce the moduli spaces Mx(«), and we compare some different notions
of stability. In §8 we make explicit for Grassmannians the relations stated in §5 by
using Olver maps.

2. Notation and preliminaries
Throughout this article, let G be a semisimple complex Lie group. We fix a Cartan
subalgebra J# in Lie G. Let A ={«y, ..., a,} be a fundamental system of simple
roots for Lie G. A positive root is a linear combination with nonnegative integral
coefficients of the simple roots. The Killing product allows us to identify 5 with
A and thus to define the Killing product also on #. Let {A, ..., A,} be the
fundamental weights corresponding to {«q, ..., «,}, that is, the elements of #
such that 2(4;, o;)/ (e, ;) = 8;;, where (, ) is the Killing product. Let Z be the
lattice generated by the fundamental weights. The elements in Z which are a linear
combination with nonnegative coefficients of the fundamental weights are called
the dominant weights for G, and they are the maximal weights of the irreducible
representations of Lie G. In the ADE-case, all roots have length +/2.

For any W-representation of G, we denote by W its invariant part, that is, the
subspace of W where G acts trivially. If V is an irreducible representation, we denote
WV := Hom(V, W)’ @ V.
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If A € Z, we denote by V;, the irreducible representation of G with highest-weight
A.In the case G =SL(n + 1), to any A is associated a Young diagram. Precisely if we
have A= »7'_ | n;A;, then we seta; = )., n;, and we get the Young diagram with
a; boxes in the ith row. We use the notation where the first row is the top row. The
n-tuple a =(ay, ..., a,) is a partition of ) _ a;, and it is customary to denote V; by
&4V . In particular, 2V = Sym?V and 'V = A\’ V.

Let X = G/ P be arational homogeneous variety, where P is a parabolic subgroup
(see [Ko], [FH]). We fix a splitting Lie P =Lie R @ Lie N =% & .V, where Z is
reductive and ./ is the nilpotent radical. A representation of P is completely reducible
if and only if it is trivial on N (see [I] or [Ot]). In this case the representations are
determined by their restriction on R.

Homogeneous vector bundles. The group G is a principal bundle over X =G/P
with fiber P. Denote by z the point of X which is fixed by P, corresponding to the
lateral class P € G/P. Any G-homogeneous vector bundle E with fiber E(z) over z is
induced by this principal bundle via a representation p: P — GL(E(z)). We denote
E = E,). Equivalently, E,; can be defined as the quotient G x, E(z) of G x E(2)
via the equivalence relation ~, where (g, v) ~ (g, v’) if and only if there exists p € P
such that g =g’p and v = p(p~)v'.

We denote by E; the homogeneous bundle corresponding to the irreducible rep-
resentation of P with maximal weight A. Here A belongs to the fundamental Weyl
chamber of the reductive part of P (see the beginning of §4).

Hermitian symmetric varieties. We recall that the tangent bundle of X is defined by
the adjoint representation over Lie G/Lie P. According to Kostant, we say that X
is a Hermitian symmetric variety if the above adjoint representation is trivial on N.
This is equivalent to asking if [./", /"] =0. The Hermitian symmetric varieties were
classified by Cartan, and their list is well known. They are the product of irreducible
ones. The irreducible ones are Grassmannians, quadrics, spinor varieties, maximal
Lagrangian Grassmannians, and two varieties of exceptional type of dimensions 16
and 27 (see Th. 5.12 for the precise list). For a modern treatment, see [Ko] or [LM].
According to the corresponding Dynkin diagram, an irreducible Hermitian symmetric
variety is called of type ADE if G = SL(m), Spin(2m), Ee, or E7. Only odd quadrics
and maximal Lagrangian Grassmannians are left, which are called of type BC. A
Hermitian symmetric variety is called of ADE-type if it is the product of irreducible
Hermitian symmetric varieties of ADE-type. The reason for which we have to restrict
to the ADE-type in the computation of cohomology is explained in Propositions 6.4
and 6.5. In all the irreducible cases we have Pic(X) = Z. Thus on irreducible Hermitian
symmetric varieties the first Chern class ¢;(E) of a bundle E can be identified with
an integer, and the slope is by definition u(E) =c(E)/tk(E) € Q. On any Hermitian
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symmetric variety X = X; x --- x X,, where X; are irreducible, there are several
possible choices of slopes. With obvious notation, if ¢|(E)= (ci, ..., ) €L and
a=(a,...,a)€Q, then we define u,(E) = (}_ ¢ja;) /tk(E) € Q.

It is easy to check (see, e.g., [R, §5.2]) that 1, (Exp,2,) = > nipa(Ey).

The Hasse quiver. Quivers are recalled in §5. For this paragraph it is enough to know
that a quiver is just an oriented graph. If X is a rational homogeneous variety, the
cohomology H*(X, Z) can be organized in a quiver in the following way. Consider
the action of a Borel subgroup B C P on X. Then it is well known that X is divided
in a finite union of orbits; their closures are called the Schubert cells and form an
additive basis H*(X, Z). The vertices of the Hasse quiver 5 x are the Schubert cells;
we draw an arrow between X, € H>?(X,Z) and X, € H**72(X,2) if X, D X,. If
X is a Hermitian symmetric variety, the additive basis of H*”(X, Z) corresponds to
the direct summands of 7. If X is Hermitian symmetric, the degrees of the Schubert
cycles in the homogeneous minimal embedding are computed as the number of paths
in the Hasse quiver which start from the corresponding vertex. We learned this fact
from L. Manivel (see [IM]).

The filtration of a homogeneous bundle and the functor gr. Let E be a homogeneous
bundle on an irreducible Hermitian symmetric variety.

We define gr E =D, E;/E;_, for any filtration 0 C E; C --- C Ex=E such
that E;/E;_; is completely reducible. The graded bundle gr £ does not depend on the
filtration; in fact, it is given by the restriction of the representation giving E to the
reductive part R of P.

For example, the Euler sequence on P=P(V) tells us that gr(O(1)p ® V)= Op &
TP.

The functor E +— gr E from P-mod to R-mod (which in the literature is often
denoted as Ind%) is exact. It is easy to check the formulas

(gr E)* =gr(E™), gr(E® F)=grE @ grF, sr(EQ F)=grE®grF.

The spectral sequence abutting to the cohomology. The Borel-Weil-Bott theorem
describes the cohomology of the irreducible homogeneous bundles E. It says that
H*(E) is an irreducible G-module. For any homogeneous bundle and for any fil-
tration, there is a spectral sequence abutting to the cohomology of the bundle. Pre-
cisely, if gr £ = @f:]Ai as before, we have E},’q = HPt9(A;_,) abutting to E°

. Pa
where H'(E) =& E7*,. Theorem 6.11 gives a more efficient way to compute
H(E).

ptq=i
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Yoneda product. We recall the Yoneda product on Ext according to [E, Exer. A3.27].
For any homogeneous bundles E, F, and K, there is an equivariant Yoneda product

Ext'(E, F) @ Ext/(F, K) — Ext'T/(E, K),

and this product is associative. In particular, in the case where E=F =K and
i=j=1, we get a (nonsymmetric) bilinear map whose symmetric part induces a
quadratic morphism

Ext'(E, E) — Ext*(E, E).
In particular, since it preserves the invariant part, it gives

m: Ext'(E, E)® — Ext*(E, E)°.

Tensor product of two irreducible representations. Let A and v be two weights in
the fundamental Weyl chamber of a Lie algebra K. The tensor product of the cor-
responding representations Vi ® V, can be expressed as a sum Pc;,, Vi, where
Coyi are integers (counting the multiplicities). When K = Lie SL(n), the integers c;,
can be computed by the so-called Littlewood-Richardson rule (see [FH]). A more
conceptual algorithm was later conjectured by Weyman and proved by Littelmann in
[L]; this algorithm holds for arbitrary simple Lie groups. Let vi =v, vy, ..., v be all
the weights of V,. Littelmann proves that

eV,=ED._ Viru: (M)

where [ is a subset of {1, ..., k} such that the weights v; for i € I correspond exactly
to the standard Young tableaux of the form corresponding to v which are A-dominant
(see [L] for the precise definitions). A particularly interesting case is when A + v; are
all dominant fori =1, ..., k; this is true when A >> 0. In this case we have the whole
decomposition

k
Vi®V,= @[=1VA+W

(see also [FH, Exer. 25.33]). Formula (1) applied to vector bundles gives
EA &® Eu Z@ielEk-ﬁ-vis

where all the direct summands in the right-hand side have the same slope (see [R] or
[Ot]).
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3. P-mod and the category of Higgs bundles
Let X be a Hermitian symmetric variety. We recall that 4" is an Z-module with the
adjoint action. Our starting point is the following.

THEOREM 3.1
@) Given a P-module E on X, the action of N~ over E induces a morphism of
R-modules

0: VQgrE—>grE

such that @ A9 =0 in Hom( \> /" @ gr E, gr E).
(i)  Conversely, given an #-module F on X and a morphism of #-modules

0: N QF—F

such that 0 A 0 =0, we have that 6 extends uniquely to an action of 2 over F,
giving a bundle E such that gr E =F.

Proof
(i) Foreveryre Z,ne A", f € F, since E is a -module we have

rem-fy=n-@r-f)+rnl-f;
that is,
r (0@ f))=0n - f))+o6(r,nl® NH=0(r - n® f)),
so that 6 is Z-equivariant. Moreover, for any n;, ny € A,
OANO((n AN ® f)=n1-(a- f)—ny-(n1- f)=[ni,na]- f=0

because [ A", A"] =0, and this is equivalent to 6 A 68 =0.
(i) We have, foranyr +n € 2 ® N =2,

(r+n)-fi=r-f+0n® f),
and we have to prove that for any p;, pp € 2 =2 @ A", we have
(p1, p2l- f=p1-(p2- f)— p2-(p1- /). @)

We distinguish three cases.
° If p1, p» € Z, then (2) is true because F' is an #-module.
° If py, p» € A, then [p;, p2] =0 and (2) is true because 6 A 0 =0.
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° If pr e R, p e N, we have [p;, p2] € A and

[pr.p2l- f+p2-(pr- )=0(p1-(P2® ) =p10(p2® f)=p1-(p2- f)

because 6 is #-equivariant. O

Theorem 3.1 allows us to construct a #-module in two steps. The first step consists of
giving the #Z-module F, which encodes the discrete part; the second step consists of
giving 6, which encodes the continuous part. This is made precise in §7 about moduli
spaces. At present, it is convenient to reformulate Theorem 3.1 in terms of vector
bundles.

We have seen in the introduction that on a Hermitian symmetric variety, the 2-
module /" corresponds to Q. Since [/, #"]=0, Q) is completely reducible. Let
E be a G-homogeneous bundle E. The action of ./ over the Z-module gr £ induces
by Theorem 3.1 an Z%-equivariant morphism of completely reducible representations
N ® gr E — gr E; hence we get a G-equivariant morphism 6 € Hom(gr E, gr £ ®
Tx)¢ such that A 6 =0. To any E we can associate the pair (gr E, #). Such pairs are
analogous to what is called in [S] a Higgs bundle. The pairs (gr E, 6) are the natural
extension of Higgs bundles for rational homogeneous varieties, where T is globally
generated; so we maintain the terminology of Higgs bundles also in this case.

More precisely, we have the following.

Definition 3.2
Let X be a Hermitian symmetric variety. A Higgs bundle on X is a pair (F, 6), where
F is an R-module and 8: F— F ® Ty is G-equivariant and satisfies 6 A 6 =0.

Higgs bundles form an abelian category, where a morphism between two Higgs
bundles (Fi, 6;) and (F3, 6,) is a G-equivariant morphism f: F;—> F, such that
(f ®1d)d; =6, f. Hence Theorem 3.1 can be reformulated in the following way.

THEOREM 3.3

Let X = G/ P be a Hermitian symmetric variety. There is an equivalence of categories
between

6)) G-homogeneous bundles over X and

(i)  Higgs bundles (F,0) over X.

Remark. On any rational homogeneous variety, the category of G-homogeneous
bundle is equivalent to the category of pairs (F, 6), where F is an R-module and
0: F— F ® Tx is G-equivariant and satisfies certain relations.
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4. The Borel-Weil-Bott theorem
It is well known that the hyperplanes orthogonal to the roots of G divide # into
regions called Weyl chambers. The fundamental Weyl chamber D of G is

D:{Zx,-xi

and it contains exactly the dominant weights. The Weyl group W acts in a simple
transitive way as a group of isometries on the Weyl chambers. Following [Ko], we
denote g = ) X;. Any homogeneous variety with Pic = Z is the quotient X = G/ P(«;)
for some j, where the Lie algebra of P(«;) is spanned by the Cartan subalgebra, by
the eigenspaces of the negative roots, and by the eigenspaces of the positive roots
o= ) n;a; such that n; > 0 forany i and n; =0.

The reductive part of P(c;) has its own fundamental Weyl chamber D1 D> D
defined by

xizo},

Dl={zx,»,\,-}xi > 0 for i ;éj}.

D; contains exactly the maximal weights of the irreducible representations of P(c;).
Let

W!={weW|wD C D}

(see [Ko, Rem. 5.13]). The cardinality of W' divides the order of W.

Let Hy be the hyperplane orthogonal to the root ¢, and let r4 be the reflection
with respect to Hy. It is well known that the reflections r,, generate the Weyl group.

Let Y¢ = H¢ = {8

Let &, ..., &, be the weights of the representation giving the bundle Q}, where
m=dim X. Let s; for j =1, ..., m be the reflection through Y:,. Note that for any
weight A,

siA)=rg;(A+8) — g 3)

thus s; and r¢, are conjugate elements in Iso(#”"). It follows that if w =rg - ... -r¢,,
then w(A +g) —g=s1-...-5,(A).
An element v € Z is called regular if (v, ¢) # 0 for any root ¢; otherwise, it is
called singular. Observe that v is singular if and only if v € Hy for some root ¢.
Denote (see [Ko, Rem. 6.4])

D(l) ={& e D, | g+ & isregular}.

D? consists of the subset of D; obtained by removing exactly the Y. Hence a
convenient composition of s; brings D into the several “chambers” in which DY is
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]'f;_ 1

Figure 1

divided, which we call Bott chambers. (Do not confuse them with the usual Weyl
chambers.) The Bott chambers are obtained by performing a slight “separation” on
the Weyl chambers (see Fig. 1 in the case of P> = SL(3)/P(«;), where the three Bott
chambers are shadowed).

Now for any w € W the length [(w) is defined as the minimum number of reflec-
tions r, (with @ a root) needed to obtain w. Any Bott chamber has its own length.
Two Bott chambers are said to be adjacent if they have a common hyperplane in their
boundary. The lengths of two Bott chambers are consecutive integers.

We state the Bott theorem (cf. [Ko, Th. 5.14]).

THEOREM 4.1 (Bott)

IfreD, thenI weWst.w e W!and w(h + g) € D.

(1) If w(h 4+ g) belongs to the interior of D, then setting v=w(A + g) — g we have
H'"YE;,)=V, and H/(E;)=0 for j # l(w). In particular, if » € D (thus w
is the identity), then H*(E,) =V, and H'(E;) =0 for i > 0.

(i)  Ifw(x + g) belongs to the boundary of D, then H/(E;)=0, Vj.

We recall the following result of Kostant (see [Ko, Cor. 8.2]):

#HweW!'|l(w)=i}= dim H*(X, C);
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in particular,
#W'=x(X, C). 4)

We now explain the relation of the previous result with the Bott theorem. By
Hodge-Deligne theory, H*(X,C)is isomorphic to Hi(X, Q’k) = H(X, Q"X)G. More-
over, for any irreducible Hermitian symmetric varieties the bundle Q! is irreducible
and ' splits as a sum of direct summands; the number of these summands is equal
to dim H* (X, C). Moreover, on X = X; x --- x X, with projections p;, we have
QY =@ p; Q. . The vertices A of the Bott chambers correspond exactly to the direct
summands of €' for some i. Indeed, for any such a vertex X there exists w as in the
Bott theorem (thus w=! € W) such that w(A 4+ g) — g =0 (i.e., A=w"'(g) — g) and
l(w)=1.

We note the following consequences of the results of Bott and Kostant.

COROLLARY 4.2

Let E be a completely reducible bundle on X Hermitian symmetric variety. Then
HI(E)C is isomorphic to Hom(Q/, E)S. This means that when E is irreducible,
HI(E)C # 0 if and only if E is a direct summand of Q.

Proof

We may suppose that E = E;. We have Hom(Q/, E;)¢ # 0 if and only if E, is a
direct summand of €/, and in this case it is isomorphic to C. By the Bott theorem, we
have H/(E,)¢ # 0if and only if H/(E;) = C, and this is true only if w(A +g)—g =0
(w as in the Bott theorem) and /(w) = j. These cases are exactly when E) is a direct
summand of /. O

THEOREM 4.3

Let X = G/ P be a Hermitian symmetric variety.

@) There is a natural isomorphism Hom(E; ® Q’g, E,)¢ — Ext'(E,, E,)°,
VA, v e Dy. Both spaces are isomorphic to C or to zero fori =1.

(i)  If X is irreducible and Ext'(E,, E,)¢ # 0, then u(E,) = w(E;) + i (QY).

(i) If X=X, x --- x X,, product of irreducible ones, and Exti(E,\, E,)¢ #0
define a; = 1/(/1(91(’_)), then with this choice for any i we have ,ua(Q}() =
/La(pr}(i) =1 (see §2), and we get u,(E,) = u,(E;) +i.

Proof

6] By Corollary 4.2, only the last statement needs an explanation. In fact, all the
irreducible components of £, ® Q2 ; have multiplicity one. Indeed, look at (1)
and observe that eigenspaces of the roots of G have dimension 1.



QUIVERS AND HOMOGENEOUS BUNDLES 471

(i)  All direct summands of E; ® ', have the same u equal to u(E; ® Q)=

W(E;) + (K2,

(iii))  This follows immediately as in (ii). -

Remark. For i > 2, there are some irreducible components of E; ® Q’X which appear
with multiplicity greater than 1. For example, in the Grassmannian Gr(P', P?)=
SL(4)/P(w,), let T be the tangent bundle. We have that Ext*(T, T(—2))¢ contains
H?(Q?)=C?, and correspondingly, 7 ® Q2 contains two copies of T(—2). Indeed,
Q? splits into two irreducible summands, and there is a copy of T'(—2) for each of
these summands. In the case of quadrics O, with n > 5, the list of weights of the
irreducible 2 contains a weight of multiplicity [(n — 1)/2]; in this case, for A > 0,
the tensor product E;, ® Q2 contains a direct summand with multiplicity [(n — 1)/2].
In the case X =P”, all irreducible summands of E; ® Q2 appear with multiplicity one
by the formula (see [FH, (6.9)]); indeed, in this case all the weights of Q2 are distinct.

COROLLARY 4.4
If E is an irreducible bundle on a Hermitian symmetric variety, then Ext'(E, E)° =0
fori > 0.

Proof
Apply Theorem 4.3 for A =v. a

COROLLARY 4.5

For every i < dimX and A€ Dy, there are X' and s; such that A =s;(1) and
H(E))=H"Y(E;)) or H(E,)= H'"'(E)). In particular, » and )" differ by a mul-
tiple of &;. There is exactly one of such A’ in every Bott chamber having a common
boundary with the chamber containing E, .

Proof
Consider the vertex A of the Bott chamber containing A. Then consider all the s; such
that s;(Ao) is the maximal weight of a summand of Qi+t Such s ;’s work. O

Remark. From Corollary 4.5, 1" and s; are unique in the case of P", but they are not
unique for general Grassmannians.

In Figures 2 and 3 we list all the vertices of the Bott chambers in the cases P*
and Gr(1, 4). The 4-tuple (x1, x7, x3, x4) denotes the weight Y x;A;. An arrow labeled
with the root 8 means the reflection

> rg(-+8)— g,
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so the arrow labeled with —&; means the reflection s;. For example, (-2, 1,0, 0) =
74,((0,0,0,0) + g) — g =51(0, 0, 0, 0). To check Figures 2 and 3, Lemma 4.7 can be
useful.

¢ (0,0,0,0)
lm
e (—2,1,0,0)
lal + o
e (—3,0,1,0)
[
e (—4,0,0,1)
lu1+a2+a3 + oy
e (—5,0,0,0)
Figure 2. P*
+(0,0,0,0)
J-'( 1,—2.1.0)
) +¢y \‘[:l,,-_c,‘.
(0, =3.2.0)e e(2,-3,0, 11
(1.—4, 1, 1)e e (3, —4,0,0
oy + oz + tr.-i \“: A l o)+
(0, —4,0,2)e e(2,=5 10
s(1,—5,0,1)
lm 4y + 0y + oy
e(0,—5.0.0)

Figure 3. Gr(1, 4)

Of course, Figures 2 and 3 are exactly the Hasse quivers o 'ps+ and S g1 4).
On P" we have a simplification of the Bott theorem. In this case, 27 are irreducible
for all p.
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PROPOSITION 4.6 (Bott on P")

Let X =P"=SL(n + 1)/ P(ay).

@) If ) is any weight and i N st. v 1= 1y, -1y (A + g) — g€ D, then
HI(E))=V, and H/(E;)=0 for j # i. In particular, if €D, then
H(E;)=V, and H(E;)=0fori > 0.

(i)  In the remaining cases, H'(E,)=0, Vj.

Proof

It is sufficient, by Theorem 4.1, to prove that W! ={ry, -... 71, [ i €{1---n}}U{1}.
It is well known that o, (A ;) isequal to A; if j #i,andto A;_1 — A; + A if j=i
(with the convention that Ay = A, = 0). It holds that

i

n i n
Ta, ~...~rai<ij)»j>=<— ZPi)M + ij)‘j+l + Z Pjkj-

j=1 j=1 j=1 J=i+l

(To check it, prove that ry, - - -7,(A;) is equal to A; if j > i and that it is equal to
Ta - 'ra_/()‘-j): = )\.1 +)"j+1 lf] < l)

Hence the elements ry, - ... - 1y, belong to W! for i =1 to n, so these elements,
together with the identity, fill W! by (4). The last remark is that (ry, ---7,) "' =
O

Point (iv) of the following lemma gives an alternative way to express point (i) of the
Bott theorem.

LEMMA 4.7

On P" we have, fori=1---n,

®» S=—at -,

(i) o+t i =g 1) (i),

(i)  rg,, =g e rm)’lrm+](rai CeeTay),
(av) re ... T =Fg .. T
Proof

This is straightforward. (For (iii), observe that by (ii), 7o+t =Fry, vy (@)) O

COROLLARY 4.8

OnP" if A =s;4.1(\)), then H (E;) = H'*'(E,/). The converse holds if H'(E,) # 0.
In particular, ) and )\' differ by a multiple of oy + --- + «;11. Precisely, if

A= Zl;:l pjkj, then ) — 1= — le—:l(Pj + Doy + - + ig1).
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Proof

By Proposition 4.6, only the converse needs to be proved. If H*(E;/) = H(E,) # 0,
then by the Bott theorem A(A + g) =7y, h()' + g), where h=r,, - - - r,,, and this
implies that h(A + g) — (A’ + g) is parallel to «; 1, that is, that A — A’ is parallel to
h_lot,-+1 =o;+---+a;4+1 (by Lem. 4.7(ii)). Moreover, the last formula holds because
A+g. &)= -2 (pj+ D O

5. The quiver and its relations
For a quick introduction to the theory of quivers and their representations, we refer to
[Ki]. More details about quivers with relations can be found in [GR] or in [H2].

Definition 5.1

A quiver is an oriented graph 2 with the set 2, of points and the set 2; of arrows.
There are two maps &, t: 2; — 2y which indicate, respectively, the head (sink) and
the tail (source) of each arrow.

A path in 2 is a formal composition of arrows S, - - - B1, where the tail of an arrow
is the head of the previous one. Paths can be summed and composed in a natural way,
defining the path algebra C2. 1t is graded by pairs in 2.

A relation in 2 is a linear form Ajcy + - - - + A,ucp, Where ¢; are paths in 2 with
a common tail and a common head and A; € C.

A representation of a quiver 2 = (2, 2;) is the couple of a set of vector spaces
{Xi}ic 2, and of a set of linear maps {¢g}gc 2,, Wwhere g : X; — X if B is an arrow
from i to j.

Let # be a homogeneous ideal in the path algebra. A representation of a quiver
2 with relations A is a representation of the quiver such that

ol ol =
Z)‘J(ol @mj—o
J

forevery ) _; 28] - --,3,{,/. EA.

Let (X;, ¢g)ic 2, pe 2, and (Yi, ¥g)i e 2,, g e 2, be two representations of the quiver
2=(29, 21). A morphism f from (X;, (,0/3),' €9, pe2 tO (Y, Wﬂ),‘ €, pe is a set of
linear maps f; : X; — Y;, i € 2, such that for every g € 2, B arrow from i to j, the
following diagram is commutative:

It is well known (and easy to prove) that the category of representations of 2 with
relations Z is equivalent to the category of (C2/%)-modules.
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A quiver 2 is called leveled if there exists a function s: 29 — Q such that for
any arrow { —> j, we have s(i) =s(j) + 1.

Let X=G/P be a Hermitian symmetric variety. In order to describe all G-
homogeneous bundles on X, we define a quiver 2.

Definition 5.2

Let 2x be the following quiver. The points of 2y are the irreducible representations
of R, which we identify with irreducible G-homogeneous bundles over X = G/ P or
with the corresponding elements in # . Let E; and E,, be irreducible representations
with maximal weights A, i € D;. There is an arrow in 2x from E, to E,, if and only
if Ext!(E,, E #)G # 0. The ideal of relations in 2 are defined in Definition 5.7.

Observe that if Ext!(E;, E )¢ # 0, then this group is isomorphic to C by Theorem 4.3.

COROLLARY 5.3
If there is an arrow from E; to E,,, then p(E,) = w(E,) + w(Y). In particular, the
quiver is leveled (see Def. 5.1) by , of Theorem 4.3(iii) (see [H1], [H2]).

Proof
The corollary is proved by Theorem 4.3. O

COROLLARY 5.4
The arrows (modulo translation) between elements of the quiver can be identified with
the weights of Q' (which are negative roots).

Proof
From (1), it follows that E;, ® Q! C PE »+¢ 5 then we conclude by Theorem 4.3. O

We postpone the description of the relations in the quiver after we have defined the
representation associated to a bundle.

Definition 5.5
We associate to a G-homogeneous bundle E the following representation of 2x. Let
grE = @A E, ® V;, where V, = C¥ and k is the number of times E; occurs.

To the point A, we associate the vector space V.

For any X € 2y, let us fix a maximal vector v, € E;. For any §; root of ./, let us
fix an eigenvector n; € A". We have

Ext'(grE, grE) = @A’MHom(V)\, V) ® Ext'(E;, E,). (5)
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We know that Ext'(E;, E,)° =Hom(E;, ® Q', E,)¢ is equal to C or zero, and
when it is equal to C, then u — A =§; for some j. We fix the generator m,,; of
Hom(E; ® ', E,)¢ which takes v; ® n; to v,,; indeed, E; ® Q' contains a unique
summand of multiplicity one isomorphic to E,,. This normalization appears already in
[BK, p. 48]. Hence in order to define an element of Hom(V;, V,,), VA, w, it is enough
to give an element [E] € Ext!(gr E, gr E), and this is the element corresponding to
6 of Theorem 3.1(i), according to the isomorphism of Theorem 4.3.

The correspondence E + [E] is functorial; indeed, a G-equivariant map £ — F
induces first a morphism gr £ +— gr F and then a morphism of representations of 2y
given by [E] — [F].

A direct consequence of Theorem 3.1 is the following.

THEOREM 5.6

Let G/ P be a Hermitian symmetric variety.

1) For any G-homogeneous bundle E, we have m([E]) =0, where m is the in-
variant Yoneda morphism recalled in §2,

m: Ext'(gr E, gr E)° — Ext’(grE, gr E)°.

(i)  Conversely, for any R-module F and any e € Ext'(F, F)C such that m(e) =0,
there exists a G-homogeneous bundle E such that gr E = F and e =[E].

Remark. 1t is well known, although we do not need it, that for any bundle F the usual
Yoneda morphism Ext'(F, F) — Ext’(F, F) is the quadratic part of the Kuranishi
morphism. In particular, the invariant Yoneda morphism Ext'(F, F)¢ — Ext’(F, F)°
is the invariant piece of the quadratic part of the Kuranishi morphism.

Remark. We recall that the functor E +— gr E from P-mod to R-mod is exact. Our
description of the quiver and Theorem 5.6 can be thought of roughly as an additional
structure on R-mod which allows us to invert the functor gr.

The theorem shows how to define relations in 2x in order to get an equivalence
of categories. The relations have to reflect the vanishing m(e) =0. We have to note
that since in Definition 5.5 we have fixed a normalization, the relations in 2y can be
changed up to scalar multiplications of the maps involved (see Cor. 8.5).

Definition 5.7
Write e € Ext!(gr E, gr E)C as

€= E Suam .,
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wherem ,; € Ext! (E,, EM)G were fixed in Definition 5.5 and g, € Hom(V,, V,,) come
from the isomorphism (5). The equation m(e) =0 becomes

Z (Z(gwguk)(mm A mM)) —0,

v,A y

where m,, A my, € Ext*(E;, EM)G is the Yoneda product of m,,, m,; and
8vu8&ur € Hom(Vy, V,) are the composition maps. For any fixed A and v, the equation

D (@un8u )My A ) =0 6)
y

gives a system of at most diim Ext*(E;, E ,L)G quadratic equations in the unknowns g,,,
and g.

We define the relations in 2 as the ideal generated by all these quadratic equations
for any pair A and v.

THEOREM 5.8

1) For any homogeneous bundle E on X Hermitian symmetric variety, [ E] satisfies
these relations; hence it gives a representation of the quiver 2x with relations.

(i)  Conversely, given a representation e of the quiver 2x with relations, there
exists a homogeneous bundle E such that e =[E].

Proof
By definition, the relations are equivalent to # A6 = 0. Hence the statement is equivalent
to Theorem 3.1 and to Theorem 5.6 (see also Exam. 5.13). a

The isomorphism class of [ E] lives in Extl(gr E, gr E)G/AutG(gr E). We note that in
each case, the isomorphism class of the bundle determines the isomorphism class of the
representation of 2y (by the functoriality). Hence Theorem 5.6 can be reformulated
in the following way.

THEOREM 5.9 (Reformulation of Th. 5.8)

Let X = G/ P be a Hermitian symmetric variety. There is an equivalence of categories

among

1) G-homogeneous bundles over X;

(i)  finite-dimensional representations of the quiver (with relations) 2x (associat-
ing zero to all but a finite number of points of 2x);

(iii)  Higgs bundles (F, 0) over X.
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Subquivers and quotient quivers. Since there is no danger of confusion, we denote by
C2x the path algebra of the quiver with relations 2x, meaning that the algebra has
been divided by the ideal of relations. There are two basic constructions for quiver
representations that we need.

Definition 5.10

Letgr E=EPV, ® Ej, sothat V =PV, is a C2x-module. For any subspace V' C V,
the submodule generated by V' defines a homogeneous subbundle of E. In the case of
V' =V, for some A’, we call this subbundle the bundle defined by all arrows starting
from 2.

Also, (V': C2x):={veV | fveV’, VfeC2x} is a submodule, and the
quotient V/(V': C2x) defines a homogeneous quotient of E. Let 7;,: V. — Vy,
be the projection; in the case of V' =Kerm,,, we have V/(V': C2x)=V/{veV |
my fv=0, VfeC2x}, and we call this quotient bundle the bundle defined by all
arrows arriving in A'.

Example 5.11 (cf. [H1])

Let P>=P(V). The bundle E= A’V on X =Gr(P',P3) has graded bundle
gr E=0(—1) ® Q'(1) ® O(1). The corresponding representation of the quiver as-
sociates to

o(1)

|

O(—1) «~—— Q1)

the diagram of linear maps

Equivalently, 6 splits into the two summands
6: 0()® Q'—Q'(1)
and
6: QY Q'—0(—-1)
and satisfies & A 6 =0 because

Ext*(0(1), @(—1))6 =Hom(0(1) ® <, @(—1))G =0.
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In fact, in 2x the commutativity of the diagram

0 <« o0

l |

0(-1) «— Q'(1)
1s not a relation.
THEOREM 5.12

Let X be an irreducible Hermitian symmetric variety. The number of connected
components of 2x is given by Table 1.

Table 1
Grassmannians 0dd Quadrics Even Quadrics Spinor Varieties
SL(n + 1)/ P(atx+1)|Spin(2n + 1)/ P(e1)|Spin(2n + 2)/ P(o1)|Spin(2n + 2)/ P(cty+1)
Gr(P*, P") O, n>22 |Qwp, n>=2 1/2)Gr(P", Q5,), n>3
n+1 2 4 4
Lagrangian Grassmannians|Cayley Plane X
Sp(2n)/ P(ay) E¢/P(a1)  |E7/P(a1)
GmP" !, P, n>2|0P?
2 3 2
Proof
The number of connected components is equal to the index of the lattice (&, ..., &,)z
in (A, ..., A,)z. It is easy to check in any case that

(éls"'7$m)Z=(als---van>Z

by the shape of the roots. (The list in the exceptional cases is in [Sn].) Hence
the number of connected components is given in any case by the determinant of
the corresponding Cartan matrix, and these are well known (see, e.g., [FH, Exer.
21.18]). O

Every homogeneous bundle E on X splits as E = E®, where the sum is over the
connected components of 2x and gr(E®) contains only irreducible bundles corre-
sponding to points of the connected component labeled by i. We analyze separately
each of the irreducible Hermitian symmetric varieties. The decomposition of E; ® Q!
in the cases where G is of type A, D, or E appears already in [BK, Prop. 2].

e When G =SL(n + 1), then X = G/P(atx4) is the Grassmannian Gr(P¥, P").

In this case, all the roots Q}( are B;; = — {zioe, forl <i<k+1<j<nlfU
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and Q are the universal and the quotient bundle, it is well known that Q' =U ® Q*,
02— [Sysz ® /\2 Q*] @ [/\2 U Sysz*].

Here u(Q')= — (n + 1)/((k + 1)(n — k)). Every irreducible bundle on X can be
described by E = #%U ® 9P Q*(¢) for some partitions «, B and for some ¢ € Z. The
n+ 1 connected components are distinguished by the class of (||, | 8|) € Z x Z modulo
the lattice ((—1, 1), (k+1,n —k))z. If gcd(n + 1, (k+ 1)(n — k)) = 1, the components
are distinguished more easily by (k + 1)(n — k)u(E)=0,1,...,n(modn + 1).

e When k=0, we get X =P". Due to the importance of this case in the appli-
cations, we stress our attention on it. We saw in Lemma 4.7 the corresponding roots
&1, ..., &,. We have the simple formulas (of course, some summands can be zero)

n
E®Q = _Eus.

2 _
Ex® @ = EBlsKanE“g‘*éf"

In Corollary 8.5 we see that the relations in the quiver 2p. can be summed up by
saying that for any weight A € D; and any 1 <i < j < n, all diagrams

Eyvee <«— E

!

Ek+§;+§',‘ D E}\.+$j

have to be commutative. This fits with [BK]. The quiver 2p. is isomorphic to the
half-space of Z" defined by the inequalities x; > x, > --- > x, for (x1, ..., x,)€Z"
with arrows following the standard basis (with the directions reversed). Here
w(QY= — (n+1)/n. The n + 1 connected components are distinguished by
nu(E)=0,1,...,n(modn + 1) for an irreducible E.

e In the case of odd-dimensional quadrics Spin(2n + 1)/ P(at;) = Q2,1 C P?",
we have that Q! has maximal weight —a; =2A, — 2A; for n =2 and has maximal
weight —o; = A, — 2X forn > 3, while 2 has maximal weight 21, — 3 forn =2,
2X3 —3A; forn =3, and A3 — 31, forn > 4. Denote again by &, ...,&, (m=2n—1)
the roots of Q!. We have

E®Q =@ _Eus.

while E; ® Q* is contained in P, _, j<mEi+g+¢;, and can be determined according
to A by the explicit algorithm in [L]. When A >> 0, then we have the equality. Here
w(Q" = —1and u(S) = — 1/2 for the spinor bundle. The two connected components
are distinguished by 2u(E) =0, 1 (mod 2) for an irreducible E.

e In the case of even-dimensional quadrics Spin(2n + 2)/P(a;) = Q,, C P>'H!
(A, and A, 4 correspond to the two spinor bundles), we have that Q! has maximal
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weight Ay + A3 — 2A; for n=2 and A, — 24 for n > 3, while Q2 splits with two
maximal weights 24, — 3A; and 243 — 3| for n = 2 (this is the Grassmannian of lines
inP3 already considered); it has maximal weight A3 + A4 — 34 forn =3 and A3 — 34,
for n > 4. Here u(Q')= — 1 and u(S)= — 1/2 for the two spinor bundles. The
knowledge of w is not enough to distinguish the several components. If E = Ey 5.,
the four components are distinguished by [(p,,, pn+1)] €Z, X Z;.

e In the case of spinor variety Spin(2n+2)/ P(«,+1), we have the universal bundle
U of rank n+ 1, and it is well known that Q! = /\2 U and Q2= /\2 (/\2 U) =
FELY Letm = ("erl), and let &, ..., &, be the roots of Q!. Then it is easy to check
that

E®Q =@ _Eus,

while E; ® ©? is contained in D <i- j<mEr+e+¢;, Which can be determined according
to A by the classical Littlewood-Richardson rule (because the semisimple part of
P(at,41) is SL(n + 1)). When A > 0, then we have the equality. Here u(Q')=
—4/(n 4 1).If gcd(4, n+1) = 1, then the four connected components are distinguished
by (n + Du(E)=0, 1, 2, 3 (mod 4). Otherwise, the knowledge of x is not enough to
distinguish the several components. Every irreducible bundle on X can be described
by E=9U ® O(t) for some partition o and some integer ¢. The four connected
components are distinguished by the class of (|«|, t) € Zy X Z;.

e In the case of maximal Lagrangian Grassmannians Sp(2n)/P(«,), we have
the universal bundle U of rank n, and it is well known that Q' = Sysz and
Q2= A’Sym’U)=*'U. Letm = (”;“1), and let &, . .., &, be the roots of Q!. In
this case, E; ® Q! is contained in 697; 1 E+¢ and the inclusion can be strict. Indeed,
this computation can also be done by using the classical Littlewood-Richardson rule.
Note that we can write the &; as y; + y, where y; are the weights of U. A fortiori,
E; ® Q? is contained in @D <i<j<nErte+¢,» and it can be determined according to A
by the classical Littlewood-Richardson rule. Here ;£(Q') = —2/n. The two connected
components are distinguished by nuu(E) =0, 1 (mod 2) for an irreducible E.

e In the case of the Cayley plane Eq/P(x;)= OP? (see [LM], [IM]), the semi-
simple part of P(c;) is Spin(10). E,, is a twist of one of the two spinor bundles, and
Ql=E;,(-2).

Hence Q? = E,,(—3) is irreducible. Here u(2')= — 3/4. The three connected
components are distinguished by 4u(E)=0, 1, 2 (mod 3) for an irreducible E. The
Cayley plane has an intrinsic interest because it is a Severi variety.

e Also, the 27-dimensional case E;/P(a;) has Q! = E;,(—2) and Q% = E;,(—3),
both irreducible. Here u(2')= — 2/3. The two connected components are distin-
guished by 3u(E) =0, 1 (mod 2) for an irreducible E.
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The case of the projective plane P? allows an explicit description of some interest.
Let (x, y) € A" ~ C2. Consider the linear maps given by matrices with coefficients in

N A,

Xy
1 . .
Ckzm' . . OfSiZGkX(k-f—l),
X oy
m_ky -
X —(k — 1)y
1 ° %
Bk=§- : : of size (k + 1) x k.
(k—Dx -y
kx

Now it is easy to check that
Ci A Cry1=0, Biy1 A By =0, Cit1 A Big1 + Bk A Cr=0.  (7)

The interpretation in terms of representations is the following. The parabolic
subgroup P(a;) C SL(3) has the form

e x y
P((X]): 0 ayy dapp edetA=1
0 ayn ax

The irreducible representation of P(c;) corresponding to Sym” Q(¢) is de-
fined by Sym”Ae~'. Consider the derivative 2 =Lie P(a;) — gl(Sym”C?),
and call it (with a slight abuse of notation) Sym”A — rel. The extension
w e Extl(Symk 0, Symk—1 Q(—1))¢ =C defines a bundle with representation

Sym* 1A +el  wC
) ®)

0 Sym* A

where w is a scalar multiple and w = 0 if and only if the extension splits.
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Analogously, the extension w € Ext' (Sym* Q(2), Sym**! 0)¢ = C defines a bun-
dle with representation

Sym**1A w By
; 9)

0 SymfA — 2el

where w is a scalar multiple, which is zero if and only if the extension splits. By
Theorem 3.1, several extensions as in (8) and (9) fit together to give a representation
o of 2 if and only if pjy A py =0 (see Exam. 5.13). We note that (7) are equivalent
due to the fact that the only relations in 2p2 are the commutative ones (see Cor. 8.5)
in all the square diagrams and the relation a;b; = 0 in the diagrams

o)

Js

Ot —3) «— Q@1-2)
for any ¢ € Z. These last relations can be seen as the commutativity in the diagrams

0 — 00

l L

Ot —3) «—— 0@ —2)

Example 5.13
We describe explicitly the homogeneous bundle on P? =P(V) corresponding to the
representation that associates to

0 «— o

| |

0(-2) <«— Sym’Q(-1)

the diagram of linear maps

C* «—— ¢
£ g

where a, b, ¢, d are positive integers. We get

AC + 2el ¥ ® Cy B ® B 0
0 (Sym?A)! + el 0 B> ® B,
p|l0 an ap | = ,

0 0 0 Y1 ® Cy

0 0 0 AP — el

e X y

0 ay ax
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and this is a P-module if and only if (by Th. 3.1)

0 ety Bi®B 0 0 n®(€y Bi®B 0
0 0 0 B2 ® B, 0 0 0 B2 ® By P
0 0 0 Y1 ® Cy 0 0 0 Y1 ® C '
0 0 0 0 0 0 0 0

which is equivalent by (7) to
v2-B2—Bi-r1=0,

confirming the commutative relations. In the special case of a=b=c=d =1 and all
the maps given by the identity, this bundle is adV'.

The isomorphism classes of representations are equivalent to the orbits in 72 ~!(0) with
respect to the Auts(gr E)-action.

6. Computation of cohomology
In all of this section, X is a Hermitian symmetric variety of ADE-type.

We now want to describe how to compute the cohomology of a homogeneous
bundle E on X from the representation of the quiver.

We need the following easy lemma.

LEMMA 6.1 ([CE, Chap. XV, Lem. 1.1])
Let the following diagram be commutative:

C
gk
A’ A A"

and let the row be exact. Then
Im ¢/Im ¢’ ~ Im .
Let
O0=EyCE, CE,C---CE.=E

be a filtration of a vector bundle (not necessarily homogeneous).
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Now, let
Z? :=Ker(H'(Ep11/Ep)— H'(E))),
s d .
BY :=Im(H/"Y(E/Ep11)—>H'(Epi1/Ep)),

where the maps are the boundary maps of the two obvious exact sequences.
The next theorem follows from the discussion at the beginning of [CE,
Chap. XV]. For the convenience of the reader, we sketch the proof.

THEOREM 6.2
14 14
Bj C Zj,and
. r—1
~ P 14
HE =D, 7)/B].
Proof

We have the commutative diagram

HI(Ep11)

A N

HI"WE/E,) —2> HI(E,m/E,) —-> HI(E/E,)

hence Bj‘-’ C Zj.’ , and from Lemma 6.1 we get
Im(Hf'(E,,H)LHf(E/E,,)) ~Im¢/Im¢’'=Im¢/Kern=Z2"/B". (10)

Consider also the diagram

HI(Epy1)
/ Jm \w
HI(E,) 2% HI(E) -2 HI(EJE,)
We get again from Lemma 6.1,
Im(H (Ep 1)~ H(E/E)) = Im(e,)/Im(@,-1). (11)

and since we have the graduation

HI(E) ~ ) Im(@,)/1m(@-1) A0 D, z0/8].

we get the result. a
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We return now to the case of homogeneous bundles.

We need a short digression about homogeneous bundles whose quiver represen-
tation has support on an A,-type quiver; that is, gr E =@V, ® E, and V, is zero
outside a path connecting the vertices {A + p&; | 0 < p < k}.

The following theorem is well known since the former work on quivers by P.
Gabriel (see [GR]).

THEOREM 6.3
Every representation of the A,,-quiver is the direct sum of irreducible representations
with dimension vector

0,0,...,0,1,1,...,1,0,...,0),

where the nontrivial linear maps are isomorphisms.

The reader can deduce the previous theorem as a consequence of Theorem 5.9 for
X =P! and the Segre-Grothendieck theorem, which says that every bundle on P!
splits as the sum of line bundles.

PROPOSITION 6.4
Let E; and E,, be in two adjacent Bott chambers with H'(E;) ~ H'TY(E,) ~ W,
then . — A =k&; for some integer k and some root &; of Q'. We have

dim Hom(E;, ® Sym*Q', E,)¢ =1.

Proof

By (1), it is enough to show that there are no other weights among {aléil + -+
anéi, | >a;= k} which are equal to & — A. With the ADE-assumption, &; is a vertex
of the convex polytope containing the weights of ! because all the roots have the
same length. Hence k&; is a vertex of the convex polytope containing the weights of
Sym*Q!. O

PROPOSITION 6.5
Let §; be a weight of Q'. We have

Ext*(E;, Ex42¢,)¢ =Hom((Ey ® @2, Ej426,)¢) =0.

Proof

Since &; is a vertex of the convex polytope containing the weights of Q!, there
are no distinct weights &,, &, of Q' such that & =(1/2)(§, + &,). Then apply
Theorem 4.3. O
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Remark. Without the ADE-assumption, Propositions 6.4 and 6.5 are false. For exam-
ple, if X = O3, the weights of Q! are «y, o) + a2, o) + 2a,. The weight o) + o is
shorter; indeed, 2(«; +a5) coincides with the sum of the two vertices (o1)+ (o) +2a2).
In particular, dim Hom(Sym*Q', Exy,+4,) =2, and dim Ext*(O, Eag,14,)¢ = 1.
Hence there is no indecomposable homogeneous bundle E with support A, such
that gr E = @7 _  Eiey +ar)-

With the assumption of Propositions 6.4 and 6.5, note that the distinguished
elements in Hom(E; 4 p¢; ® QL Ej p+DE; )6 which were chosen in Definition 5.5 give
a distinguished element in Hom(E; ® Symkﬁl, E M)G, which is one dimensional by
Proposition 6.4. These elements allow us to define extensions of the form

0—>E)\+(p+1)gj —)Zp—>E)\+,,5j —0

which fit together (by Th. 5.6(ii) since the corresponding Ext> vanish by Prop. 6.5),
giving abundle P’ with gr P’ = @];;IOE »+p¢; and two exact sequences (this argument
is similar to the one in [De])
0—Z — P —E,—0, (12)
0—E,—Z'—Z'|E,—0. (13)

THEOREM 6.6
We have

H/(P)=0, Vj.

We need a short preparation in order to prove Theorem 6.6. Let A" (resp., u’) be the
vertex of the Bott chamber containing A (resp., it). Let A be the unique indecomposable
bundle in the extension

0—)EM’—>A—>EA/—)O.

PROPOSITION 6.7
We have

H'(A)=0, Vi.

Proof

The boundary map H'(E; )—> H'*!(E /) can be seen as the cup product of the class
of the Schubert cell corresponding to E; as subbundle of Q' (by Hodge theory) with
the hyperplane class in H'(2!), and it is nonzero by [Hi, Chap. V, Cor. 3.2]. O
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PROPOSITION 6.8
We have that gr(E,, ® W) contains only E, as a direct summand with H* >~ W.

Proof

Let E, be the irreducible bundle such that H(E,) = W. The weights of W as G-
module lie in a convex polytope Py whose vertices are the reflections of « through
the hyperplanes Hy (for any root ¢ of G) which separate the Weyl chambers of G (see
[FH, p. 204]). The weights of E,; @ W lie inside Py + p'.

Let Py be the convex polytope whose vertices are the reflections of g +« through
the hyperplanes Hy. Note that Py is strictly contained in Py and that there is a natural
bijective correspondence f between the vertices of Py and the vertices of Py such
that if By is an edge of Py of length d+/2, then f(B) f(y) is a parallel edge of Py of
length (d + 1)+/2. Precisely, the corresponding vertices B and 8, respectively, of Py
and Py differ by wg(g) for a composition of reflections wg defined by 8 =wg(x).
The point of Py of least distance from 3 is S.

We have that ©'=w(g) — g for some w. Let &t =w(x); then w=wy. Then
w=wgla + g)— g=m+ u is a vertex of Py + p’; hence it is a maximal weight of
E,@W.

By the Bott theorem, all the weights v such that H(E,) = W for some i are ob-
tained from « after reflecting through the hyperplanes that separate the Bott chambers
of G. All these weights are some of the vertices of Py — g.

It is enough to show that the vertices of Py —g meet Py + 4’ only in the
point /.

The distance of B — g from Py — g + (' + g)=Py — g + wy(g) vanishes
only when B — wy(g) € Py, and this happens if and only if ws(g) = wy(g) (since
the point of least distance between B and Py is B — wg(g)); thus B =7r. Then
B—g=B+ws@)—g=B+wp(g) —g=+pu =p. O

Proof of Theorem 6.6

Let K be the submodule in A ® W generated by the direct summands isomorphic to
E; . (It can be shown that there is only one, but we do not need this fact.) We have the
exact sequence

0—K—AQW—(Q0—0.

By Proposition 6.8, we have that H/(K)V and H/(Q)" are nonzero at most for
j=iorj=i+1.

We claim that gr K contains all the direct summands isomorphic to E,; other-
wise, E, C grQ, and we would have H'*'(0Q)" # 0. Hence by Proposition 6.7,
H*2(K)V # 0, which is a contradiction. Hence we get H/(Q)" =0, Vj, and it
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follows that
HI(K)Y =0, Vj.

Atlast, let S’ be the quotient of K obtained by restricting the quiver representation
to the path joining the vertices corresponding to E; and E,,.
We have

0— K —K—S—0.

Now H/(gr K')V =0, Vj;hence H/(K')Y =0, VY, and it follows that H/(S") =
0, Vj. Decompose S’ into its irreducible components (see Th. 6.3); we get that S’ is
isomorphic to the direct sum of several copies of P’ by the definition of K. O

From the sequence (12) and Theorem 6.6 we have the isomorphism
HI(E;)—>HIT\(Z)Y

and from (13) we have an isomorphism
HIYYE,)—=H/TY(Z');

hence we get a distinguished isomorphism

Jur: HI(Ey)—> H/YY(E,). (14)

LEMMA 6.9

Let E; and E,, be in two adjacent Bott chambers with HI"Y(E,) ~ Hj(EM) ~ W.
Denote by P the homogeneous bundle corresponding to the A,-type, starting from E)
and arriving in E,, with the same representation quiver maps as for E. (It exists by
Th. 5.6(ii) again, by the same argument as before.) Then the boundary map

W®Vi=H"'(P/V,E)" > H (V.E)=W &V,

is the tensor product of the distinguished isomorphism in (14) and the composition of
the maps of the quiver representation.

Proof
We first prove the theorem for P irreducible. We may assume that dim V¢, =1
for 0 < p < k and A + k&; = u; moreover, P defines nonzero elements in the
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one-dimensional spaces

1 G
Hom(Viipg; ® Enype; @ 27, Vitpriyg; ® Entprig;)

= Hom(Vi4pg;, Vit (p+1g,) ® Hom(Esspe; ® 2, Esi(pig,)C -

There is a natural isomorphism between

k—1

Q) Hom(Vsi pe, ® Erspe, ® ', Vigprng, ® Ensipineg)°
i=0

and
Hom(V, ® E; ® Sym*Q!, V, ® E,)° =Hom(V;, V,,) ® Hom(E; ® Sym*Q!, E,)°,

where in Hom(V,, V,,) we perform the composition of the quiver representation maps.
It is clear that the element obtained in Hom(V;, V,,) ® Hom(E) ® Symk QL E M)G
is sufficient to reconstruct P.
Now we consider the two exact sequences

0—Z—>P—V,® E,—0,

0—V,® E,—Z—> P'—>0.
From the first sequence we have
H/(E, ® Vx)i>Hj+l(Z)W
and from the second one an isomorphism (by Th. 6.6)
HTNE, ® V,)—H'™\(2);
hence we get a map
cnt H'(E, ® Vi))—>H/T(E, ® V) (15)

which by construction is the tensor product of the distinguished isomorphism j,
constructed in (14) and the composition of the maps of the quiver representation, as
we wanted.

In general, we have P =D P;, where P; are irreducible by Theorem 6.3. More-
over, we have V;, = EBV’, = @V’, where every V’ and V‘ has dimension one or
zero, and for each i the morphism W ® V’ HI=\(P;) V’ M)”’—)H’(V’ EN)=W®
V/i coincides again with the tensor product of the d1st1ngu1shed isomorphism j,;
constructed in (14) and the composition of the maps of the quiver representation. O
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Figure 4

We now construct maps H/(gr E )i> H/*!(gr E) by patching together the maps ¢,
already constructed in (15); that is, we have the following.

Definition 6.10
We have

Cj = E Cuks

where the sum is over all pairs A, i in two adjacent Bott chambers such that H/(E;) ~
HITY(E),).

Although separately the isomorphism j,; in (14) and the composition of the quiver
representation maps depend on the choices made in Definition 5.5, it is easy to check
that their tensor product does not depend on these choices. (The numbers for which
one has to multiply cancel together.) Moreover, the construction in Definition 6.10 is
functorial; that is, given a morphism £E— F, we get a map H*(gr E)—> H*(gr F).
We now see that H*(gr E) is a complex and that it gives a way to compute the
cohomology.

In the case of P”, this construction can be made more explicit. We have maps given
by gii : Wi = Wiga 4o = Wi Let A= Y7 _ | pidi. Let p;(0)=— Y\ (p; +
1). Composing the maps Wi j+-+a) —> Wit(j+D@ +-+ei) for i fixed and
Jj=0,....,pi — 1, we get W — Wy, 0@+ +a,) and Wki> W,,, where
H'(E;)=H'"'(Ey) and g} ; = ]_[f‘i’\f Zr+(j—1) @i+ +ar1),i- The corresponding maps
co, ¢ in the case of P? are shown in Figure 4.

Remark. We warn the reader that the use of the distinguished isomorphism (14) is not a
formal and superfluous addition, but it determines the correct signs that are necessary in
concrete computations. For example, assume that we have A, i, v in three consecutive
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adjacent Bott chambers such that H/(E;) ~ H/*1(E,) ~ H/*%(E,) and assume that
we have A, i/, v in the same situation (at most two p’s exist between A and v); it may
be shown as an application of the well-known relation in [CE, Chap. III, Prop. 4.1]
that we have the anticommutative relation

jvuju)u = - jvu/ju’)»-
The next theorem implies in this case that
CouCur = — Cow'Cpxs

hence it follows by the construction of ¢, that the corresponding composition of the
quiver representation maps is commutative for the square

A — u
uw o — v

taken from the Hasse quiver. In the last section about Olver maps, we give more
information in the case of Grassmannians.

THEOREM 6.11
(H*(gr E), c4) is a complex, and its cohomology is given by

Ker ¢; :
=H'(E).

Imc,-_1

Proof
Let W be any irreducible G-module, and let n = dim X. It is enough to compute that

i () — Ker(H'(gr E)Y -5 Hit ! (gr E)")
T Im(H Y gr E)Y S Hi(grE)Y)

We consider the filtration of E defined in the following way.

E| is defined by taking all arrows starting from any F € gr E such that H"(F)" #
0 (see Def. 5.10).

E, is defined by taking all arrows starting from any F € gr E such that

H"(F)Y @& H" Y(F)V £ 0.

In general, E; is defined by taking all arrows starting from any F € gr E such that

@"fl H'"I(F)V #£0.
j=0
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We get

H' (gr E)Y if j=n—1i,

Hl(er E;JE)Y =
(grEi+1/Ei) {0 i

hence by the spectral sequence,

HI(EiJEDY = H" N grE)Y if j=n—1,
S 0 if j #n—i.

We have the commutative diagram

H ™Y En_iz2/En—iv)V
Il
H =Y grE/E,_iz1)Y

L N : |
Hlil(E/Enfi+1)W — Hl(EnfiJrl/Enfi)W — Hl+1(Enfi)W

N\ 1s
Hi-H(gr En—i)W
Il
Hi+1(En—i/En—i—l)W

where f is the projection given by the spectral sequence (H'(gr E/E,_;+1)" =0) and
g is injective (because H'(gr E,_;)" = 0). Moreover, we note that the central term is

H'(Ey—is1/En-)” =H'(gr E).
It follows from this diagram and Theorem 6.2 that

Ker(H! (Ey—is1/En-i)V —> H* Y (Ey_i/ En_i—1)")
. 9 . .
Im(Hl_l(En7i+2/En7i+l)W — Hl(En7i+l/En7i)W)

Hl(E)W = Z;l_i/Bin_i =

Now it is enough to show that the boundary map
H' ™ (Epis2/Enis0)"V = H' (Ey_i 31/ En )"
induced by the exact sequence
0—Eyit1/Enri—> Eni2/Eni—> Ep_i2/Ey—iy1—>0

is the composition of the quiver representation maps tensored with j,; in (14).
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Lemma 6.9 tells us that this is true in the particular case of the quiver representa-
tions with support A,,, and we reduce to that case. Pick V,  E; C grE,_i12/E;—it1
and V, ® grE,, C E,_i+1/E,—; suchthat W >~ H'"\(E;) >~ H'(E,).

We have to show that the composition

i 1 i 3 . .
H 'V, ®E;))—>H' NEu—i12/En-it1) —>H (Eyeis1/En-d) — H' (V,QE,)

is obtained by composing the maps appearing in the quiver representation from V; to
Vi
Consider the commutative diagram

0 0 0
| | |
0 — KNEw—is1/Eni) —  Ejini/Enei —— 0
|

:

— 0

—> Eiip/Ehni — 0 — 0

l |

En7i+2/Enfi+1 — Q”

| |

0 0

where Q is the quotient of E,_; 1,/ E,_; obtained by taking all arrows arriving in E,,
(see Def. 5.10) and the other bundles are defined from the diagram itself.
This diagram induces the diagram

H'(V, ® E;)

H'(Ey-iv2/En-ix)"¥ —— H'(QMY
I I
H*Y (K N (Epeis1/En)” —L5 HYE,_ip1/E )Y — HT(Q)W
|
Hi+l(VM®EM)
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The composition i f is zero because E,, is not a vertex of K; then the map £ lifts

to
H(V, ® E;)
H (Ey_is2/Enis)V —— HY(QHW = H{(V,®E))

e le
HNE, 1 /Ey ) —  H(Q)Y
J» e

HH_I(VM ® EIJ-)

The last step consists of constructing the subbundle P of Q taking all arrows
starting from A (see Def. 5.10); hence P is as in the assumptions of Lemma 6.9. We
get the commutative diagram

H@P/PNOW ~v,eW ——  H(@Q"H
L I
HH—I(VM ® EM)W s Hi+l(Q/)W

ls

HH_I(VM ® EIL)

where k and r are induced by the inclusions. By the construction of Q, we have
H*Y(gr )W = H'T'(V, ® E,,); hence it follows that H' (0" = H*(V, ® E,,),
where the equality is given by g and the composition gk is the identity.

By Lemma 6.9, the map 9 in the first column of the last diagram is the composition
of the quiver representation maps tensored with j,; in (14); then by chasing in the
above two diagrams, the claim is proved and the proof is complete. O

Remark. In principle, the fact that (H*(gr E), c¢) is acomplex should be a consequence
of the relation & A 6 = 0. Conversely, Theorem 6.1 1 shows that the relation 6 A 6 =0,
which is quite difficult to be handled directly, has simpler consequences. The reader
may find some more information on this topic in the last section about Olver maps.

Remark. The computation of cohomology allows an interpretation involving the
Hasse quiver #x (see §2). # 'x is obviously leveled according to Definition 5.1.
Let .—> p—>v be any composition of arrows in # y. We define quadratic relations
in # x by asking that the sum of all the compositions of two arrows between A and v is
zero for all » and v. Now given a homogeneous bundle E and an irreducible G-module
W, we define a representation of # 'y in the following way. Let gr E =PV, ® Ej.
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Given the vertex u in S x, there is a unique A in the Bott chamber with vertex u such
that H*(E;) >~ W. Then we associate to this vertex the G-module W ® V, . The maps
¢; of the complex H*(gr E) give the maps of this representation. The direct sum of
all these representations for any irreducible G-module gives a representation of J# 'y,
which satisfies the relations we have defined just because H*(gr E) is a complex.

So we have constructed a functor from representations of 2 (in finite-dimensional
vector spaces) to representations of J# y (in finite-dimensional G-modules). This func-
tor is not injective on the objects because the singular weights give zero contribution.
Also, it is easy to see that this functor is not surjective, so that the representations that
are in the image of the functor make an interesting subcategory.

We have that for any homogeneous bundle E (on X Hermitian symmetric variety),
the Yoneda product with [E] € Ext! (gr E, gr E)C defines a complex

---—>Hi(grE)ﬂlHi+](grE)—> el

It is a complex because m([E]) =0. We get a functor from P-mod to the (abelian)
category Kom(G-mod) of complexes of G-modules

E+— H*(grE).

It is straightforward to check, by using the properties of the Yoneda product, that it is an
exact functor. So it is natural to ask about the cohomology of the above complex. It turns
out that, in the ADE-case, it gives only the first step of a filtration of the cohomology
H*(E). In fact, for any integer n, we can consider the map H'(gr E)ﬂl H*(grE)
which considers the summands of ¢; which are compositions of at most n arrows. The
(n = 1)-case is given by the Yoneda product, while when 7 is big enough, we get the
whole c;. Correspondingly, we have a filtration

0cC H[1I(E) C H[2(E) C --- C H'(E).

Remark. The hypercohomology module of the complex

2
grE&grE@ TxggrEQZ)/\TXA---

is another interesting invariant of E (cf. [S, p. 24]). The computation in the case of
E = Ky shows that this should be related to the filtration above if we twist by O(¢)
and sum over f € Z.

7. Moduli and stability
For simplicity, we restrict in this section to the case when X is an irreducible Hermitian
symmetric variety. We now consider the moduli problem of homogeneous bundles E
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on X with the same gr E. Any Z-module F = @V, ® E; corresponds to the dimension
vector a = (@) € Z*", where oy = dim V;. The group

GL(@) = [] GL(V)
A€ (2x)o

acts over

H2x.a) =D, _, Hom(Via, Vi)

and over the closed subvariety
Vx(a) C A (2x, @)

defined by the relations in 2. The affine quotient Spec(C[Vy(a)]%“®) is a single
point, represented by F itself. King [Ki] considers the characters of GL(«) which are
given by

Xo@= [] det(g)”

L€ (@x)o

for o € Z2x such that > , 02,0, = 0. The element o can also be interpreted as a homo-
morphism Ky(R-mod)— Z which applied to E; gives o;. A function f € C[Vx(«)]
is called a relative invariant of weight o if f(g-x)= x,(g)f(x), and the space of such
relatively invariant functions is denoted by C[Vy (a)]H)-7

There is a natural character, which is convenient to denote by u(«), defined by

plen)y = c1(F)1k(E3) — tk(F)c1(Ey).

Observe that w(a)(F)= ), apu(a); =0. For any subrepresentation E’ of
E € Mx(a),let gr E'=V, ® E; with dim V, =] then let

pe)(EN =" aju(a), =tk E'tk F (W(F) — p(E)) . 16)
A

Then we define
My (@) ;:Proj<@ OC[VX(a)]GL(“)’”“(“)>,
n>

which is projective over Spec(C[Vx(a)]°®); hence it is a projective variety. The
moduli space Mx () is the GIT quotient of the open set Vx(a)*® of x,,«)-semistable
points (see [Ki]). Different characters give moduli spaces that are birationally equiv-
alent to My ().
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We collect the known results about this topic in the following theorems. We
saw that E is determined by 6 € Hom(gr E, gr E @ Tx) such that 6 A 6 =0
(see Th. 3.1).

THEOREM 7.1

Let E be a homogeneous bundle on X irreducible Hermitian symmetric variety, and let

a be the dimension vector corresponding to gr E. The following facts are equivalent:

@) for every G-invariant subbundle K, we have u(K) < wp(E) (equivariant
semistability),

(i)  for every subbundle K such that 0g(gr K) C gr KQTx, we have u(K) < u(E)
(Higgs semistability),

(iii)  the representation [E] of 2x is u(w)-semistable, according to [Ki, Def. 1.1]
(quiver semistability);

(iv)  E is a x,«)-semistable point in Vx(a) for the action of GL(«) (see [Ki, Def.
2.1]) (GIT semistability),

(v)  for every subsheaf K, we have u(K) < pu(E) (Mumford-Takemoto semista-
bility, see [OSS]).

Proof

The equivalence (i) <= (ii) follows from the fact that F' C E is G-invariant if and
only if Og(gr F) C gr F ® Tx. The equivalence (ii) <= (iii) is straightforward from
Theorem 5.9 and (16). The equivalence (iii) <= (iv) is proved in [Ki, Prop. 3.1,
Th. 4.1]. The equivalence (i) <= (v) is proved in [M] and independently in [Ro] (in
the last one, only in the case of P”, but his proof extends in a straightforward way to
any G/ P; see [Ot]). O

Remark. Migliorini shows in [M] in the analytic setting that conditions from (i) —(v)
are equivalent to the existence of an approximate Hermite-Einstein metric, which can
be chosen invariant for a maximal compact subgroup of G. He also relates the stability
to the image of the moment map.

THEOREM 7.2

Let E be a homogeneous bundle on X irreducible Hermitian symmetric variety,

and let o be the dimension vector corresponding to gt E. The following facts are

equivalent:

6)) for every G-invariant proper subbundle K , we have u(K) < n(E) (equivariant
stability),

(i)  for every proper subbundle K such that Op(grK) C grK ® Tx, we have
w(K) < u(E) (Higgs stability),
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(iii)  the representation [E] of 2 is u(a)-stable, according to [Ki, Def. 1.1] (quiver
stability),

(iv)  Eisa xu@)-stable point in Vx(a) for the action of GL(«) (see [Ki, Def. 1.2])
(GIT stability),

v) E >~ W ® E’, where W is an irreducible G-module, and for every proper
subsheaf K C E’, we have u(K) < u(E’) (Mumford-Takemoto stability of
E’; see [OSS]).

Proof
The equivalences (i) <= (ii) <= (iii) <= (iv) are proved as above. The equivalence
(i) <= (v) is proved in [F]. |

Remark. The equivalence (i) <= (v) holds in Theorems 7.1 and 7.2 over any rational
homogeneous variety X (for any slope ).

Remark. Theorem 7.1 and 7.2 extend in a straightforward way to any o: Ko(R-
mod)— Z such that o (gr £) =0 at the place of ().

Remark. Theorem 7.2 shows that Mumford-Takemoto stability is a stronger condition
than stability in 2x. The Euler sequence on P" just explains this fact. Indeed, O ® V
corresponds to a stable representation of Zps, but it is not a Mumford-Takemoto
stable bundle. The points in Mx(«) parametrize S-equivalent classes of semistable
homogeneous bundles E with the same gr E corresponding to «. The closed orbits in
Vx(a)* correspond to direct sums P; W; ® F;, where W; are irreducible G-modules
and F; are Mumford-Takemoto stable homogeneous bundles.

When E is a Mumford-Takemoto homogeneous stable bundle, we get W = C in
condition (v), and an open set containing the corresponding point in Mx(«) embeds
in the corresponding Maruyama scheme of stable bundles (see the construction of
families in [Ki, §5]). The tangent space at this point is H'(End E)©.

Observe that the irreducible bundles do not deform as homogeneous bundles, and
their corresponding moduli space in the sense above is a single point (see Cor. 4.4).

Example 7.3
We describe an example of a homogeneous bundle on P? with a continuous family of
homogeneous deformations. This example appears already in [H2, Exam. 1.8.7, Prop.
4.2.4].

Such an example is E =Sym>Q(—1) ® ¥>'V, whose rank is 24. It is easy
to compute that H'(End E)® = C. The corresponding representation of the quiver
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associates to

O <« o)

l |

0(-2) <«— Sym’Q(-1) «—  Sym’Q

| |

Sym’Q(-3) <«— Sym'Q(-2)
the diagram

C «—— C

fi
b e

o |

C «— C

The four arrows starting from or ending to the middle C? determine four one-
dimensional spaces (two kernels and two images) which correspond to four marked
points in P'. The cross-ratio of these four points describes the deformation. The
generic deformation is Mumford-Takemoto stable. If we fix the dimension vector
a=(1,1,1,2,1,1, 1) according to the diagram above, then

Mp2(a) =P'.

Indeed, the character u(a) is 72(0, —1, 1, 0, —2, 2, 0). We can divide by 72, and the
coordinate ring

@ >0C[Vx (a)]GL(ot),nu(a)
is generated by

S=(faf)(fs o) and T = (fa 2)(f32)(f3 /1)

(Both correspond to n = 1.) If we do not divide by 72, then the two generators are S7>
and T7.

There are three distinguished points. We get the first one (corresponding to
S'=0) when Im f; =Ker f4. In this case, there are three different orbits where the
S-equivalence class contains () as a direct summand. We have the second one (corre-
sponding to S =T7) when Im f; =Im f, or when Ker f; =Ker fs. In this case, there
are three different orbits where the S-equivalence class contains Sym>Q(—1) as a
direct summand. We have the third one (corresponding to 7 = 0) when Im f; =Ker f3
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or when Im f, =Ker f4. Also, in this case, there are three different orbits where the
S-equivalence class contains adV as a direct summand. Observe that Im f> = Ker f3
gives a nonstable situation where the middle row C&Im f <£C destabilizes.

There are other two particular points in Mpi(c) which correspond, respectively,
to Sym2 o-1HR7 2.1y and to adC where C is the rank 5 exceptional bundle defined
by the sequence

0—> Q(—1)— C—>Sym* Q—0.

Remark. 1t seems an interesting open question to understand when Mx («v) is nonempty
or irreducible.

8. Olver maps and explicit relations for Grassmannians
The aim of this section is to make explicit in the case of Grassmannians the relations
coming from 6 A 6 =0.

We restrict to the case G =SL(V). Let a be the Young diagram associated to a
weight A; that is, let #“V be the representation with maximal weight A. Let a’ be
obtained by adding one box to a. Let A’ be the weight corresponding to a’. In the
unpublished preprint [O], Olver gave a nice description of the Pieri maps ¥V ®
V — %V . These maps are defined up to a nonzero scalar multiple. This description
was used in [D]; then a proof of the correctness of Olver’s description appeared in
[MOY] in the more general setting of skew Young diagrams.

It is well known that &V can be obtained as a quotient of Sym“V :=
Sym“V ® --- ® Sym™V (see [DEP] or [FH]); namely, there is the quotient map
(see [D, §2.6])

Pa: Sym*V— SV,

Olver’s idea is to consider Pieri maps at the level of Sym®V and then factor through
the quotient.

We follow here [D], where a different notation is used; in particular, Sym?V
in [D] is our Sym®V. We refer to [D] for the definition of the linear map
X;l/ : Sym? V—>Sym*V ® V. This is called an Olver map.

THEOREM 8.1 (Olver; [D, Th. 2.14])
Consider the diagram

Sym“V BEIEN Sym‘V ® V

lﬂ(,’ lpa®l

LIV FVRV
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Then Xa‘”(ker par) C ker(p, ® 1), and Xa‘” induces the nonzero SL(V)-equivariant
v SV IVRYV,
making the above diagram commutative.

A tableau on the Young diagram a is a numbering of the boxes with the integers
between 1 and n + 1. A tableau is called standard if the entries of the rows are
weakly increasing from the left to the right and the entries of the columns are strictly
increasing from the top to the bottom. The content of a tableau T is the function
Cr:{1,...,n} — N such that Cy(p) is the number of times p occurs in 7. After a
basis ey, ..., e,+1 of V has been fixed, to any tableau T is associated in the natural
way atensor 75 in Sym“V by symmetrizing the basis vectors labeled by each row. The
eigenvectors for the action of the diagonal subgroup of SL(V') over .#“V correspond
to p,(T%) for T chosen among the standard tableaux. They form a basis of ¥V .

Let K¢ be the tableau obtained by filling the ith row with entries equal to i (it
is called canonical in [DEP]); K¢ is the only standard tableau among those with
the same content. The projection p,(K“S) is a maximal eigenvector for .#“V, and
we denote it by x“. Let a’ be obtained from a by adding a box to the ith row,
and let a” be obtained from a’ by adding a box to the jth row. Consider the map
x&" 1 Sym? V—Sym*V ® V ® V defined as the composition

o &5 ; ‘' Q1
Sym® V2% sym?V @ VS symv @ V @ V;
X(f” induces the nonzero SL(V)-equivariant morphism
Y PV S VRVRV.

Let K l“/] be the tableau on a’ obtained by adding a box filled with j at the ith row
of K. We denote the element p, (K{3) by «";.

PROPOSITION 8.2
@) Ifi > j, then

Yo kY =(a; + D" @ej+ > T ®ey
h#j.i
for some T,.
) Ifi=],then
Y )=+ Dk ®ej+ Y m @ ey
htj

for some T,.
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(i) Ifi < j, then

0o aj+ )(a; +1) , /
wa“,(/c”):(—%K&—i—f)@ei—i—(dri—l)/e” ®€./+Z‘Ch®eh
ai—a;+j—i bord

or some T, T, where 1//“’(1:) has the coefficient of e; @ k% equal to zero.
a J q

Proof

In (i) and (ii) the summand «¢ ® e; is obtained with J = (0, j) (see [D, §2.12]). In
(iii) the summand /cl“/] ® e; is obtained with J = (0, 7, j), while the summand K’ ®e i
is obtained with J = (0, j). a

COROLLARY 8.3
1) Ifi > j, then

Y k) = (@ + D(a; + Dk @ e @ e;
+ - -+ + (linear combination of other basis vectors
different from k* ® e; @ e;).
1) Ifi=j, then
Y k") = (@j + D(a; + D" ®e; ®e;
+ - -+ + (linear combination of other basis vectors).

(i) Ifi < j, then

B, 1
Tk =(a; + 1 4+ Dr? ( 3 T —. )
Y, (k) = (a; )a; KR e Re; G—a ) ie’ Qe
+ -+« + (linear combination of other basis vectors).

Remark. The case (i) of Corollary 8.3 does not appear if i = j + 1 and a; = a;. In such
a case, a” is obtained from a by adding two boxes to the same column, and the only
possibility is to add first the highest box and then the lowest one.

Now consider a bundle E; =S“U ® S# Q*(¢) (as in §5) in the Grassmannian
Gr(P*, P"), where A= >""_ | c;A;. Let p, g €N.

Let

Npg = — E Qpt14i»

i=—(p—1)
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Apg i=A+npg,

g—1

hg i =Alg=A— Zak+1+i-
i=0

We denote the corresponding morphism as

m;\,p,q: E‘)L [039] Ql —> E)\

g’

normalized according to Definition 5.5.

Then E, , = SYU ® SP Q*(1), where o is obtained from « by adding a box to
row p and B’ is obtained from 8 by adding a box to row q.

In the following proposition we make the relations (see Def. 5.7) explicit for
DGrprpry. We consider Ejr = S'U ® S Q*(t), where o’ is obtained from o by
adding two box to the rows p;, p, and B” is obtained from 8 by adding two boxes to
the rows g1, g». If p; = p, and q; = ¢,, then Ext2(E,\, E;»)¢ =0. By the symmetry,
we may assume that p; < p», g1 < ¢». Let

pa—1
p:= Z Cktl—i + P2 — p1=0p, — Op, + P2 — p1,

i=pi

g1

G:=) criritR— =By —Bp+a—aq
i=qi

Note that p =1 if and only if p» = p; + 1 and ¢4, =0. In the same way, § =1 if
and only if g =g + 1 and ¢t 4144, =0.

PROPOSITION 8.4 (Explicit relations for 2g,px pry)
@) If p1 < pa, we have the following subcases:
@(il) p #1,q # 1, in this case, we have the two equations

1 1
8% p1.a1-P2028%. 1. (CT] - E) = 8pyay 2201 82 p1ts T 8y g 219280 prt = 05

1 1
8hp,.qy 020281, p1.q1 (% - 1) - gkm,qz,pzmg/\,m,qz<5)

1
T 8pyqy 19281 2.4 (5) T 8hpyap P11 84, prigr = 0;
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(i2) p=1and g # 1, in this case, Ap, 4., Ap, 4, do not exist and we have the
single equation

1
8hp.q1-P2028 %, p1.q1 (g - 1) = 8%py.y 2201 81, P12 =0;

(i3) p # 1 and G =1, in this case, Ap, 4,, Ap, 4, do not exist and we have the
single equation

1
8hpy.ay-P228%,p1.qn (1 - ;) + 8hpy gy 219281, p2.q1 =0;

(i4) p=g=1; in this case, only X, , survives and there are no equations at
all. The Hille counterexample (see Exam. 5.11) fits this case.
(ii)  If p1 = pa, we have the following subcases:
@iil) g # 1, in this case, we have the equation

144 0:
g)npl.ql,l?lngl,m,th q - g)»pl,qz»ﬂlmg?uﬁl»qz — Y%

(ii2) g =1; in this case, we have the equation
8hpiay-P1028%.p1.q1 =0.

Proof
Let p; < p,. Consider that

My, page N Maprgi(Mpigs N Mpyg, ® V2) =My, prg, (o1 ® Mip1 g1 (g, ® V1))

Ty 202 (”pzqn QM. pi.q, (”plqz®v/\))
1 1
= (— -+ :)Ux"-

P 4

(The last equality is by Cor. 8.3.) In the same way, if § # 1,

M gpop2qr N My gy (Mpigy A Mprgy @ V2) = — V.
Moreover, if p # 1,
Moy 102 N M gy (N pigy A Ppyg, ® V2) =1y
Besides,

My anoprar ml,]’z,qz(nqu Alpyg & ) =0.
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Now by computing the left-hand side of relation (6) on n,, 4, A 1p,4 ® vy, We get the
first equation of (il).

In the same way, by computing the left-hand side of relation (6) onn 4, A7 p,q, @
v;, we get the second equation of (il). The other subcases of (i) are particular cases
of (il). Case (ii) is analogous. O

Remark. The number of equations obtained in Proposition 8.4 measures exactly the
dimension of Ext*(E,, E;»)°, which can be 2, 1, or 0. An interesting consequence
of Proposition 8.4 is that (with the assumptions in (i)) there is no indecomposable
homogeneous bundle on Gr(P*, P") such that its quiver representation has support
equal to the parallelogram with vertices E;, E Py E My ? E;». The first consequence
is that on Gr(P', P3), every homogeneous bundle E such that gr E = Q! @ Q2 @ Q°
decomposes. On the other hand, there exists an indecomposable homogeneous bundle
such that its quiver representation has support equal to the parallelogram with vertices
E;, Ev, . Ev, .,
Grassmannian of lines in P> =P(V) , the cohomology bundle E of the monad

, E,» if and only if p=g. The first nontrivial example is, on the

0(=2)— >V —0(2),

whose graded bundle is gr E =0 @ Q' @ Q'(2) ® (Sym*U ® Sym> Q).

COROLLARY 8.5 (Explicit relations for 2pn)
In the case of P", the category of homogeneous bundles is equivalent to the category
of representations of 2p» with the commutative relations.

Proof
Put p; = p» =1 in Proposition 8.4; we get

14+¢
8y a281.q1 (T) — 8y a1 81 = 0,

unless g = 1.
Denoting

hyi =@+ Dci-i+c+2)--(2+--+ca+i—Dfiy,

we get a functor from the quiver Zp. with the relations that we have defined to the
same quiver with the commutative relations

By o ltng — Payy g9, = 0.

ap-9q1

This functor gives the desired equivalence. O
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