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ABSTRACT. We study some computational aspects of the theory of instanton bundles
on projective spaces. In particular we give algorithms to compute the tangent space
and the local analytic equations for their moduli.

0 Introduction.

Let
mP3C) — PI(H) ~ 5¢

be the twistor fibration. Let A be a Sp(1}-connection over the sphere S* with Chern
class k € HY(S4,Z) ~ Z and let

T4 = [ 1EaP

be the Yang-Mills functional, where we denote by F4 the curvature of A.

The well known ADHM construction {{A.W.]) gives a 1-1 correspondence between
the absolute minima A of J and the holomorphic {(or anti-holomorphic) vector
bundles on P? with complex structure induced by 7*A. These holomorphic vector
bundles E of rank 2 over P? are called real instanton bundles and are precisely the
cohomology bundles of a monad:

0 — O(=1) — 0%+ ., O(1)* — 0, (0.1)

such that their restrictions to the fibers of = are trivial (reality condition).

An instanton bundle on P2 is the cohomology bundle of a monad (0.1), dropping
now the reality condition. The study of the moduli space of instanton bundles on
P? allowed the remarkable complete classification of the absolute minima of the
Yang-Mills functional over 5% ([A.W.]).
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MATHEMATICAL INSTANTON BUNDLES

1 Notations and preliminary definitions.

Let V be a complex vector space of dimension m - 1, and P™ := P™(V) be the
projective space of one-dimensional subspaces of V.

We denote by § := @B, Sq the homogeneous coordinate ring of P™ where
Sy := S4{V*). Once we fix homogeneous coordinates xo,...,Tm, S will be iden-
tified with the polynomial ring C|zy, ..., %] and S; with the vector space of ho-
mogenecus polynomials of degree d.

Let F be a coherent sheaf on P™; we will denote by:

(1} 7 = Hom(F, 0} its dual
(2) HY(F) = H*(P™, F) its cohomology groups
(3) h'(F) =dimec HY(F).

Finally, Mat(r, s; S4) will be the vector space of the 7 x s matrices with entries
in Sd.

We recall from [0.8.], (S.T.], [A.0.1], [A.0.2] the definition and properties of
istanton bundles on P?"+1.

Definition 1.1. A mathematical instanton bundle with quantum number k is a
holomorphic vector bundle E on P?*+! of rank 2n satisfying the following condi-
tions:
1
(2) E(q) has natural coomology in the range -2n — 1 < ¢ < 0 that is
1 {(E(q)) # 0 for at most one i = i(q).

(1) the Chern polynomial of E is ¢;(E) =

By [0.8.], [A.0.1], the Definition 1.1 is equivalent to: E is the coomology bundle
of a monad:

B!
0 — O(—1)% 2 o242 B o)k —o (ra)

where A, B are matrices in the space Mat(k, 2n -+ 2k, S1); the fact that {(m) is a
monad is equivalent to the following two conditions on A4, B:

(1) A, B have rank k at every point of P2+,
(2) AB!=0.

Example 1.2. ([0.S.]} Let o, ..., Tn, Yo, ., Yn the homogeneous coordinates on
P2+l the following pair (A, B) € Mat(k, 2n + 2k, 51)%2%:

0 ... O Yo ... o o ... 6 -z, ... -—xo

e 0 yn yo O ' 0 -z, —xp 0
A= e e

0 yn Yo 0 0 —Tn —Zp 0

Yn w 0 0 -z -z O 0
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Definition 2.1.1. A pair (A+eA’, B+eB’) satisfying (2.1.1), is called a first-order
deformation of (A, B).

The set of pairs (A’, B') corresponding to first-order deformations of (A, B), is a
vector space, which we denote as V(4 5.

Let r = 2n + 2k.

The Lie group GL(k) x GL(r) x GL(k) acts on the pairs (4, B) € Mat(k, r; S;)®?
as

GL(k) x GL(r) x GL(k) > Aut(Mat(k, r: $1)®?)
(Q.PR) —  porr

where

PlQ.P\R)

Mat(k, r; 5;)®2 Mat(k,r; 5,)®2
(4, B) — (QA- P!, RBPY).

We recall ([0.8.9.]) that two instanton bundles E and F on P2%+1 are isomorphic
if and only if the corresponding pairs of matrices lie in the same orbit under the
action p.

The action p induces in a natural way an action p’ of the Lie algebra
gl(k) x gl(r) x gl(k) on Via,5), given by plg p ) (4', B) = (C', D'), where

PU+e@ I+epTver){A + €A, B +eB') = (A+eC',B+eD') mod €2

which gives:

C'=QA+ A + AP
D' =RB+ B — BP.

Set U := Mat(k; C} x Mat(r; C) x Mat(k; C); let us define the following subspace
of V(A,B): . .

Wiam = {(M,N) € Viam | HX,Z,Y) eU|M = XA+ AZ; N=YB— BZ'}.

Vi
Theorem 2.1.2. H'(E® E*) ~ RS oL
o Wy

Proof. After suitable tensorizations we obtain from (1.2) and (1.4) the following
diagram:
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Recalling that HY(E ® E*) = C since E is simple, the exact sequence (2.1.6)
becomes:

0 — C — HY(M) 5 H{(S*  T*) — HY(E ® B*) — 0. (2.1.7)
Considering the cohomology of (2.1.5), we get:
HYM) ~ HH{(O(-1)* @ T") @& (§* ® O(-1)*)}. (2.1.8)
Tensoring (1.3) by O(—1)* and taking the cohomology we have:
0 — HYO(-1)f @ T*) — BY(O(-1)* ® O7) — HYO(-1)* @ O(1)*) —
— HB{(O(-1}* T - H(O(-1)* 2 07) — ...,

hence:

HY (O(-1)* @ T*) = H(0(-1)* @ 0(1)%) =~ HY(O* @ 0%).
In a similar way, tensoring (1.1) by ©O(—1)*, we get:
HY(5* ® O(-1)%) =~ HY(O1)* @ O(-1)F) ~ B (0" @ OF).
Thus (2.1.8) becomes:
H' (M) ~ HY(0F @ OF)#2, (2.1.9)

After suitable tensorizations from (1.1) and (1.3) we get the following diagram:

0 0 0

0 — O} QT — O(1)F @07 — O(1) @ O(1)F — 0
T o

0 —s OTQT" —— OTQOT — OrgO)f —o (21.10)

I I I

0 — ST — 800 — S§Q01% — 0,

I I I

0 0 0

with exact rows and columns; the morphisms in diagram (2.1.10} are given by:
a) = ido(l)k ®At
o = Bt ® ldor
ay = ldor ®At
a4 = Bt & id@(l)k .
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MATHEMATICAL INSTANTON BUNDLES
Hence, if M = Mat(r, k; $1) @ Mat(k,7; $1) = HY(K):
( h
Mat(r,r; C} — M

¢ —(CA%,BC)

M D Mat(k, k; 5s)
[ (P,Q) —(QA'-BP).

From {2.1.14) we get:
H(Z) ~Kerg = {(P,Q) € M| QA* — BP =0}.
Let f:H'(M) — H%(K) be the morphism defined by
Mat(k, k; C) & Mat(k, k;C) > M
(R,5) — (A'R, $B).
We have Im f C H%(Z), since (SB}At — B(A'R) = S(BA?) — (BA)R = 0.

We can now build the following diagram in which the rows are exact, the second
column is exact; and the first column is a complex:

0 0
id

0 — ¢ — C — 0
id

0 — BYM) —  HYM) — 0O

. ,

0 — HYOrg0") — H'Z) — HY(S*®T") — 0.
I ;
: HY(E g E*)

l

0

As a consequence we obtain an exact sequence:

0— C—H(M)aH (O g0}
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and from {2.1.11):

H*(S" @ T*) ~ HY(2),
thus:

H}(E® E") ~HY(2).

Extending the cohomology sequence (2.1.14) we get:
= HOK) (= M) S B0 @ 01)F) 5 HY(Z) — HY(K) — 0,
and, since HY{K} ~ H}(©0{1)¥)92 = 0:

H(01) e 0(1)%)  H(O1)* & O()*%)

1 I~
H(Z) ~ Kero Img

Again the isomorphism ¢ in (2.1.17) identifies Im g to Z( 4 g); hence:

Mat(k, k; Sa)

H*(E @ E*) ~
{ } Zeam

3  Algorithmic methods an experimental results.

We deseribe here the algorithms we implemented for computing cohomology
properties of instanton bundles. The programs that carry out these algorithms have
been written as macros for Macaulay, a Computer Algebra system for Algebraic
Geometry ([B.S.}), installed on a SUN SPARCstation 10. The main tool used by
these macros is the computation of the syzygies of the columns of a given matrix.

3.1 Computation of the bases of H'(E @ E*) and HX(E ® E*).

Let E be an instanton bundle given by the pair (A, B), we want to compute a

v
basis of HY(E @ E*) ~ 258 |
(A.B)
The algorithm consists of three steps:

consiruction of a basis of V; A,g)

(1)
(2) construction of a set of generators of W4 gy
(3) "construction of a basis of a complement U4 gy of W4 By in Vg py-

Then Uia gy ~ HHE ® E*).

Step (1). Let us consider the matrix € Mat(k?, 2kr; S1):

1= (%] W)
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Step (2). Let the matrix € Mat(2kr, 2k% + r2; .5;) be defined as:

- & o)

where , € Mat(kr, k%;5;) are:

A0 0
4= | C At . k
0 0 At
B 0 ... 0
o ... 0 B

€ Mat(kr,r?; S1) is given by:

A1 0 0

0 A ,
0

0 0 A

Ay 0 0

0 A
0

0 0 A

and = {M;;) € Mat(kr, r%; 51} where M;; = —by; I, b;; being the entries of
the matrix B and L. is the r x v unit matrix.

Proposition 3.1.2. The columns of are a set of generators of the space
W(A,B).

Proof. According with the notation of §2.1, we define the folldwing maps:

L{ —_— V’(A,B)
(X,2,Y) —(XA+AZ,YB -~ BZ").
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(i) is a consequence of Theorem 2.1.2, Remark 2.1.5 and Proposition 3.1.1.
(ii) is a consequence of (1.1) and Riemann-Roch formula.

3.2 The Kuranishi map.

Let E be an instanton bundle represented by the pair (4, B), and K the Kuranishi
map :
K
H'(End(E)) — H*(End(E)).

By Theorems 2.1.2 and 2.1.6 K can be seen as a map

V(A,B) if_’I‘/Iat(k,k;Sg)
W(a,B) ZaBy

In [A.0.3] it is proved that the Kuranishi map, in the situation we are concerned
with, coincides with its quadratic part Kb, and this latter one is given by:
K3({A', BY + Wia,p) = A'B" + Zi4 p)-

Let U4, 5y and U(" a5 be the subspaces of V{ 4,5y and Mat(k, k; 52} respectively

isomorphic to H(F ® E*) and H(E @ E*), as in §3.1. Let {(4;,B;)}i=1..s be a
basis of U 4, gy, and {X;}i=1,... . the components in this basis of an element (4’, B')
in Ug4,py. Then:

3

A'B" = (i XiAi) (i XJB;) => i XiX;A:B;.
il F=1

i=1 j=1

Let now {C;}i=1,..n be a basis of Mat(k, k; S2) such that {Ci,...,C;} is a basis
of U(’ a,5)- Then if

N
ABE =YY,
=1

we have
s N

AIBIt — Z Z ZX'&X}Y?JOE‘
i=1 j=1 =1
hence the projection (AIB’t)U(’A,B) of A’B" onto Ula,p it

Bl s £
(A’B”)U(’A!B) = Z ZZX"'XjY?jCI'

i=1 j=1 {=1

The Kuranishi map is thus known once the coefficients }'fj of the ¢ guadratic

forms: .
DN VIXX; I=1,..t

i=1 j=1
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holds. Since for |¢| small the matrices {A + eA’) and (B + eB’} are still everywhere
non-singular in P! the pair {A + ¢A’, B + ¢B’) represents the monad of an
instanton bundle. Though the condition (3.3.1) is very strong, “in practice” it is
satisfied much more often than it might be expected.

Starting with a pair (A4, B) representing an already known instanton bundle E, it
is possible to implement an easy algorithm which computes, for a basis {(A}, B})} of
Uapy = H'(E® E*) all the products Al B}; each pair (4}, B}) such that AiBl =0
produces & new instanton, represented by the pair (A + €A}, B + ¢B}).

Example 3.3.1. Let 2,21, %0, y1 be homogeneous coordinates on P3. Starting

from the istanton bundle of Example 1.2, with k = 3, iterating twice the process
stated before, we get the following pair of matrices:

0 -z % ¥ 0 ¢ -z1 —xz0
A= —Zp 9 —Zg + Yo 0 ¢ —Try —Ip 0
N Yo 0 0 —I —To 0 To
z -~z1 0 0 wo (31 —rp 0
B = 0 Ty x3 O 0 —-xp+wyw W -ZTo |,
-z 0 =z =z O 0 Yo W

which represents an instanton bundle E satisfying H°(E(1)) = 0.

In the same way we find several examples of instanton bundles E on P3, P%, P7
with quantum numbers k = 4,5,6... , and HY(E(1)) = 0.
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