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AN INTRODUCTION TO THE DERIVED CATEGORIES
AND THE THEOREM OF BEILINSON

VINCENZO ANCONA - GIORGIO OTTAVIANL

In this paper we give a short survey of the theory of derived
categories with the purpose to state the Beilinson theorem [B] in is
natural setting. This exposition can be intended as an introduction
to [AO].

Derived categories arise for example in the following problem:
given the category of complexes of coherent sheaves on some
projective variety X, try 10 identify the complexes with the same
cohomology. The natural setting for this construction is it new
category (whose objects arc still the complexes of coherent sheaves

on X), where:

(i) morphisms of objects do not correspond to natural morphiusms
between complexes of sheaves.

(ii) the kemel of morphisms is not well defined so that the new

category is no more abelian.

This new category is called the derived category of coherent
sheaves on X: it inherits luckily the structure of a trignguinted
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category, where cones of morphisms partially supply the loss
of kemels and cokernels. Despite the technical difficultics which
arise in its construction the derived category carries on many
informations about the structure of the sheaves on X.

Beilinson showed in 1978 |B] that when X = P™ any coherent
sheaf ¥ can be consiructed by a resolution, defined explicitly
from the cohomology of F itself, where only the generators of
the derived catcgory D(X) appear. For this reason the generators
(in this case the bundles QP(p) of twisted p-forms or dually the
sheaves O (-0 for £=0,...,ny arc called the builiding Blocks for
the sheaves on P", _

Kapranov [Kj has extended this result to the quadrics ¢, and
to other varicties.

In [AO} we show that when X is a projective space or a
quadric, we can detect if a generator of D¥(X) is a direct summand
of a given sheaf ¥ by certain vanishing of cohomalogy groups.
This aliows to give simple and unitary proofs of the cohomological
characterizations of the building blocks on P and Q,.

1. Derived categories,

We refer to [Ha] for a complete treatement of this subject.

[et A be an abelian category. A complex of objects of A
is a collection of objects (X") .7z of A, together with maps
d 0 X" -+ X™ such that &™'d" =0 for all nc 7. We are
mtcrested only in hounded complexes, ie. in complexes X such
that X™ =0 for almost all n. In the sequel by the word complex
we always mcan a bounded one.

A morphism f of complexes from X to Y is a collection of
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maps f*: X" — Y™ which commute with the maps of complexes:
‘xﬁtn..w - W\.a

for all n. Two maps are said to be homotopic if there 15 2
collection of maps k = (k®), k™ : X™ — ¥ such that

St kR

for all n.

We define the homotopy category K b(A) to be the calegory
whose objects are complexes of objects of A, and whose morphisms
are homotopy equivalence classes of morphisms of complexces.

Let us denote by T the operation of shifting one place 1o the
left and changing the sign of the differential, i.e. Ty = X!
and dypoy = —dx-

letw: X -» Y be a morphism. The mapping cone, or simply
the cone of u, denoted C{u) or C(X° —+ Y7), 1§ defined 1o be the
complex Z =T(X )@Y where the differential operator is given

by the matrix
Y Ti{dyx) T(uw)

0 dy

There are natural morphisms v: Y - Z- and w: 2 — T(X }.
Moreover, there is a long exact cohomology sequence:

A1) e H(X) = B — HY(Z) — 7Y -

By a quasi-isomorphism we mean a morphism /X — Y-
in K%(A) which induces an isomorphism in cohomology {note that
two homotopic morphisms induce the same maps in cohomology).

We can now define the derived category DP(A) of A. The
objects in D*(A) are the same a8 in KA, ie. ObDMA)Y = ObK*(A).
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A morphism in DMA) f: X — Y is given by definition by a
couple of morphisms in K% A),g:2Z — X and h: Z -+ Y, where
Z is a third complex and ¢ is a quasi isomorphism. A morphism
in % A) is not, in general, a real morphism of complexes. Note
that by the previous definition it is clear that a quasi-isomorphism
is invertible in 2*(A). It follows that a morphism in D% A) can
he obtained as a composition of the inverse (in b:bd of a
quasi-isomorphism followed by a real morphism of complexes.

We will say that two complexes X and Y are equivalen:
if they are isomorphic in the category DP(A) and we will write
X ~ Y. If two complexes are equivalent, their cohomology groups
arc isomorphic, but in general there is no quasi-isomorphism
between them.

let f: X -» Y  be a morphism in D'A4), that is a
quasi-isomorphism ¢ : Z —» X and a morphism h: Z- - ¥ the
cone ((h) is a complex whose equivalence class in I¥(A)Y depends
only on the morphism f; it is called the cone of f, and denoted
CLN, or C(X — Y ). There is a natural morphism in DAY trom
Y o C(h) and from C(R) to T(X ).

A triangle in DYA) is a sextuple (X, Y, Z  u,v,w), where
X .Y, Z are objects of DNA), w:X =Y ,v:V - % and
w . Z - T(X ) are morphisms, such that Z- is isomorphic to the
cone (Xu) and v and w identify (up to isomorphisms) with the
natural maps ¥ - Cuy and Cu) " T(X ). It is nor hard o see
that there is for the given triangle a long exact sequence (1.1).

The objects of the category A can be considered as objects of
K3 A), or DPA), in an obvious way: if X € Ob(A), it identifies
with the complex X such that X" = X and X" =0 for n20. Given
an exact sequence 0 + X - Y — Z — 0in A, it is clear that Z
is equivalent in D*(A) to the cone C(X — Y).

Of course, if we start with not necessarily bounded complexes,
the same procedure gives categories K (A) and D(A), containing
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KP(A) and respectively D*(A) as full subcategories.

2. Derived Functors.

let A and 3 two abelian categories. A (covariant) functor
F o KYA) — K(B) is called a 8-functor if it commules with the
shift operator 7" and it takes triangles to triangles. Any additive
functor I : A -+ B can be extended naturally to a 8-functor from
YA to K(3), which will be denoted with the samic letter, A
a-functor cannot be extended, in general, in a trivial way to DAY,
because it may not take quasi-isomorphisms 10 quasi-isomorphisms.
The right derived functor of F, when it exists, is a ¢-functor
REF : DYMA)Y — D(B) close to F. We refer 1o {Ha] pg. 50 for
the definition of RIF. Here we limit ourselves to state the next
theorem, which gives the existence and the construction of [RF in
most Ccases.

By a triangulated subcategory of KP(A) we mean a .....:cﬁ:omc_w.
S, closed with respect 1o the shift operator T, such that i
f:X =Y 1sa morphism in S, the conc C(f) and the natural
morphisms Y -+ C(f) and C(f) — T(X") belong to 5.

THEOREM 2.1. Let A and B be abelian categories  and
F: KMAY — K(B) a O-functor. Suppose there is o triangulated
subcategory S of K*A) such that:

1) Every object of K b AY admits a quasi-isomorphism (nto dn
object of 5: |

2) If I € ObS is exact (i.e. H'(I)=0 for all i) then F(I') is
also exact. .

Then F has a right derived funcior RE. Moreover if X is
any object of DYA), quasi-isomorphic to an object I of 8§, AF(X)
is equivalent to F(I') in D(B).
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When A F exists, we put R°F(X )= ™LX ).
An ohject X of A is said to be Feacyelic if I"F(X)=0 lor
all (). We say that F hay finite cohomological dimension if there

15 a positive inieger n such that *F(X) = 0 for all X ¢ Ob(A)
and all 1 > n

THEOREM 2.2. Under the assumptions of the theorem 2.1,
suppose moreover that Fohas finite cohomological dimension. If
X is a complex of F-acyclic objects of A (e, X* is IP-ucyelic for
all 1}, one has RF(X )= F(X).

The proof is in [Ha}, pg. 38.

ExamprLe 2.3, The derived functor of Hom.
If X and Y  are complexes of objects of A, we define a
complex Hom (X Y") by
Hom"(X ,Y ) = E Hom 4 (XP, YP*™)
2
and

d" = Em&ﬂ + A\::inwwu\iov

Under this definition the n-cycles of the complex Hom (X |, V)
arc cxactly the morphisms of complexes of X to T™(Y ), and the
n-boundaries are those homeotopic to zero, so that:

H™(Hom (X | Y ) = Homya (X, T"(Y )

Hom(X V) is contravariant in X and covanant in Y so that we
obtain a functor

Hom : K%(A)° % KYA) — K(AH)

where K®(A4)° is the category opposite to K®(4) and Ab is the
category of abelian groups.
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Suppose now that A has enough injectives (projectives), ic.
every bounded complex of objects of A admits a quasi-isomorphism
to a bounded complex of injective {(projectives) objects. (These
definition are more restrictive than the usual ones but more uselul
for our purposes).

Take § to be the subcategory of K*(A4) of bounded complexes
of injective objects. For a fixed X ¢ ObK A, S satisfies the
assumptions of theorem 2.1 for the functor

Hom (X, -} : KMA) — K(Ab)

by [Ha), Lemma 6.2 pg. 64, hence this functor has a right derived
functor, which is, in its tum, functorial in X , so that we obtain a

g-functor
RyHom : K*(A)" x DMA) — K(Ab)

Again by the lemma quoted above, this functor is exact in the
first variable, giving a trivial right derived functor

It RyHom' : DYAY" x DP(A) — D(Ab)

On the other hand, as A has enough projectives, we sce that
there 1s also a funcior

RyRjHom' : DY(A)" x DMA) — D(AR)

Here the main point is that when A has enough infectives and
projectives, the above functors agree, defining a singie functor,
which is denoted by RHom.

The theorem 6.4 in [Ha) can be formulated, for our purposes,
in the following way: .

THEOREM 2.4. Let A be an abelian category having enough
injectives. Then for any X', Y in DYA)

HYRHom (X, Y)) = Hompea( X ,THY )
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ProvosiTioNn 2.5, (lemma 1.6 in [KD Let A be an abelion
category having enough infjectives and projectives, Let K L~ he
bounded complexes of objects of A. Suppose that Ext (K 17) =0
for p>Uand all i, 7. Then

Mmﬂz.—‘c:}vnﬁ. , Ly= N—OB.RX\CAR.. L v

In order to prove the proposition, constder the following

LEMMA 2.6, Let f: X -+ Y be a morphisin of bounded
complexes of objects of A. Assume

i) X iy exact

if) Ex (X", Y7y =0 for p> 0 and all 4,
Then f iy homotopic to zero.
{The proof is well known)
Proof of proposition 2.5,

Now consider the functor F' = Hom( -, L) : (KA - K(AB)
and denote by & ¢ K(A) the triangulated subcategory of K%A)
consisting of complexes X satisfying Ext? (X', L") =0 for p > 0
and all 4,7, If X € § is exact, by the lemma 2.6 we have for
all i HF(X) = H'(Hom (X, L) = Homys (X, T*(L ) = 0 that
i [7(X) 1s exact too. Morcover S contains all the complexes
in D*A) formed by ‘projective  objects. By he theorem 2.2
HHom (K-, L'} =Hom (K", L),

By the theorem 2.4 Homp (K, L) = HYRHom (K L)) =
HOMWomy (-, L)) = Homp 4, (K ", L)
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3. The theorem of Beilinson,

Let X be a compact algebraic manifeld. We denote by K X
and D"X) the bounded homotopy category and the bounded
derived category of the category of coherent sheaves on X. K b(X)
and D?(X) have the same objects; a morphism in KP(X) is an
actual morphism of complexes F- — (-, while a morphism in
DX it is not, in general, and it will be denoted with a dotted
arrow - G, An equivalence of objects or morphisims in K40
will be denoted by =, in DX by ~: thus @ = means that
Foand ¢ are isomorphic in KU, o~ ¢ that £ and ¢ oare
isomorphic in DX,

LEMMA 3.1, [B] Let X =P™(C). Then Lxth (SX@), Q7)) =0

forp>0amd all 1 ;.

Let X = P"((), and denote by p,qg: X x X — X the two
projections. For F,& € Coh(X) let us put FAG = p F @ g*G.
The structure sheaf O, of the diagonal A ¢ X x X admits the
following left resolution on X % X

(x) 0 -QEO(—n) ... +QDBO(- 1) 0 xyx 040

let E ¢ Coh(X). Tensoring (*) by ¢*F7 gives a resolution of
¢ Ela

Un

() 0 - QUMBE(—m) 2 .. — QYNEE(-1)

i [
Mo M

2L g E - gtEly - 0
I
My
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thus we can cxpress ¢"fa as an iterated cone of morphisms in
DHX )

g I

6 =C.(CCMy 2 Mp ) -sMp.2)- - Mp 3 —0.)

Since Hp. preserves cones of morphisms (in D% X)), and
Rpoq*F
()

ForeCL OO Rp My - v Bpo M 1 Y Rp, M2y Bp My 100D

A) = F. we have

LeMMA 320 Let X be a compact algebraic  manifold,
annd G ¢ ColX) with 7 locally free. Then Rp{(FRG) -~
G [T (X, G where the differentials are the zero maps.

Proof. Let U be an affine covering of X, and C =C(U, &)
the Cech complex of G with respect to U/, which is a right finite
resolution of G. Since ¢* and the tensorization by F' are exact functors
FRG ~ FRC in DMX «x X)), hence Rp FBEG) ~ BpJF8C). But
cach individual C7 is po-acyclic by {1, prop. 34.2 pag. 149}, by
Kiinneth formula we see that FRC? s p,-acyclic too, thus by the
theorem 2.2 Rp (FHC Y = p{FBC)Y = F @ HP(X, ) with obvious
differentials. Itis now easy to see that FQHYX, C) ~ FRH (X, )
in D¥(X) because each complex of vector spaces is isomorphic in
the derived category to the complex given by its cohomology with
all zero maps q.e.d.

The lemma above gives Rp.M; = Rp (Y ()HRE(-F) =
V)& H(B(-7) (with zero differentials) and by the proposition
2.5 and the lemma 3.1 the morphisms (in D*X)) in the right
side of (x «»} can be lifted to aciual morphisms of complexes in
K*(X) allowing us to compute explicitely E as an iterated cone in
K*(X). More precisely, let us cut (++) into short exact sequences

00 My Mol o
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where H; =Keru; = I'm w;,, so that H; = C(H; -» M;) and
u; = \.___ -t O gy,

. .ﬁwﬂ.-b

Then Rp,H;_1 ~ C(Rp,Ii; —% Hp,M;).

For s=nmn—1,...,0 we define inductively a complex f,
such that

a) Ik

D X; where X, = Rp. M,
Joimak
b) R, ~ Rp.H, in DMX)

in the following way
R, =Rp.Mu=Rp. Myt
Suppose R,,, defined; from H,. | = C{}, -» M,) we obtain
Rp.Hyor ~ C(Rp.Hy % Rp.M,)

Since Hp*H, ~ R, the map FAp,f, gives o map
R, --=Rp.M, in DY¥X), which is induced by an actual
map v, : f,,, — Ap. M, (by prop. 2.5 and lemma 3.1); we pu

R, = C(R,,, —= Rp.M,) (the standard mapping cone in KX ),

which verifies a) and b) by construction.

. . & .
Moreover there is a canonical map Rp, M, - » If, and 1t

is clear that v, o ¢ge; ~ Rp.u, : Hp.Ma — RBp. M, But the
complexes Rp.Mg. and Rp, M, coincide with their cohomology
complexes, so that actually v, o ¢hee1 = Rpouy in KP(X).

We have I£ ~ [y so at the end we obtain

BEILINSON THEOREM Let X =P?, denote by p,g : X x X — X
the mwo projections and by A the diagonal in X x X. For
F.G ¢ Coh(X)let us put FRG ==p"F ®q°G. Let ¥ € CCoh{X),
t € 7. Then there exists a complex of vector bundles L (1) on X
such that:
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F@y k=0
0 if kw0

2y Lk = (D X, X = Qv (jyorFe-m

Jke=t
3) @) the maps vyit, sy 2 Xi{t) -+ wa,ﬂig (s € Z) induced by
the differentials L* -+ LKV are zero for s <0

1) HEL () =

h) the maps :M:. 1) agree with the natural maps
Hp Y GF - 70 » Wp¥ G~ DRI j+15)
coming from the exact sequence (tensored hy O{L))

thy,

O+ QMBEF(-n) - ..

QY MEF (DT gt S Fly 0
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