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1. Introduction

We propose a full self-contained proof of the interior regularity of weak solutions to a class of nonlinear
elliptic partial differential equations and of local minimizers of some integrals of the calculus of variations. We
focus on the growth conditions, since we deal with natural growth conditions, as well as with general growth
conditions, for instance the so-called double phase integrals, which are a special case of the p, g—growth,
considered in details in this paper. The simplest nonlinear model under natural growth conditions is the
p—Dirichlet integral, or the non-degenerate p— Dirichlet integral, respectively given by

/|Du (@) dz, /(1+|Du|2)g dz, (1.1)

Q Q

where 2 is an open set in R™ for some n > 2, u = u (x) is a map from Q C R™ to R and Du is its gradient.
Any local minimizer to the p—Dirichlet integral in (1.1) is a weak solution for = € Q to the p— Laplace
equation, or respectively to the non-degenerate p— Laplace equation

é 3?'3@ {|Du|1’—2 uw} =0; é aii {(1 n |Du|2)¥ uﬁ} . )

These equations enter in the regularity theory presented here, but more general cases are considered, some

examples being described in Section 3. For instance we consider weak solutions to a class of variational
elliptic equations of the form

Z aixiai (,Du(x))=b(x), z€Q, (1.3)

where the vector field (a (z,€)),_,
p, q— growth conditions as in (1.10), (1.11) below. In this general context, i.e. under p, g—growth conditions

,, 18 locally Lipschitz continuous in {2 x R" and it satisfies the so called

with g # p, we notice that even the existence of weak solutions to the elliptic equation (1.3) in general is
an open problem; in particular in a naive way, in analogy when (1.3) is derived through the first variation
of a minimization process, we could expect weak solutions to be in the Sobolev class W17 (), however the
pairing, i.e. the distributional weak form of the equation, is well defined only if u € Wﬁ)cq (2); see (4.2), (4.3)
for details.

One of our aims is to emphasize that, in the context of general growth conditions, there is a difference
both in the proofs but also in the growth assumptions, between the regularity of minimizers of integral
of the calculus of variations and the regularity of weak solutions to elliptic equations. This is clear if we
compare the different growth assumptions (1.5), (1.17) respectively in the Theorems 1.1 and 1.4 below: we
have % <1+ % versus % <1+ % A second similar difference appears, in the minimization context, when
we compare energy integrands explicitly depending on x or not; see condition (1.5) in Theorem 1.1 versus
(1.9) of Theorem 1.2 with & dependence: again £ < 1+ 2 versus £ <1+ .

An other aim in this paper is to emphasize an aspect of the process/approach to regularity of weak
solutions to nonlinear elliptic equations and systems under general growth conditions. This will be described

more precisely in Section 2, where we divide this process of interior regularity into two steps: 1st— from
1,00
oc

either a minimizer, or a weak solution, v € WHP to VVIECOO, 2nd— from a weak solution u € WP N Wi
under some smoothness of the data, to more regularity of the type C1*, or C*, or C°.

As explained in Section 2, we concentrate here to the local boundedness of the gradient; i.e. to the local
Lipschitz regularity of local minimizers and of weak solutions. We start to consider an energy integral of the
type [, f(Du(x))dz, where f : R™ — R is a convex function of class C* (R™) satisfying the p, g—growth
conditions

Please cite this article in press as: P. Marcellini, Growth conditions and regularity for weak solutions to nonlinear elliptic pdes,
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q—2

m [P P < Z b <ar (14+167) T, (1.4)
UG

for some exponents g > p > 2, some positive constants m, M and for every A, £ € R™. We denote by Bgr a
generic ball of radius R compactly contained in © and by B, a ball of radius ¢ < R concentric with Bp.

Theorem 1.1 (Local minimizers). Letu be a local minimizer in WP () of the energy integral [, f(Du (x)) da
with f: R™ — R satisfying the p, q—growth conditions in (1.4) and

2
%<1+5. (1.5)

Then u is of class WI})’COO (Q) and there exist constants ¢,c’,§ such that

) (ST
c 5
1D @)l ) < | ——— / (1410u?)" do
(R—0)° .
, FDp=na
<| S [ rou) e | (16)
(R—0 )

for all o, R with 0 < o < R < o+ 1. The constants ¢,c’, 6 depend only on p,q,n

Note that (n + 2) p—ng > 0 and thus the exponent in the right hand side of the above gradient estimates

is well defined. Moreover, since ——=—— > =,
(n+2)p ngq p

this exponent has the form % i.e. the right hand side can
be compared with || Du (x)\\zp(BR;R,,L), where ¢ is greater than or equal to 1 and it is equal to 1 if and only
if ¢ = p. In the statement of Theorem 1.1 we mainly refer to the specific notation for the case n > 2; while
details when n = 2 can be found below, see specifically the Remarks 4.2, 4.5 and 4.7. In particular for n = 2
the proper exponent in the right hand side of (1.6), derived from the application of Theorem 4.4, is % with
« given in (4.33) which is the correct exponent in any dimension n > 2 and it reduces to m
n > 2.

A similar gradient bound as in Theorem 1.1 can be proved for energy integral of the type

when

/{f(Du) +b(z)u} dx (1.7)
Q

where f : R™ — R is a convex function of class C? (R™) satisfying the p, g—growth conditions (1.4). In fact,
by mean of the Euler’s first variation, this case reduces to an example in the class of pde’s in divergence
form as in (1.3). Then the growth conditions (1.10), (1.11) below are satisfied with a; (§) = 8(’;5(?, since the
left hand side of (1.11) is identically equal to zero. With the same proof of Theorem 1.1 and Theorem 1.3
below we can obtain the gradient bound (1.6) for the energy integral (1.7), in the case b € LS. (2), with
the p, g—growth conditions (1.4), ¢ > p > 2 and ﬂ <142

In this context we quote the recent article [5] by Beck- Mlnglone where, among other results, the authors

extend Theorem 1.1 to functionals (1.7) with a forcing term b (z), under sharp assumptions on the regularity
of b. Precisely, under the same bound ¢ > p > 2 and % < 1—1—% (and also for some cases with ¢ > p > 1; and for
the vector-valued case with f (£) = ¢ (|¢]) too) Beck-Mingione [5, Theorem 1.2] considered sharp assumptions
on the function b (z) of the type b € L (n, 1) in dimension n > 2; i.e., f0+oo meas {x € Q: |b(x)] > )\}1/" dX <
+00 (note that L™"*¢ C L (n,1) C L™) or b € L? (log L) for some o > 2 when n = 2.

Please cite this article in press as: P. Marcellini, Growth conditions and regularity for weak solutions to nonlinear elliptic pdes,
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We can also consider more general energy integrands f = f(z,§) convex in & € R”, with fee (z,§),
fex (x,&) Carathéodory functions satisfying the p, g—growth conditions (1 < p < q)

q—2

mIEP P € Ty fee, (@6 Mdy < M (1+1e?) " 1r L9

|fea (2,6)] < A1(1+¢£ﬁ)i%

for constants m, M > 0, for a.e. z € Q and for all \,;{ € R™ with |{] > 1. The following is an a-priori
estimate obtained in [44]; see also Theorem 3.4 in Section 3.2.

Theorem 1.2 (Local minimizers with x—dependence [44]). Under the condition (1.8) with exponents p,q
satisfying 1 < p < q and

1
%<1+5, (1.9)

any smooth local minimizer in WP (Q) of the energy integral [, f (x, Du(x)) dx is locally Lipschitz con-

tinuous in Q0 and an estimate of the type (1.6) holds, with exponent in the right hand side.

1
(n+1)p—ng

We go back to the class of pde’s in divergence form as in (1.3). We assume that the vector field

(0 @),y

so called p, g—growth conditions: for every A\, € R™, x € Q and for some exponents p < ¢ and positive

., is locally Lipschitz continuous in @ x R™ with ’ai (x,O)‘ bounded in €, satisfying the

constants m, M

-~ dai AT 2 N |9 2\ T
g;agMM2n41+m) M,%;Z%'gM(LHﬂ> : (1.10)
- ; ; ple 4 n i ptg=2

> G- G =M () Y |G v (1 leP) (1.11)
hi=l ’ ie—1 178

Finally, for simplicity, we assume b € L2 () N L7 (€2). We notice that the Laz-Milgram existence theory
does not apply when the exponents p, ¢ are different each other. A weak solution to the elliptic equation
(1.3) needs to be a function w in the class u € VVﬁ)Cq (©); in fact, the p—ellipticity condition alone in general
is not sufficient for the existence of weak solutions in the Sobolev class W17 (€2). See the details in Section 4,

in particular the weak form of the equation in (4.2).

Theorem 1.3 (Weak solutions with growth (1.10), (1.11)). Let Q be an open and bounded set in R™. Under
the p, q— growth conditions (1.10), (1.11), if ¢ > p > 2 and

2
Toq4 2, (1.12)
P n
there exists a weak solution u € WP ()N WL9(Q) to the Dirichlet problem
~ 0 i . 1, pa=t
Z 2.0 (z,Du(z)) =b(z) inQ u=uy € W Pr=1 on Q. (1.13)
z;
i=1

Moreover u is of class Wlf)’coo (Q) and there exist positive constants ¢,d such that, for every o and R such
that 0 < p< R<p+1,

Please cite this article in press as: P. Marcellini, Growth conditions and regularity for weak solutions to nonlinear elliptic pdes,
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2
p (n+2)p—ng
c 2\ 2
10U @), < | 5 [ (L+1Du(@)) do . (1.14)
( & ) (R _ Q)(; a

Less strict growth conditions than (1.11) can be requested; for instance

n

>

i,s=1

g—1

9ai| _ g (1 + |§|2)T , (1.15)

S

for every A\, £ € R, x € Q and for some positive constants m, M. We notice that automatically from (1.10)
we get

(“)ai Gaj 2 qu
_ 2 <« . )
% <o (1+¢?) 7 (1.16)

n
J=1

therefore (1.10), (1.15) really are less strict than the growth conditions (1.10), (1.11).

Theorem 1.4 (Weak solutions with growth (1.10), (1.15)). Let Q be open and bounded in R™. Under the
p, q—growth conditions (1.10), (1.15), if ¢ > p > 2 and
1
Teqy =, (1.17)
P n

there exists a weak solution u € WEP (Q) N WL217P(Q) € WL (Q) N WL (Q) to the Dirichlet problem

ocC

g 68 a' (z,Du(x)) =b(x) inQ u=ugc WhPHET on 09 (1.18)
L
i=1

Moreover u is of class Wli’coo (Q) and there exist positive constants c,d such that, for every o and R such
that 0 < p< R< p+1,

1
F1)p—n
» (n+1)p—ngq
2

1D (@), 2 < WB/ (1+1Du@))" da . (1.19)

We emphasize the interest to compare the growth conditions on the exponents p,q in (1.5), (1.12):

T<1+ 2 and in (1.9), (1.17): T<1+ L in the context of local Lipschitz continuity of f (z,¢) and a’ (z,¢)

with respect to the z—variable, versus the growth conditions in (3.9): % < 14 £ for local boundedness,
and in (3.10): 1 <1+ 3, with a—Hélder continuity of f (z,£) and in (3.14): T <1+ L — 1 under Sobolev

p
r—summability of the derivative fe, (z,§) for some r > n. See also the recent results by Bella-Schaffner

[6], [7] and Remark 4.6 in Section 4.3.1. Finally, as in (3.6), we recall that for some energy integrals under

p, q—growth conditions the regularity results hold under less restrictive conditions on the ratio %, or even

without restrictions such as for instance f(§) = |§|a+bsm(log 816D \with a,b > 0 and @ > 1 + by/2, which is
a convex function satisfying the p, ¢—growth conditions with p =a — b and ¢ = a + b and the As-condition
(see (2.10) in [58] and Remark 3.3 in [14]).

Wlf)’coo () further regularity applies; see details in Section 2. Theorem 1.2 has been proved in [44]; see also

Theorem 3.4 below. The proofs of Theorems 1.1, 1.3 and 1.4 are in Section 4.

Please cite this article in press as: P. Marcellini, Growth conditions and regularity for weak solutions to nonlinear elliptic pdes,
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Of course these results are also valid when p = ¢, i.e. for interior Lipschitz continuity of weak solutions to
the p— Laplace equation in (1.2). Since their proofs are presented in Section 4 in a complete form and are self
contained, they could be used in a mini pde’s course, as already done by the author in a PhD mini-course
held in Germany, at the Department Mathematik, Friedrich-Alexander Universitit Erlangen-Niirnberg on
December 2019. The author thanks Frank Duzaar for the invitation and for his warm hospitality at the
Math. Dept.

2. The process/approach to regularity

We briefly describe some aspects of the process/approach to regularity of weak solutions to nonlinear
elliptic equations and systems (in this section more generally we treat systems too). Let n > 2, m > 1, let
) be an open set of R™ and let u :  C R™ — R"™ be a weak solution of a nonlinear elliptic system of the
form

3

div A (Du)

X(Du)=0, a=12...m, (2.1)

where Du : @ C R® — R™*" denotes the gradient of the map u, by components x = (xi)i:1,2 .
u = (ua)a:1,2,...7m and Du = (aua/axz) _ (ugi)?‘_:l’z-wm

=1,2,....,n *

Then A (£) = (a$ (f))ffll;nm is a given vector field A : R™*™ — R™*" of class C!, satisfying the

1
ellipticity condition

ﬁ
J

Z Z at () AN >0, VAEER™ DA (2.2)
Jj=la,p=

In the general context of nonlinear elliptic systems the vector field A (£) is more general than in the specific
context of the calculus of variations, where the vector field A (§) is the gradient of a function f (&); i.e.,
when there exists a function f : R™*" — R of class C? (R™*") such that A (£) = D¢f (€); in terms of
components

9]
a = agj;—fgg, Va=1,2,....m;Vi=1,2,...,n
Under this variational condition, the ellipticity condition (2.2) can be equivalently written in the form

> ng—;gAgAf >0, VAEER™™ N£0. (2.3)
i 75)

i,4,0,8
Thus the ellipticity condition of the system is equivalent to the positivity on R™*™ of the quadratic form
DZf (€); ie., for every & € R™ ™, (DZf (¢) )\,)\) > 0, for all \,& € R™X" X # 0, which implies the
(strict) convezity of the function f. In this case any weak solution (in a class of maps u to be defined)
to the differential elliptic system is a minimizer (also here, we need to deﬁne that class of maps which
compete with u in the minimization process) of the energy functional F'(u fQ f(Du)dz and, in general,
the vice-versa does not hold.

In the general vectorial setting of maps u : Q C R™ — R™ which are weak solution of the nonlin-
ear elliptic system (2.1) it is well known that, in general, we can look for the so called partial regularity,
since the pioneering work of Morrey and De Giorgi on this subject. If some additional structure conditions
are assumed, then some studies can be found in the mathematical literature on the subject for every-
where regularity. For instance, the celebrated everywhere regularity results on minimizers of the p— Laplace

Please cite this article in press as: P. Marcellini, Growth conditions and regularity for weak solutions to nonlinear elliptic pdes,
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energy-integral obtained by Uhlenbeck [67] in 1977 specifically with f(¢) = [£]” and p > 2; that is
F(u) = [o|Du(x)[” dz. The regularity problem for the previous elliptic system consists in asking if the
solution u = u (x) = (u® (x))*~">""™, a-priori only measurable map in a given Sobolev class, in fact is
continuous or more regular; i.e., if u is of class either C% C1, C1*, or C* for some k, or even C'*°, under
suitable assumption of smoothness of the data. With the aim to explain the situation, we split the regularity
process into two main parts (other points of view of smoothness are possible too), both relevant steps by

themselves:

1st— from either a minimizer, or a weak solution, u € WHP (©,R™) (either in WP or in some other Sobolev
or Orlicz classes) to W1 (Q, R™);
2nd— from a weak solution u € WP (Q,R™)N Wﬁ)’:o (©2,R™), under some smoothness of the data, to more

reqularity of the type C1*, or C*, or C.
2.1. The second regularity step (2nd)

Let us start to briefly discussing the second regularity step: from u € W™ (Q,R™) to Ch* (Q,R™)

loc
and to C*° (£2,R™). Le., we consider the case when the weak solution u € WP (Q,R™) also belongs to
Wli)’coo (©2,R™). Let us first treat equations; i.e. the scalar case m = 1, that is the case when the nonlinear
system reduces to a nonlinear elliptic equation. Under (the so called “natural”) ellipticity and p—growth

conditions (p > 2) on the function f € C% (R™*"), of the type

rr@) 2m(ues) "o

p2r(e)| <o (14+16?) "

it is possible to see that u admits second derivatives in weak form, i.e., u € W2 () (see Section 4.1.1). Then,

fixed k € {1,2,...,n}, we can take the k—derivative in both sides to the equation ) , %ai (Du) =0 and
we obtain

"9 " da; (Du (z "9 (da; (Du(z
> o | 2T ), | = 3 g (P ) o0

i=1 j=1 ij=1

Therefore the partial derivative u,, satisfies an elliptic differential equation

> 2 (e q,,,),,) <o,

i,j=1
Recall that the map w is given (u is fixed); then we can “forget” the explicit dependence of da;/0¢; on
Du (z). We define the element a;; of an n x n matrix

o lo) = 2O g Du@). g2

Recalling that
p=2 p=2
m (1 + |Du|2) TP < (DI (Du)AN) < M (1 + |Du|2) ?

Please cite this article in press as: P. Marcellini, Growth conditions and regularity for weak solutions to nonlinear elliptic pdes,
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and since the gradient Du is locally bounded in Q (u € WL (Q)) then the n x n square matrix (a;; (x))

loc nxn

is uniformly elliptic, with measurable locally bounded coefficients. Thus - as well known - we can apply
the celebrated De Giorgi’s Holder continuity result [37], dated 1957, for the linear elliptic equation with
bounded measurable coefficients,

"9 Oug, \ .
Z%(azj(ﬂ?) 8:cj>_0’

ij=1

then, for every k € {1,2,...,n}, the partial derivative u,, is Holder continuous for some exponent « € (0, 1).
Thus u € C1 (Q,R™).

In the vector-valued case m > 1 we need to assume a structure condition of the type f (&) = g (|¢]) for
all £ € R™*™. Then, again it is possible to show (in some cases) that

u € Wh™ (Q,R™), A e C" for some v € (0,1)

loc
!
u € C° for some v € (0,1).

See for instance the p— Laplace energy-integral, studied by Uhlenbeck [67], with f(&) = [£|” and p > 2.
Moreover under natural assumptions more regularity applies (although we also refer to some recent examples
by Mooney-Savin [60] and Mooney [59] when further regularity of solutions may fail). In fact, if the function
f is smooth, say f € C%7 (R™*"), similarly to the scalar case, u admits second derivatives in weak form
and, fixed k € {1,2,...,n}, we can take the k—derivative in the system

)
S (Du) =0 =1,2...m.
gaxial( U) ’ « I m

Thus the partial derivative u,, = (u? )521’2’”"m

- satisfies (uy, is a vector-valued map, a vector-valued

partial derivative)

i=1 j=1p8=1 J
o« 9 (8@?(Du(m))( ) )_0 g
- . /B Tl T] - ) - )
Z5p 0mi 0¢;

That is, for every k € {1,2,...,n}, the (vector-valued) map u,, = (ugk)ﬁzl’2 """

elliptic differential system

0 o ouf
— | a, (x | =0, a=1,2...m,
Zal’z < K ( ) ﬁzj
1,5,8

where a%ﬁ (x) 4 E)a?/aff (Du(2)) = feaes (Du(x)) are now Hélder continuous coefficients, since u € che,

i S5

Thus we can apply the classical regularity results in the literature for linear elliptic systems with smooth
coefficients (see for instance Section 3 of Chapter 3 of the book by Giaquinta [46]) to infer

weC AcCt  —  wueCkr, Vk=23,...

In particular, if A € C*° (or equivalently f € C°) then u € C* (Q,R™).

Please cite this article in press as: P. Marcellini, Growth conditions and regularity for weak solutions to nonlinear elliptic pdes,
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2.2. The first reqularity step (1st)

We discuss the process from v € WP (Q,R™) to u € VVI})COo (©2,R™). The problem to be considered is:
under which conditions on the vector field A : R™*™ — R™*" A (£) = (af (5))?::117’22""’7”, the gradient Du

1 \S//i=1,2,..., n
is in fact locally bounded? I.e., we look for sufficient conditions for u € WI})’COO (Q,R™).

Why the local boundedness of the gradient Du is a so relevant condition for regularity? Because the
differential system heavily depends on Du in a nonlinear way, in particular through a®(Du) and, if Du (z)
is bounded, then a{(Du (x)) (here “p > 2”) is bounded too and far away from zero. Thus the behavior of
A (&) = (a%()) for |¢] — 400 becomes irrelevant.

On the contrary, the local boundedness of the gradient is a property related to the behavior of A (§)
as || = +oo. Growth conditions play a relevant role in the Wli’fo estimates. In the general context of

D, q—growth conditions the first L>°—gradient estimates have been obtained in 1989-1991 in [50], [51], [52].
2.3. Conclusion: from WHP to CH* or C

We summarize with a scheme the regularity process from W1 (Q,R™) to Ct< or C°°:

Ist— from u € WP (Q,R™) to Wli’:o (©,R™); growth conditions, either of the vector field A (§) = (a$* (£))
or of the integrand f (£), play a central role;
2nd— from u € Wli’fo (Q,R™) to O1 or C°°; essentially growth conditions are not needed; however, of

course, in this step some uniform ellipticity must be considered too.

The C% and C™ regularity is explicitly stated for instance in the Corollary 2.2 of [51]. The article
[51], together with [50], was the first paper dealing with the interior Lipschitz regularity under p, g—growth
conditions. The statement in the Corollary 2.2 is related to weak solutions a-priori in the class W59, to
handle at the same time equations, as in Theorems 1.3 and 1.4, and minimizers as in Theorems 1.1 and
1.2. But just following one of these quoted Theorems 1.1-1.4, or applying the interpolation Theorem 3.1 in

[51], we see that in the non-degenerate case the C1® or C'™° regularity can be stated also for weak solutions

Lp
oc?

in the larger class W,
(1.17).

of course assuming the corresponding bound on the ratio 1 in (1.5), (1.9), (1.12),

3. Some examples with general growth
3.1. General p, q—growth

For some p > 1 and ¢ > p let us mention some examples of energy-integrals with p,q and/or general
growth conditions:

[1Du@p d, (3.1)

Q

/|Du (@)” log (1 + |Du (2)]) dz, (3.2)

/exp (a (z)|Du (w)\2) dx, (3.3)

Q

/{a (z) |Du (2)|” + b (z) |Du (z)|?} dx . (3.4)
Q
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The first example (3.1) enters in the p, g—growth context with p = inf {p () : € Q}, ¢ = sup {p (z) : z € Q};
more precisely, following the mathematical literature where the exponent p (z) is continuous in 2, for the
regularity purpose we can fix a ball By C Q of small radius R in such a way that p = inf {p (z) : © € Br},
q = sup{p(z):z € Br} can be chosen arbitrarily close each other so that any bound of the type
1<42 <140 () can be satisfied and the regularity results stated in Theorems 1.2, 1.3, 1.4 apply.
Similarly the example (3.2), where we can fix ¢ > p arbitrarily close to p. In the example (3.3) the integrand
has exponential growth and we refer to [53], [58] and more recently to [38]. The last example in (3.4) is
known - in the terminology introduced in 2015 by Colombo—Mingione - as a double phase energy integral,
with possibly zero coefficients, by assuming however that the two exponents a (z),b(z) are not equal to
zero at the same time; i.e.,

a(z),b(z) >0, a(z)+b(z)>0, ae xzell (3.5)

The p, g—growth appear also with f independent of x, of the form f(£) = g (|¢|) when g does not behave
like a power when || — oo; for instance

F(&) = g(Ig]) = [g|eTsimtosloslel =g 4y — gatbsinloglogt (3.6)

for |£] large, precisely for ¢ > e, and properly extended for ¢ € [0, ¢). In fact a computation shows that g is

= |¢|otosintogloglt] "o briori defined for €] > e, can be

a convex function for ¢ > e and the function g (|¢])
extended to all £ € R™ as a convex function on R™ if a,b are positive real numbers with a > 1 + bv/2. In

this case our integrand satisfies the p, g—growth conditions

mlélP < (&) <M (1+[¢7), VEeR”

with p =a —b > 1 and ¢ = a + b. We notice that the “As-condition” (well known in the mathematical
literature; see for instance [20]) is considered to be a generalization of the uniformly elliptic case. The function
f(&) in (3.6) satisfies the Ag-condition; while we can construct (details by Bogelein-Duzaar-Marcellini-
Scheven [13], [14]; see also Chlebicka [20]) a convex function f (£) = g (|¢]) satisfying the p,g—growth
conditions with ¢ > p and ¢ arbitrarily close to p, which does not satisfy the As-condition and which enters
in the regularity theory presented here.

The class of energy functionals modelized by the example (3.4) enters in the context of general p, g—growth
conditions; it is also named double phase integrals and has been recently (starting from 2015) explored
in a series of interesting papers by M. Colombo-Mingione [23], [24], Baroni-M. Colombo-Mingione [2],
[3], [4]. From different points of view Eleuteri-Marcellini-Mascolo [41], [42], [43], [44] and DeFilippis
[33], DeFilippis-Ho [35]. For related recent references we also quote Duzgun-Marcellini-Vespri [39], [40],
R&adulescu-Zhang [63], [64], Cencelja-Radulescu-Repovs [19], Papageorgiou-Ridulescu-Repovs-Dusan [62],
Ambrosio-Rédulescu [1], Ragusa-Tachikawa [65], Chlebicka [20], Chlebicka-DeFilippis [21], [22], Cupini-
Giannetti-Giova-Passarelli [25], Carozza-Giannetti-Leonetti-Passarelli [17], Carozza-Kristensen-Passarelli
[18], Cupini-Marcellini-Mascolo [26-32], Harjulehto-Héasto-Toivanen [47], Hasto-Ok [48], Bousquet-Brasco
[16], DeFilippis-Palatucci [36], Bildhauer-Fuchs [8], [9], TN Nguyen-MP Tran [61], Sin [66]. A special men-
tion to [34] by DeFilippis-Mingione with some interesting considerations about the so-called Lavrentiev
phenomenon. General growth conditions even for the one-dimensional case n = 1 have been studied in [15],
[45]. For the general case n > 1 and m > 1 under quasiconvezity conditions see [49] and the integral convexity
condition [11] by Bogelein-Dacorogna-Duzaar-Marcellini-Scheven. Further references can be found in [3§],
[55], [56], [57]. We devote the next section to describe some results related to the class of energy integrals
as in the example (3.4).
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3.2. Double phase integrals

In the terminology introduced by Colombo-Mingione [23], but already studied from the regularity point
of view, in fact this is a particular case of the p,g-growth (see also the model examples in Section 1.3 of
[12]), we consider the double phase integral (3.4)

(/{aUﬁH%Mxﬂp+bC@|DUCwV}dw, (3.7)
Q

with ¢ > p > 1 and a(x),b(z) >0, a(z) +b(x) > 0 a.e. z € Q. Independently of the continuity of the
coefficients a (), b(z), we first state a local boundedness result for minimizers of the energy integral as
in (3.4), obtained by Cupini-Marcellini-Mascolo [32] in the spirit of previous related results by Boccardo-
Marcellini-Sbordone [10].

Theorem 3.1 (Cupini-Marcellini-Mascolo). Let ¢ > p > 1, a=! € LI (Q) and b € L{_(Q) for some

loc loc

exponents r € (ﬁ, —l—oo}, s € (1,400], with

1 1 1

1 1
- < —. (3.8)
pr gs p q@ n

Then every local minimizer of the energy integral (3.7) is locally bounded in Q.
Note that in the special relevant case r = s = 400 the above condition reduces to % — % < %, that is

o142, (3.9)
P n

More regularity of minimizers, in fact the local Holder continuity of their gradients, has been proved by M.
Colombo-Mingione [23], [24], Baroni-M. Colombo-Mingione [2], [3], [4]. For the local Lipschitz continuity
without structure conditions see Eleuteri-Marcellini-Mascolo [41], [42], [43], [44]; see also De Filippis [33].
The following results have been obtained by M. Colombo-Mingione; of course in the first one we need a
more strict assumption than either (3.8) or (3.9).

Theorem 3.2 (Colombo-Mingione). Let ¢ > p > 1, a=t € L (Q) and a,b € C2,

0 ©. () for some a € (0,1],
with

%<1+%. (3.10)

Then every local minimizer of (3.7) is of class C2% (Q) for some B € (0,1).

loc

Theorem 3.3 (Colombo-Mingione). Let ¢ > p and 1 < p < n, a=' € L2 (Q) and a,b € CL_(Q) for some
a € (0,1], with

<1+ (3.11)

hSHES

@
.
Then any locally bounded minimizer of (5.7) is in Cllo’f (Q) for some B € (0,1).

The following is a related regularity result by Eleuteri-Marcellini-Mascolo [44], valid for a generalized
class of double (or multi) phase energy integrands, whose prototype is given by
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f@,&) =a(@)[]" +b(x) [€]° + 6] , (3.12)

&, being the last (or any other) component of the vector £ = (£1,&2,...,&,) € R" and s < p%'q. Note however
that we do not assume a structure representation of the integrand, for instance of the type (3.12), which
is only a model example. In fact we can also consider more general energy integrands f = f(x,&) without
a structure, i.e. not necessarily depending on the modulus of £. We assume that f : Q x R" — [0, 4+00)
is a convex function with respect to the gradient variable £ and it is strictly convex only at infinity; more
precisely, fee, few are Carathéodory functions satisfying

mIEPT AP < X e, (@O XAy < M (1+16P) T P
ptg—2
either |fea (2, < h@) (1+1¢7) * (3.13)

g—1
2

or, respectively | fer (x,8)| < h(x) (1 + |§|2> N

for some constants m, M > 0, for almost every = € Q and for all \,& € R™ with |{| > 1. Here 1 < p < ¢ and
h € L"(Q) for some r > n. The following a-priori estimate has been obtained in [44].

Theorem 3.4 (Eleuteri-Marcellini-Mascolo). Under the growth assumptions (3.13) with exponents p,q satis-
fying

1 1 1 1
4 +2 (— — —) or, respectively 44 + - ==, (3.14)
D n o r D nor

any smooth local minimizer of the energy integral [, f (x, Du(x)) dx is locally Lipschitz continuous in Q.
If we specialize the above theorem with integrand f(x,¢) as in (3.12), with
a(x)=1, b(zx)=|z[",

for some o € (0,1) and 0 € €, then b € CO* N W with 1 = 1=2. The function h belongs to L" for the

n
11—«
equivalent form

same r = and the assumption on the exponents p, ¢ can be written in terms of the parameter « in the

2
§<1+§- (3.15)

Differently, if we take under consideration the double phase integral (3.7) with the same coefficients a (z) = 1
and b(x) = |z|%, then a computation gives % <1+ %, as in the Colombo-Mingione Theorem 3.2.

4. Proofs of Theorems 1.1, 1.2, 1.3, and 1.4

The proofs of Theorems 1.1, 1.3 and 1.4 have a unique roof and rely on the a-priori gradient estimate of
Theorem 4.1. We divide the proofs of these results into several steps, which are detailed and self contained.
As references, a reader can find related details in some of the author’s papers, in particular in [51] and [54].
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4.1. First step: a-priori estimates

Let us consider again the elliptic equation

Z aii a'(x,Du(z)) =b(z), =xcQ. (4.1)

Under p, g—growth conditions, with ¢ > p, as in (1.10), (1.11), a weak solution to (4.1) is a function
u € Wh?(Q) such that, for every Q' cC €,

/Zai (x, Du (1)) ¢y, dr+ /b (z) pdz =0, Yoe Wy (), (4.2)
N~
Q _q_ cLa Q
€LY,
where # and ¢ are conjugate exponents (i.e., the sum of the reciprocals is equal to 1). In fact by (1.10)
i d
|ai (z, Du(z)) — a* (=, 0)‘ = / aai (z,tDu(x)) dt (4.3)
0
L -
= /Zaéj (z,tDu (z)) uy, dt| < M (1 + |Du (x)|2) |Du ()|
o J=1
2\ T =
<M (1+Du(@)) T erLi’ i |[Du(w)| € L.

Thus a’ (z, Du) € L ', as indicated in (4.2), if [Du (2)| € L{_ and if |a’ (x,0)| has the right summability

loc

(i.e., ’ai (:1:,0)| € Lﬁ)?), in particular if it is locally bounded in €. The definition of weak solution is

consistent if a-priori u € Wli’cq (Q) and in general (if ¢ # p) it is not sufficient u € Wﬁ)’f Q).

Theorem 4.1 (A-priori estimate). Under the p,q—growth conditions (1.10), (1.11), if ¢ > p > 2 and

n

q
» < (4.4)

(without restrictions on the exponents p,q if n = 2), then every weak solution u € VV&N? (Q) to the pde (4.1)
is of class Wb (Q); i.e., the gradient Du is locally bounded in Q and the following estimate holds: there

loc

exist ¢, >0 and ¥ > 1 such that, for every o, R (0 < p < R < o+ 1 with ratio % bounded),

9
Lq(BR)>
2
wp=(n=2)q

1 o\ ¢
= € ﬁ/(uwm) dx . (4.5)
Br

ap (0wtor)’ < g 14100’

The proof of Theorem 4.1 follows below; it is divided into several steps.

Remark 4.2. We emphasize that in the a-priori gradient bound (4.5) the exponents § in (4.21) and ¥ in
) .. . . . 2% 2 . . .
(4.17) have explicit expression; in particular ¢ := (2*1)_2)5 which is equal to m when n > 3. With
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abuse of notation sometime we denote with the same expression the value of ¢ also when n = 2; however,

more precisely, for every n > 2 in fact ¢ means ¢ := 2* 373 2, where 2* for n = 2 is equal to any fixed real

number greater than %q. We also observe for n = 2 that 19 — 4 2 as 2" — 400 so that ¥ can be any number
close to (and greater than) 1. In any case ¢ > 1; i.e. for every n > 2 and every ¢ > p.

The exponent ¥ = 2* 7 22 is equal to 1 if and only if ¢ = p. Therefore in the classical case of the non-
degenerate p—Laplace equation (1.2) the a-priori estimate in Theorem 4.1 is a final result for the local
Lipschitz continuity of the weak solutions. In fact if ¢ = p then condition (4.4) holds; Theorem 4.1 applies
to every weak solution u € Wﬁ)’cp (Q) and further steps are not needed. In this case with ¢ = p then ¢ =1
and (4.5) takes the form, for every o9, R (0 < p< R<p+1),

1

sup (1+\Du(gc)|2)E < Cm/(1+|Du| )% dr | . (4.6)

z€B,

4.1.1. Difference quotient

Fixed s € {1,2,...n} and h € R, h # 0, as usual the difference quotient is defined by Apyp =
M Given g : R — R Lipschitz continuous, with 0 < ¢’ < L, we consider a test function of
the form ¢ = A_p, (n?g (Apu)), n € C§ (), n >0, Q' CC Q. We get

/ {Z Apa’ (z, Du(z)) (n°g (Ahu))xi +b(2) Ay (ng (Ahu))} dx = 0.
o li=1

We compute (1°g (Apu)), = 20ms,9 (Apu) +0°g' (Apu) Apug, and

Anpa® (z, Du (x

EIH

1
d .
/a (x + thes, Du (z) + thApDu) dt,
0

1

n

= / ah + Y ag Apug, | dt.
0 j=1

We obtain

1 n
@ /dt/an’ (Apu) Z aéjAhumAhuggjdx
00

4,5=1

1 n
—/dt/nQQ’ (Ahu)ZaisAhuwidm
00

i=1

I n n
+ EI - /dt/Qng (Ahu) Z afcs + Zaéy Ahuwj n11d$
0

a i=1 j=1

E +/b($) A_h (772g(Ahu)) dx
Q

We discuss all these terms, separately each other. Let us start with @:
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1 n
[0] /dt/nQQ’ (Apu) Z anghuziAhugjjdx
0

P ij=1

p—2

>m dt/nzg' 14 |Du+ thApul )T |ApDul? dz .
o)

o _

However we do not immediately apply this estimate; before we treat the other terms, since - also in the
other terms - the quadratic form =1 ag Aptg, Apu,, will appear. With [1] . since

ais = ai, (Du + thApu) € Lloc , aé] (Du + thApu) € LIOC ,

as in Lemma 2.5 of [51] we obtain the estimate

1

/dt/ﬁQQ’ (AhU)Zi%LAhUm,; dx %1 + % 1

0 Q =1 7 q

q—1

=

1
n q
< c/dt/nQQ’ (Apu) Z aé_ Aptig, Ay, (1 + |Du + thAhu\g) " dx
1S J/H,—/H,_/
0 Q ©J _q q q
q—2 €L2

loc

€Lfo

As a scruple, we also make a dimensional control of the previous estimates by separating the first and the
second derivatives:

1
/dt/ "(Apu) Z Ahuml dx
0

dimensional control \Du\q_l - |ApDul

1
2

1 n q
< c/dt/ "(Apu) Z aé, Aptiy, Apty, (1 + [Du + thAhu‘Q) " dx
) ! N~ ——

s
2 I €L,
ELEOC
dimensional control |Du|"® - |ApDul - |Du|? = |Du|?"" - |A,Dul .

We estimate @ by the assumption (1.11)

1

n
/dt/2ng (Apu) Z aIs Na, dx
0 0 i=1 ~~

lefe=t

q—1

1
<ot [t [[on1Dg]-lg () (14 10w+ th8?)
0 Q

lgla—*
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With |3 as in (2.23) of [51] we have

3
3

1
/dt/?ng(Ahu)ZZ aéj Aptg ;N dr| <
0 Q

——
gl T g
1
1 3
1 n 3 )
c / / g > ak Apug, Apug, z (1+\Du+tmhu|) |Dn\ dtdz .
0 Q hy=1 N
. HE
1 -
le| 2+

Finally for E

/ (n°g (Apw)) da

Q

< bl ey / {20 n2.] - 19 (Anw)| + 7%’ (D) [Apuy, |} de.
Q

Being [Apug. | < € |Apug,|” + +, we estimate [4] with the quantity

< bl | {2n 1Dl lg (Ana)] + g’ (Anr) [ Apss,
Q

1
24 4—67729’ (Ahu)} dz

‘We obtain

p—2

1
/dt/n29’~ (1 + |Du + thAhu|2) o |ApDu)? da: (4.7
0

ol

1
/dt/an' (Apu) (1+ |Du + thApul )
00

g—1

1

+/dt/n\Dn| g (Apu)] <1+|Du—|—thAhu|2> * dx

0 Q

1

o
0

At this stage, with g (t) = t, we get u € W22 (Q) and we can pass to the limit as & — 0. See for instance

loc

u(xz+hes)—u(x)
h

1+|Du+thAhu|) |D77| dx

&
\
Q l\')
/N

1¢1g

Lemma 2.7 in [51]. Being Apu = , in particular
Apu — Uz, g(Apu) = g (ug,), ApDu= DApu— Duy,, hApu —0.

We also get a bound of u in Wlicz (Q) in terms of the data.
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4.1.2. Weak solutions with second derivatives

8
For every 8 > 0 we consider g (t) = ¢ (1+¢?)? and ¢ = u,,. We remark that in [51] we had a similar
+2
notation with the parameter o = 8 + 2. We can check the bound gf <ec (1 + t2) , for instance as in

Lemma 2.6(ii) of [51]. In the limit as h — 0 from (4.7) we get

B+p—2

2) * |Dug,|*dx

/772 Zn: (1 + |ua,
Q s=1
c(6+1) [ (i +100P) S ()

Q s=1

(note that, for 5 =0, % = ”2;2 and similarly ﬁ;’ ). Then

24272
‘D [77 (1 + ‘Ua:3|2) } ‘
s4p)° 2 2\ 2 2 2\ 2"
< (22) (14 ) 7 1Due P 2D (14 e )

which we use together with the Sobolev inequality, valid for every s =1,2,...,n,

[ ] w 5<c/\ o)

Q
In a standard way we fix concentric balls Br and B, compactly contained in € and a test function 7 €
C§ (Br),n>0in Bg and n =1 in B, with |Dn| <2/ (R — p). We have obtained

o*

dx . (4.8)

2
5%
* B+p
4

2>2 dx < % / Snzl (1 + |ug, 2) = dx . (4.9)
Br °=

n
/3 (e
Bp s=1

We observe that, for § = 0, we get the summability of u to the power

2*5+p72* B 2np

2 2% form>2 n—2

3

which should be compared with the summability of u to the power g. The estimate (4.9) is relevant if

% > q. Therefore we gain in summability if < 2—" when n > 2. This in fact is satisfied since it is less
strict than the assumption (4.4) % < M5 in Theorem 4.1. At this stage there are not conditions on p, g if

n = 2. In the sense that, when n = 2, we define 2* such that 2* > 2%; see also Remark 4.2.

4.1.8. Moser’s iteration scheme for the gradient
Starting from the estimate (4.9) we use the Moser’s iteration scheme for the gradient of the solution.
Precisely, we define the sequence (), of real numbers

B1=0
{5k+1 Z(Betp) —q k=12,..." (4.10)
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Recall that now the assumption (4.4) on the exponents p,q is % < = 2 , which is equivalent to

2; p—q > 0, and which implies SBi1 > 1 Br > Pg; i.e., the sequence [y, is strictly increasing (and more! By
a multlphcatlve factor —*) We can give a representation formula for the sequence (5 defined by induction
in (4.10)

o k—1 o i
Bit1 = (7pq)zg(5> ., Vk=1,2,... (4.11)

In fact, if k = 1 then 35 = (61 +p)—q= %p — ¢, which corresponds to the previous formula (4.11) when
k = 1. For generic k = 2, 3, ..., by the induction assumption (4.11), we obtain

*

2
Bry2 = 5 (Br+1+p) —q

k—1 i k—1 i+1
2% 2% 2% 2% 2% 2%
~3 [(7?”) 2 (5) Trlma= (3?“1) 2 (5) ! (7?“1)

?

Er S (E) (G- G S ()

which corresponds to the induction thesis, when in (4.11) we change k with k 4+ 1. We use the well known
= % We also obtain the further representation formula

sum of a geometrical series Z 0 Lyl =
for B, valid for k =1,2,...

a3 >"_;<> pa(E) )

7

Recall the previous estimate (4.9)

B+p B+

- 2" 53k ﬁ—|—2 T
/;(1“%3 ) dw /Z 1+ [ug, | )

which we will now consider with 8 = . By the definition (4.10) Sx41 = 27 (B + p)—q, we get f+q = Br+q
and 2*% = 2*% = Br+1 + q. With the aim to have a full iteration we also consider radii pg and Ry
with 0 < pg < Ry and

Ro — po

2]{;7_17 Vk:1,2,...

Ry = po +

For k =1,2,... we rewrite (4.9) with 8 = Bk, p = Rkt1, R = Ry. Being R— p = Rgy1 — Ri = RO L0 we
obtain

2
2%
Brt1ta

/ Z 1+ |ug, ) P da g%/i(lﬂu%ﬁ)&;—qdm (4.13)
B

s=1
BRk+1 Ry,

With the notation
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Eres
n Bg+a
2
Ap = / 3 (1 + [, | ) dz (4.14)
BR,k s=1
being 2 = Bf :T—fq we finally get
3\ Forr
4* 2 Ry Bi+
Apg1 < % (Ak)ﬁ”:“q’ ~ (4.15)
(Ro — po)

By iterating (4.15) we obtain

1

2 3\ Bz2+p 5y+q
As < (C‘(l (B2+2) ) (A2) 555

Ry — po)”
Ba+qg
L 1 Ba+p
2 3\ Bz2+p 3\ B1t+p 4
(M (e
0 — Po 0 — Po
3 5.
3 3 ﬁ 2 i 3 /31,1+p H g:ip 3 Bita
A, < <c4 (B3 +2) H c4' (B +2) i=2 . (Al)il;ll BiTp
~\ (Ro = po)? 1\ (Bo—po)® 7
and for generic k =1,2, ...,
1 1y Bita
C4k (61(7 + 2)3 5k1+p k—1 C4i (51 + 2)3 B¢1+P il;IQ Bi+p ﬁ gliq
Ak+1 < ﬁ ﬁ . (Al)izl e (416)
0 — Po i=1 0 — Po

With the aim to go to the limit as k — 400, by using the definition (4.10) Bx4+1 = 27 (Bx + p) — q we first
compute the following product for k > 2

Hﬂz Prtq Pataq  Prtq

+p Bitp Botp T Butp
:/31+q%<ﬁl+p>;<52+p>_ L Beatr) g (g)’“
Bi+p  Batp Bs+p Br+p Br+p

. N
and, by the expression 8 = % ((27) — 1) in (4.12) and 8, =0

i 5\ 1

Hﬁﬁq _a <{>k_1: q(T)

S Bitp Brtp\ 2 2p=2g ()1 1) +p
Since 27 > 1, in the limit as k£ — 400 we obtain

ﬁﬂﬁq_ q
. T 2*p—2q T o9xP __ :
i=1 itp =t 2q 2

2% -2

Recalling that %p — g > 0, the real number
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2% — 2
Y= 4.17
22 — 2 (4.17)

is greater than or equal to 1, it is equal to 1 if and only if p = ¢, and it is one of the relevant exponents which
will appear in the a-priori estimate. To simplify this expression, we observe that, for every i = 1,2,.. .,

4t (B +2)° L A (B +2)° 4.23

> S |
(Ro — po)’® (Ro—po)* |,_,  (Ro—po)*

and we can assume that the right hand side is greater than or equal to 1 by using a greater constant c if
necessary. Moreover, since

k
Bita 4« ﬂz Bi+q
H H H :

5i+p

from (4.16) we also deduce

Bita

H k
4k 2 ﬂk+p k—1 41 ’ 2 Bitp +p B +p E?#»q
Ak+1 < (C (ﬁk + > C /3 + . (Al)'il;ll Bitr (418)

’.:1

(Ro — po)* (Ro — po)?

. <C4k(ﬂk+2) ) <c41(51+2) )1“9_#19
(Ro — po)’ =\ (Ro = po)?

k 9

. 4 (8+2) 7

ﬁ<c4;m+z)>> L, HererT
0~ Po

’:1

=1

L\ =1
Finally, since §; ~ (27) as ¢ — 400, we have

k N k
I (4" (B +2)) 77 = exp (Z U toged’ (6 + 2)>
i=1 =1

Bi+p

ks 1oo €XP (Z > ) <exp (Z 2*Z¢_1) =c < +00 (4.19)
1=1 7 1=1 (7)

*

i—1
27) —1) for every i = 1,2,..., we have

and, by (4.12) being 8; = 2;’3:3‘1 ((

k

S (3 —1+p
292 I\t 9r 9 1 9%
< =) (_) <= _ . (4.20)
210—2(11_:1 2 2*p — 2q 1—— 2p—2q

From (4.18), (4.19), (4.20), by the fact that Ry — pp < 1, we get

k 9
A1 < [T (47 (8: +2)) 777 - (Ro — po)

i=1

k
—29 1
Ly T AY
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C
< CAY .

- PO
(Ro — po)*' ===

With the notation (valid in the right hand side when n > 2)

2% 2n

S Y
g 2*p—2q forn>2 np—(n—2)q

(4.21)

(again note that 2*p — 2¢ > 0) we get

9
Ak—i—l <c ((]%014—2)0)5) . (4.22)

Recall the definition of Ay in (4.14); i.e.

_1
B +a
Brt+a

Ak: /Z(1+‘ums|2) ’ dzx ) vk:]-727"'7'
B s=1
Ry

N
We go to the limit in (4.22) as k — +o0; since 8y ~ (27) — +oo0 and Bg, D Bg, D B,,, we obtain

9
1 1 1
H(1 +|Duf?)’ <c <7ﬁ H(1 +|Duf?)’ ) . (4.23)
e \(Bo— o) La(Br,)
By using the explicit expression of 8 in (4.21), ¥ in (4.17)
2 =2 _ 2q
o 2+2 -2 forn>2 np— (n—2)q’
and the fact that 2* — 2 = 2n—2 when n > 2
2% 2% —2
P4 =25 51 2z " = (4.24)

we obtain the conclusion of the proof of Theorem 4.1

1 1 9
2 C 2\ 2
1+ |Dul? <— H 1+ |Dul
H ( ) L (By,) (RO - Po)ﬁﬁ ( ) L4(Bry)
=c ! 5 / (1+|Du|2)%dx =c ! 5 / <1+ |Du|2)%dm
(Ro = po)™ (Ro — po)
Rg Ro

1 q
for n>2 (RO _ pO)

BRO
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Remark 4.3. We make here a remark for the case n > 2. We can multiply by (Rk+1)2_n both sides of the
inequality (4.13). Since (2 — n) % = —n and pg < Rgy1 < Ry < Rp and obtain
2

5%
Br+1+a

1+ Ug,  dw
Rk+1 / Z | |)
Rk+1
k
<4 (B +2)° R’““ /Z 1+ ua, ) e
(Ro — po)?
ot (61 +2)" (R’ <Rk>‘"(’33:1)_” .
< 5 /Z(l—i—\uzs 2) d
(Ro = po) =
k
Brta
< c4b (B +2)° <R°> (1+|qu|2) rrs (4.25)
£o

If we maintain bounded the quantity % then the constant in the estimate (4.25) remains independent of
the radius of the balls Bg,. Therefore with the previous analysis for n > 2 we obtain the more precise
estimate, as stated in Theorem 4.1,

2
np—(n—2)q

H (1 + |Du|2)%

1 a
< ¢ —n/(1+|Du|)2
Loo(BpO) for n>2 RO

4.2. Second step: interpolation

We first emphasize the idea of the interpolation, we make a precise statement below in Theorem 4.4 and
then we give its proof.

4.2.1. Description and statement of the interpolation
We make use of the standard interpolation inequality (which, for v > 0 in Q, immediately follows from
Jovide = [ovTPvPde < |[v|[7E o) JovP do):

3 1—2
[oll Lo < llvllZe - vl " - (4.26)

Then, with the notation v (z) = (1 + |Du (x)|2) E, by the gradient estimate (4.5) we get

P 1—2
[0l e < M10llZs - 0]l "

c 9
H'U”LOO(BQ) < (R=0)"F ||U||Lq(BR)
I

c 9 c -2

1]l (5,) < (R_o)” [0l ey < B_o” 191l 5By~ 10l oo () -

Therefore:
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c 92 19(172)

1ol 2o (m,) < =55 IVl 10l L5y - (4.27)
L>(B,) (R—Q)ﬂﬁ L?(Br) L>(Br)

With abuse (not only of notations!) in the conclusion of Theorem 1.1 we “identify” ¢ and R, and we do not

19(175)

1— 9B
consider the denominator (R — 9)”?!! Thus, formally, ||v| oo < c|lv||.+. Here we get the condition

179(1p>>0. (4.28)

q
Therefore we need to use the precise expression of the exponent 9. By (4.17) we have ¢ := 221—_32 Note
q
that ¥ = 1 if ¢ = p. If n > 2 then we can represent 9 also in terms of n in the form ¥ = —=2%4—— and the
np—(n—2)q
condition (4.28) is equivalent to
2 2
T .n* 2 (4.29)
D n n

This constraint (4.29) is exactly the condition on p, ¢ for the validity of the following Interpolation Theo-
rem 4.4.

Theorem 4.4 (Interpolation). Under the p,q—growth conditions (1.10), (1.11), if ¢ > p > 2 and % <1+ %,

then every weak solution u € Wﬁ)’f (Q) to the pde (4.1) is of class VV&);X’ (Q) and there exist ¢c,«, 5 > 0 and
9 >1 (9 asin (4.17)) such that, for every o and R such that 0 < p < R< p+1,

1

H(l—l— | Du (x)|2)§ < ;ﬂ H(l—l— |Du (m)|2>7 ; (4.30)
L9(B,) (R— 9)5(5— ) L?(Br)
H(1+|Du (@) < (% ‘(HIDU(w)z)E )
L>°(B,) (R—p)?» L?(BRr)
c ) % (n+2)p—nq
- —= (1+ \Du (z)] ) . (4.31)
for n>2 (R o Q) op L?(Br)

Remark 4.5. In the statement of Theorem 4.4 when n > 2 the exponents ¢ and a have the analytic expression
in terms of the dimension n

2% — 2 2 n

q
= = —_— t tht - — = 4'2
2*5_2 P ey o vl note tha p<n—27 (4.32)
2
a::ﬂi‘l = 271), note that g<n—|—2. (4.33)
]_—19(1—2) for n>2 (n+2)p—nq p n
q

If n = 2 (the argument is specific for n = 2 but is valid for n > 2 too) the exponents a and ¥ above are well

defined as real positive numbers if 2*% —2>0and 19 (1 - %) > 0. The first condition is satisfied also

for n = 2 since 2* > %, see Remark 4.2. The second condition is equivalent to

1 2% —

> =

1—-2 2%+ _ 9
q q

(if n>2)

and it is satisfied if
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q 2 . 2
- <2—— (if >2 = 14 —. 4.34
p < 2% (1 "= ) for n>3 + n ( )

Since the assumption (4.29) requires for n = 2 that 1 < 2, it is sufficient to fix 2* large enough, precisely

2% > 2§fq, so that (4.34) holds; in this case the gradient estimate (4.31), for some § > 0 and ¥ := 252,

reads

9
q—9(q—p) N

sup v < % /vpdx , with v = (l—l— \Du(a:)|2)2
z€B, (R_ Q) Br

Finally, in both cases n > 2 (see the formulas (4.32), (4.33) above when n > 3 too), a = ¢ = 1 if and only
if g =p.

P

9
A final remark: the exponent « := FETYOE] (1" P) in the estimate (4.31) is the same as the exponent formally
- T q

deduced in (4.27) by the interpolation inequality

1

1-9(1-2 Iy
ol <ot i o= (14 1Du @)

4.2.2. Proof of the interpolation Theorem /./

[SIE

We make use at the same time of the interpolation inequality (4.26) for v (x) = (1 + |Du (1:)|2) and of
the a-priory estimate (4.5) in Theorem 4.1

P 1—2
{ [0 P e o

o
[0l L B,) < Ggy7e 10lLa(Br)
We consider here only the case when ¢ is strictly greater than p and we obtain

» 1_p » c 9 e
lollLas,) < W0llies,)  I0l=s,) < I0lios,) - R_o” 101 La (B

P
q

o(1-2
e . (%)
Sc o ||U\|LP(BQ) : W 100l Lo () :

Therefore

1_2 H 1 !
1ol Lo,y < 7 llvllfngs,) - o’ vl Lacap) (4.35)
under the notation v := ¢ (1 — %). Recall that 1 — 9 (1 — %) > 0;i.e., 0 <y < 1. Given gg and Ry, with

0 < 00 < Ry < 00+ 1, we define a decreasing sequence g by o = Ry — R02—kgo’ k=0,1,2,... In (4.35) we
pose o = g and R = gpy1. Since R — 90 = gk4+1 — 0k = %, we obtain

b 2 9B (k+1) 7
[l pa(s,, ) < ¢ 7 ol Nz vl ;
(Bey,) = L?(Bry) (Ro — Qo)ﬂ Lq(BQk+1)
which, under the notation By = ||v|\Lq(B ) for k=0,1,2,...,is equivalent to
23
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D 987 (k+1)
By <7 uf|” : B, .
< Ccoa HUHLp(BRO) (Ro — Qo)ﬁ—y k+1
We start to iterate with £k =0,1,2,...
» 287
By <c' 7w o2 : B/
LP(BRO) (RO _ QO)IB"/ 1
.
2 28 » 2 2872
< og =l R (UK By

L2 (Bro) Ry — 09)™ L7Bro)  (Ry — o)™

and for general £ =1,2,3,... we have
k—1 i
1-2 H i=0 K k
o} iy "
o < # (QB)i:f” (B .
(Ro — 00)
L
Since 0 < v < 1, the two numerical series above are finite; in particular ) " = 1*_77 . Moreover the in-
i=0

k k
creasing sequence By, = ||U||Lq(39k) is bounded by \|U||LQ(BRO) for k =0,1,2,... Thus (Bg)" = Hv||zq(ng) <

k
||v|\2q(BR ) and the right hand side converges to 1 as k — +o00. Therefore, in the limit as & — 400, there
0
exists a constant ¢; such that

Joll? -
v|| 7,
<o | ) (4.36)
(Ro — 0o)
Recalling that o« := ki%g) and v := 9 (1 — 2), it remains to compute
p 1 p 1 o
¢ 1-7 ¢ 1—19(1—2) ca
P
gl v (1 q) i q (1 p)
1—y 1—19(1—2> 1—0(1—2)P q
q q
—a? (1-2) =a(2-1).
p q p
Since By = ||v||Lq(B,_,O)v from (4.36) we get the conclusion (4.30), which can be also equivalently written in
the form
) c LAY
H(1 +|Du (x)|2> < | —5— H(1 +|Du (z)|2) (4.37)
Li(By)  \ (R — Q)ﬁ(rl) L?(Br)

The other a-priori estimate can be proved similarly, or can be deduced from the previous one. In fact, to

obtain (4.31) we consider p = % and, by combining the original a-priori estimate (4.5) and (4.37), under

1
. _ 2\2 . N . Py 1 q _q
the usual notation v (x) = (1 + |Du ()] ) ;since R—9=70—pand (see ain (4.33)) ; +1-1=,
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9
c 1
||v||L°°(BQ) < m /vq dx <c (W ||v||L<1(B,_,)>

Qe

Be
ay U
<ot T
< — Lr(B
e-0" \ (r-5°Y) )

o’ o
<e ‘ lolfp | <o <; ol o >>
— q P — Ba °

(R-gre(i=) e (R - o) ’

The conclusion (4.31) holds. When n > 2 we observe that % =n.
4.8. Third step: approrimation

The proofs of Theorems 1.1, 1.3 and 1.4 follow from the a-priori estimate of Theorem 4.1. We consider
these proofs separately.

4.8.1. Proof of Theorem 1.1
For every € € (0, 1] we consider the energy integral

/{5\Du @) + f(Du ()} de, (4.38)

Q

where f : R" — R is a convex function of class C? (R"), satisfying the p, g—growth conditions (1.4) for
some exponents p,q with ¢ > p > 2. We fix a ball Bg compactly contained in 2 and we denote by
FE(€) = e|¢l* + f(€) and by uf € W2 (Bg) a minimizer of the energy integral (4.38) restricted to Bg,
under some smooth boundary conditions on 0Bp related to a local minimizer of the original energy integral
Jo f(Du (x)) dx (see some details in [54]). Then f< (¢) satisfies the p, g—growth conditions

2 5 q=2
(2 +m el 2) A? < 3 8a€fa§] A <2 (14 [eP) T AR (4.39)
ij=1 '

The growth conditions (1.11), (1.15) are satisfied with a; (§) = %E(f), since the left hand side of these
inequalities is identically equal to zero. Also the first growth condition (1.10) holds under the form (4.39)
and this is sufficient to conclude the analysis of the a-priori estimate in Section 4.1, since the right hand
side b in the Euler’s equation (4.1) in this case is also identically to zero. The term with £ > 0 in the left
hand side of (4.39) is used to prove that u® € W;>? () as in (4.7), but the term ¢ does not enter in the
computations, so that the constants in the a-priori estimates remain independent of €.

Under the assumption % <1+ % in (1.5) we can apply Theorem 4.4 and obtain the bound for the
L*> (B,) —norm of the modulus of the gradient |Du.| (for simplicity of notation we use the representation

of the exponent when n > 2)

. FDr=a
<|—— [ (1+1DwP) @ . (4.40)
ey \(R-0)% ]

H (1 + |Du5|2)%
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It is possible to bound the WP —norm of u. uniformly with respect to € € (0,1). We can proceed as in [54]
and obtain, as € — O that the limit of u® in the weak* topology of VVl "> (Bg) is the minimizer u of the

energy integral [, f(Du (z)) dz and the bound (1.6) is satisfied, in particular
2
» (n+2)p—nq
c :
1Du @) < | [ (141DuP) do . (4.41)
(R - 9) o Br

More details can be found in [54]. We now consider the real function ¢ : R — [0, +00) defined by ¢ (t) =
(&) for t € R and with fixed £ € R™. Then ¢ € C?(R) and its first and second derivatives respectively

hold ¢’ (t) = (Def (t),8), ¢ (t) = szzl feie; (t€) &&;. By integrating by parts (this is the Taylor’s
formula in integral form!) and by the left hand side of the ellipticity condition (1.4) we get

1 1
ﬂ@—ﬂmzwuwwmra/d@dvﬁw—l +/1fs ) ds
0 0

1 n
’®+/ﬂ—$§:k@®®&§®2¢(®+mmf/ﬂ—$§”%
0

ij=1 0

sP~1 sP

(Def 0,9+ mle? |2 = 2] > = Des )]l + "

= ﬂﬂ

Therefore there exists a constant ¢, depending only on | D f (0)|, f(0), m and p, such that

6P <L+ f(8) - (4.42)
By the gradient estimate (4.41) and the coercivity condition (4.42) we finally get

2
, (n+2)p—ngq
C

Du(z)|feop gny < | ——57 1 Du)} dx . 4.43
D0 &) g 5,0 (R_mmgk+¢< ) (4.43)

We observe that for n = 2 the proper exponent in the right hand side of (4.43), derived from the application
of Theorem 4.4, is % with a given in (4.33) which is the correct exponent in any dimension n > 2 and it
reduces to m when n > 2.

Remark 4.6 (The recent result by Peter Bella and Mathias Schiffner). Giuseppe Mingione pointed out to
me the recent result [7] by Peter Bella and Mathias Schéffner, where the authors prove Theorem 1.1 under
a weaker assumption on the ratlo . Precisely, instead of <1+ % as in (1.5), Bella and Schéaffner assume

2
g<1+mm{h——i} (4.44)
P n—

and they obtain the gradient bound (4.43), of course with a modified exponent: C instead of

2 | =R
7op—ng (see Remark 3 and formula (41) in [7]). If n > 3 the growth condition ¥ < 1+ 2 in (4.44)
is more general than the assumption % <1+ % in (1.5), although asymptotically equivalent as n grows
to infinity. They apply the same method described above in this manuscript, but with a modification in
the use of a smart version of the Sobolev inequality, a Sobolev inequality on spheres, i.e. surfaces of balls,

instead of balls (see Lemma 3 in [7]); thus they gain in the dimensional parameter, n — 1 instead of n.
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I thank Mingione for having pointed out to me this interesting result, which I did not know; however I
was already aware of this intelligent use of the Sobolev inequality already applied by Bella and Schéffner in
their previous paper [6] about the local boundedness of solutions in the same spirit of [32], since I acted as
referee proposing the publication of the article [6] in the Commaunications on Pure and Applied Mathematics.

4.8.2. Proof of Theorem 1.2

The regularity result in Theorem 1.2 has been proved in [44]. We have here only to fix the parameter
r = 400 in the assumption (1.7) in [44]; precisely, there the summability h € L" () for some r > n can be
replaced with h € L (). Moreover the assumption there

ptq—2
4

fer (@,9)] < hlx) (1+ 1)

can be reduced with the argument of Section 4.3.4 to the condition in (1.8)s; that is |fes (z,€8)] <

g—1

M (1 + |§|2)T. We have to change the bound 1 < 1+ 2 with the more strict condition T <1+ 1

on the exponents p, g, as stated in (1.9), following the method of Section 4.3.4 below (see also Section 5 in

51)).

4.8.8. Proof of Theorem 1.5
We consider the Dirichlet problem (1.13) under the p,g—growth conditions (1.10), (1.11). For every
e € (0,1] we denote by u. the weak solution to the associated Dirichlet problem

n 0 i 2 qu —
D i1 Ba {a (x,Du) + ¢ (1 + |Du| ) ux} b(z), ze, (4.45)

u=ug on JN.

Note that uy € whris C Wh4 since p}% > q. For every ¢ > 0 the differential operator in the left
hand side of (4.45); is monotone and satisfies the so-called natural growth conditions of order ¢; i.e. it
satisfies q, g—growth conditions. By the theory of monotone operators the weak solution u. € ug + WO1 ()
to the Dirichlet problem (4.45) exists and is unique. Of course the differential operator satisfies also the
original p, g—growth conditions (1.10), (1.11) with constants m,2M independent of ¢ € (0, 1]. Thus for u.
the gradient bound (4.31) holds (for simplicity of notation we use the representation of the exponent when
n > 2)

2
(n+2)p—nq

< %/ (1+|Du5\2)§d:c . (4.46)

1
H(1+|DUE|2)2 >~ Ba
Lo (By) (R—0)? Br

It is also possible to see (Lemma 4.5 in [51]) that wu. is equibounded in WP (Q); thus the right hand side
in (4.46) is bounded with a constant independent of £ and the same holds for the left hand side. We can go
to the limit as ¢ — 0: up to a subsequence, u. converges in the weak and, respectively, weak* topologies of
up + Wy? () and W,5>° (Q), to a function u € ug + Wy P (Q) N W2 (Q) which satisfies the bound (1.14)
in Theorem 1.3. By (4.7) u, is also bounded in I/Vlic2 (Q) uniformly with respect to €. Thus by compactness
we can infer the convergence of the gradient Du. (x) to the gradient Du (z) a.e. in . This allows us to
go to the limit in the weak/integral form of the equation and we obtain that u is a weak solution to the
Dirichlet problem (1.13). Going to the limit as ¢ — 07 in (4.46) we see that u satisfies the gradient bound

(1.14). Some other details can be found in Section 4 of [51].
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4.8.4. Proof of Theorem 1.4
In the previous Section 4.3.3 we studied the elliptic equation (4.1) under the p, g—growth conditions
(1.10), (1.11) and (1.12). Here we introduce the notation

=g (4.47)
and we introduce the p, r—growth conditions
Zn: Ge A 2 m (1+ |§|2)1%2 A, Xn: Sl < u (1+ I£|Z)¥v (4.48)
ij=1 9, =1 0¢;
- 22 " =1
Rl sl e T R E e () T

for every A\, £ € R™, € Q and for some positive constants m, M. Since r < g, the p,r—growth conditions
are more strict than the p, g—growth ones; in fact,

n q—2
2

Suil < ar(1e1?) ™ <ar (1)

3}

i,j=1

and by (4.47) the growth conditions (4.49) coincide with the growth in (1.11). Therefore the assumptions
of Theorem 1.3, with p, ¢ exponents, are satisfied and we obtain a weak solution to the Dirichlet problem
(1.13)

E 88 a' (z,Du(x)) =b(x), inQ; u=1uy €W LPET on o0, (4.50)
;
i=1

when p, ¢ are related each other by the condition (1.12) on p, ¢ which, being ¢ = 2r — p, in terms of p,r

4 _ 2r—p _9r _ 2 i
means ;= = —2p 1 <1+ £, thatis

1
S (4.51)
P n
Finally we observe that the solution a-priori belongs to the Sobolev class WP () N\W,22" "7 (Q) and, being
2r—p > r,u e WiP(Q)n WL (€) too. The proof of Theorem 1.4 is complete when in the statement
of Theorem 1.4 we change the notation according to the p,r—growth in (4.48), (4.49). In particular the

exponent in the right hand side of (1.14), with the position ¢ = 2r — p, when n > 2 changes into

2 1
n+2)p—ng (n+1)p—nr

and the gradient bound (1.14) transforms into (1.19).

Remark 4.7. If n = 2 it can be of interest to see how to change the exponent « in the estimate (1.19) of
p *

~ 252 we get
q

Theorem 4.4 under the transformation ¢ = 2r — p. Being o := 11;2415) and ¥ :=

P * y4
o -2t

':1—79<1—§) - (2*5—2)—(2*—2)(1—5)'
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(-2

* 2p 9%’
(2r—1)2 -2

The exponent « is well defined as a real positive number if (2* — 1) %” — 2* > 0. This is equivalent to

% <2- 2%, in accord with (4.34). If we apply the transformation ¢ = 2r — p we obtain the condition

? <2 — 2, which gives

<

1
5 (4.53)

s
| W

Since the assumption (4.51) requires for n = 2 that % < %, it is sufficient to fix 2* large enough, precisely

2* > 2, 50 that (4.53) holds.
q 2q

In conclusion, going back to the notation p, ¢ with » < 1+ %, taking into account the constraints 2* > >

of Remark 4.2 and 2* > % of Remark 4.5, all the procedure for regularity holds also for n = 2 and, in the

2p
3p—2q°

Theorem 1.4 with the assumption % <1+ % = %, it requires to fix 2* large enough, precisely 2* >
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