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Abstract

We prove local Lipschitz-continuity and, as a consequence, Ckand c>® regularity of weak
solutions u for a class of nonlinear elliptic differential systems of the form 27: 1 5;; a;(Du) =
0, a=1,2,...,m. The growth conditions on the dependence of functions a‘l?‘(-) on the gradient
Du are so mild to allow us to embrace growths between the linear and the exponential cases,
and they are more general than those known in the literature.
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1. Introduction

Let n>2, m>1, let Q be an open set of R" and let u : Q C R* — R™ be a weak
solution of a nonlinear elliptic system of PDE’s of the form

n

0
Z_a;?‘(l)u)zo, a=1,2,...,m, (1.1)
i=1 0xi

* Corresponding author. Fax: +39 0554222 695.
E-mail address: marcell@math.unifi.it (P. Marcellini).

0022-0396/$ - see front matter © 2005 Elsevier Inc. All rights reserved.
doi:10.1016/j.jde.2004.11.011


http://www.elsevier.com/locate/jde
mailto:marcell@math.unifi.it

P. Marcellini, G. Papi / J. Differential Equations 221 (2006) 412—-443 413

where Du : Q C R" — R™ " denotes the gradient of the map u, by components
X = ()ict, e u = @H*=2M and Du = (0u*/ox;) = % );=) 5" By using
the notation & = (é?)f‘:ll”zzﬁ’;_:’:’, A (&) = (a” (é))?:1l,’22,’,'_'f,}’,n is a given vector field A :
R™X" — R™*" of class C!, satisfying the ellipticity condition

n m a O(
3y & Ef) il S0, vicemmrii £, (12)
=1 ap=1 0% '

as well as the variational condition that the vector field A (£) is the gradient of a
function f (), i.e., that there exists a function f : R™*" — R such that

“—af— Vo=1,2 ;o i=1,2 1.3
a; _a_g“?‘_fé’% o=1,2,....m; i=1,2,...,n. (1.3)
1

Under the variational condition (1.3), the ellipticity condition (1.2) implies the (strict)
convexity of the function f. Finally, we assume that f (&) = g (|¢]) is a function g of
the modulus |&| (with g’ (0) = 0, to respect the condition that the function f is of class
Cl (Rmxn))'

The regularity problem for the elliptic system (1.1) consists in asking if the solution
u=u) = (u“(x))azl’z’""m, a priori only a measurable function in the Sobolev
class W1, in fact is of class C® (or C%%, C!, C1* or C* for some k), under the
assumption that the data are smooth.

With the aim to explain the situation, let us assume, for the moment, that the solution
u € WL in fact is also in Wli)’coo, i.e., that the gradient Du is locally bounded in
Q. Then, under the ellipticity condition (1.2) and the variational condition (1.3) with
f (&) =g (&), it is possible to show that

uewh® Acc! — uecH?

loc loc

(see for instance [23]; for simplicity of notations, we write A € C ! instead of, more
precisely, A € C17 for some y € (0, 1)). Moreover, it is possible to see (cf. [3,16-18])
that # admits second derivatives in weak form and that, for every k € {1, 2, ..., n}, the
ﬁ )ﬁ:l,Z,...,m

partial derivative u,, = (u X satisfies the elliptic differential linear system

M(u )ﬁ =0. a=1.2 m
£ (‘/qéﬁ Xk - Y T Ry Ly eeey
i.j.p J

Xj

(see (4.4) and note that aal-“/ﬁff =f o ). The coefficients da’/ 655 (Du (x)) are locally

g
1% thus we can apply the regularity results in the

Holder-continuous, since u € Cp/;
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literature for linear elliptic systems with smooth coefficients (see for instance Section
3 of Chapter 3 of [9]) to infer

ueC’ Acctk — wuech* vk=2,3,....

loc * loc >

In particular, u € C if A e C™.

Therefore the problem which remains to be solved is under which conditions on
A (&) is it possible to show that the gradient Du is in fact locally bounded, i.e.,
u e Wli)’coo. Why the local boundedness of the gradient Du is a so relevant condition
for regularity?

Because the differential system (1.1) heavily depends on Du in a nonlinear way, in
particular through a’(Du) and, if Du (x) is bounded, then a*(Du (x)) is bounded too
and far away from zero. Thus the behavior of A (&) = (a?‘(g’)) for |&] — +00 becomes
irrelevant.

On the contrary, the local boundedness of the gradient is a property related to the
behavior of A () as || — +oo. This problem has been extensively studied in the
literature and a detailed story is presented in the next section. Precisely, in the next
section we point out in detail the assumptions made in the earlier mathematical literature
on the subject, as well as the results presented in this paper.

We emphasize that the mathematical literature on the subject is large: some references
are given in the next section and a good survey, as well as some new interesting
regularity results, are given in the recent book by Bildhauer [2]. Our assumptions, in
the context of basic elliptic systems of type (1.1) with A (&) = D¢f (&) and f (&) =
g (|&]), are more general than those in the literature, and they allow us to consider
at the same time variational problems with functions f (&) having linear growth as
|] = +o00, as well as functions f (&) with either polynomial or exponential growth
at infinity.

2. Description of the problem and statement of the main results

Let Q be an open set of R" for some n>2 and let u : Q — R™ (m>1) be a vector
valued local minimizer of an integral of the calculus of variations of the type

f:/fwmm, 2.1)
Q

related to some convex integrand f : R™*" — R. Here Du : Q C R" — R™*" denotes
the gradient of the map u. By a local minimizer of the integral (2.1) we mean a function
u e Wlf)’cl (Q; R™) with the property that F(u) <F(u + ¢) for every ¢ € Cé(Q; R™);
in the context of this paper this definition is consistent.

It is well known that in general we cannot expect that u, either a priori minimizer
of integral (2.1) or weak solution of the differential system (1.1) in a Sobolev class

of functions Wl’p(Q; R™), is in fact a smooth function, say of class Cfo"é, or even of
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class CllOC or Cﬁ)g for some o € (0,1). In the vector-valued case m > 2 examples
of nonsmooth minimizers and of nonsmooth weak solutions have been given by De
Giorgi [6], Giusti-Miranda [12] and by Necas [21]. A recent counterexample in three-
dimensional case in the context of smooth strongly convex functionals has been also
given by Sverak-Yan [22].

Even in the scalar case m = 1 it is possible to give examples of local minimizers u €
WIL’CP (Q; R) for some p > 1 (this phenomenon is related to the p, g-growth condition
described below, with ¢ larger than p), which do not even belong to Lf:C(Q; R); see
[10,15-17].

As already mentioned, regularity of solutions is often related to the growth of f(&)
as |&| = 4-00. More precisely, the so-called natural growth conditions state that there
exists a growth exponent p > 1 and positive constants m, M such that

mEP < fOSML+[EP),  VEe R™™, (2.2)

as well as the ellipticity conditions on the matrix D?f of the second derivatives of f,
of the type

m (1 + |c§|"‘2) 72 < (sz(é)/l, 2) <M+ [EP DR, VELeR™.  (23)

It was pointed out by Marcellini [16,17] that the above natural growth conditions,
sufficient for regularity, can be weakened into anisotropic growth conditions, or into
P, q-growth conditions, i.e., with an exponent g > p in the right-hand side of (2.2), (2.3),
or into more general growth conditions. In particular, ellipticity p, g-growth conditions
of the type

m(1+ 172 (D2 FO2,2) <ML+ AR, Ve L eR™,  (24)

with exponents ¢ > p > 1 such that % <A ifn>2.

In the general vectorial setting only few contributions are available for general
growth: we like to refer to the papers by Giusti [11], Giusti-Miranda [13], Acerbi-
Fusco [1] and by Esposito et al. [7]. A recent book by Bildhauer [2] gives a complete
overview and a detailed list of references. If some additional structure conditions are
assumed then several results can be found in the mathematical literature on the subject.
For instance, as a generalization of the “p-growth’ case considered by Uhlenbeck [23],
Marcellini proposed in [19] an approach to the regularity of minimizers of the integral

F(u) =/Qg(|Du|)dx, (2.5)

i.e. with the integrand in (2.1) of the form f(&) = g(|¢]), where g : [0, +00) —
[0, +00) is an increasing convex function, without growth assumption on g(¢) as t —
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+o00. For example, the regularity result can be applied to the exponential growth, such
as any finite composition of the type

F(&) = (exp(.... (exp(exp [E]})P1)P2) .. )Pk (2.6)
with p; >1, Vi =1,2,..., k. However, some other restrictions ware imposed in [19],
such as, for instance, the fact that ¢ € (0, +00) — gT(t) is assumed to be an increasing

function. To exemplify, the model case g(¢) = t” gives the restriction p>2. After-
wards, in [14] Leonetti-Mascolo—Siepe consider the case of subquadratic p, g-growth
conditions, i.e. in (2.4) they assume 1 < p < g < 2. Their result includes energy
densities f of the type f(&) = [P log*(1 + |&]) with p < 2. In [8] Fuchs-Mingione
concentrate on the case of nearly linear growth, for which (2.4) fails to be true. Typical
examples are the logarithmic case f(&) = |€]log(1 + |£]) and its iterated version

(@) = [EILk(IED, 27
Ly41(t) = log(1 + Ls(1)), L1(t) = log(1 +1) '
for k € arbitrary. Bildhauer [2] considers linear behaviors for functional (2.5); he gives
conditions that can keep y-elliptic linear growth with y < 1+ % Examples of y-elliptic

linear integrands are given by

t Ky .
gy(t)=/ / (142" 2dzds, Vit>0. (2.8)
0 JO

For y =1, g,(¢) behaves like log(l +¢) and in the limit case y = 3, g;(¢) becomes
(1 + ¢2)1/2, Hence the functions gy(t) provide a one parameter family connecting
logarithmic examples with the minimal surface integrand. As further reference see
also [4].

In this paper we attempt to find conditions which include different kinds of growths.
At this purpose we give a general condition on function g embracing growths moving
between linear and exponential functions. The condition is the following:

Let to, H >0 and f € (%, %) For every o € (1, n”j] there exists K = K (&) such
that

n=2 / / / o
thl‘[<87(’)> " +gt(”} <g"<x)<1<[gt(” +<gt(”) } izt (29)

The exponent « in the right-hand side is a parameter to play, i.e., to use to test more
functions g. The condition in the left-hand side of (2.9) permits to achieve functions,
for instance, with second derivative going to zero as a power ¢/, (i.e. 7 -elliptic),
where 7y is not too large and is related to the dimension n, i.e. y < 1+ % As well as
functions in (2.8), other examples in the linear case include

gy =141—+t, Vi=1, n<4,
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or more in general, for r € (0, 1),

2

gr@)=h@)—1", Vt=>1, n< -

’

and also

2
& =h)+1—1")r, Vizl, n<Z,
r

where h(t) is a convex function such that, for suitable constants C;, C,
Ci(1+ 1) <h() <C(1+1).

We observe that the functions g (t) = (1 + tk)%, related to minimal surfaces, are convex
if k>1, and g, (1) = (k — ) *2(1 + )i 2= 0 (ﬁ) when ¢ — 400, so that they
do not satisfy left-hand side of condition (2.9).

As far as p, g-growth is concerned, we like to remark that condition (2.9) is satisfied

without assuming any restriction on p and g. For example, fixed 1 < p < ¢, consider
the function (cf. [5])

tP if <1,
g(t) = t#-ﬁ-% sinlogloglog ¢ if 1> 70, (210)
where 1( is such that sinlogloglog g = —1. First of all we observe that function g os-

cillates between the function ¢”, to which it is tangent in 7, such that sinlogloglogt, =
—1, and the function #7, to which it is tangent in ¢,, such that sinlogloglogo, = 1. By
a direct computation it is possible to see that one can choose 7o and 7o large enough
such that g is convex and satisfies (2.9). We observe that the left-hand side of (2.9)
implies g”(t) > 0 for ¢ >1y. For this reason the function in (2.10), with p = 1, does
not satisfy condition (2.9); in fact if p = 1 we have g” (o,) = 0.

Also high growths like that in (2.6) are included in condition (2.9). In other words,
our results unify and generalize those obtained in the literature for integral (2.5), in-
cluding in particular the linear case treated in [2], the non-standard p, g-growth, the
exponential growth considered in [19] and also the new example of oscillating func-
tion in (2.10). Part of the techniques of this paper have been introduced by Marcellini
[19]. The starting point is the second variational weak equation for which we need
the supplementary assumption that g” (t) and & are bounded by constants N and M
for all + > 0. In this case we give a priori estimates for sup |D(u)| by using only the
properties of function g, so that the constants in the a priori bounds do not depend
on M and N. Successively we remove this assumption by approximating the original
problem with regular variational ones. This is possible because the constants N and M
do not enter in the a priori bounds for the L°°-norm of the gradient.
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In this paper we prove in particular the following two results, the first one valid
under general growth conditions, the second one specific for the linear case.

Theorem A (General growth). Let g : [0, +00) — [0, +00) be a convex function of
class leo’coo with g(0) = g'(0) = 0, satisfying the general growth condition (2.9) with

pe (%, %) as before. Let u € WlL‘Cl (Q; R™) be a local minimizer of integral (2.5). Then

u e Wli)’COO(Q; R™). Moreover, the following estimate holds: for every ¢ > 0 and R >

p > 0 there exists a constant C (depending on &, n, p, R, H, K and SUPy <1 <1y g//(t))
such that

2—fin %ﬁJrs
DU ey <C{ [, 1 Dby e @11)

Theorem B (Linear growth). Let g : [0, +00) — [0, 400) be a convex function of
class W= with g(0) = g’(0) = 0. Let us assume that g has the linear behavior at

loc

infinity

lim # =1¢€ (0, +00) (2.12)

t—+00

and that its second derivative satisfies the inequalities
1 ” 1
H;ég (f)gK?, Vi 21, (2.13)

for some positive constants H, K, to and for some y € [1, 1+ %) Then every local

minimizer u of integral (2.5) is of class Wllo‘cOO (Q; R™) and, for every R > p > 0, the
following estimate is satisfied:

2—fn
< .
DUl e <€ [ 1 0D @.14)
where f = é—% and the constant C depends on n, p, R, [, H, K and SUPy <1 <1 g” ().

Note that 2 — fin € (0, 1] since y € [1, 1+ %) Note also that estimate (2.14) in
Theorem B is sharper than estimate (2.11) of Theorem A, when we reduce the general
assumption (2.9) of Theorem A to linear growth, since in the second case the proof
is more direct, as explained at the end of this paper. Therefore, Theorem B cannot be
considered a particular case of Theorem A.

The plan of the paper is the following. In Section 2 we discuss some consequences
of assumption (2.9) and we prove for g some estimates that will be used in Section 3,
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where we get a priori bounds for the gradient of local minimizers of functional (2.5).
In Section 4 we define the approximating regular variational problems and we obtain
a priori bounds for the gradient of their minimizers. Finally in Section 5 we go to the
limit and we obtain the regularity Theorems A and B.

3. Ellipticity estimates and their consequences

With the aim to study integrals of the Calculus of Variations of the type (2.5), we
consider f(&) = g(|¢&]), for £ € R™ (&= (&,i = 1,2,...,n, a = 1,2,...,m),
where

is a convex function of class

810,400 = 0,400 2oy 79 v = 0, ¢(0) = g'(0) = 0.

(3.1)

By the representation f (&) = g(|¢]), we have

& g gAY L., &0
o= g (DL, fo = - NG S 3.2
fo =D Tay <|é|2 P Sty tng G2
Since
2
ool = |3 e <t Vi e R
ij.op i

(and the equality holds when A is proportional to &), we easily obtain the following
ellipticity estimates:

B
o e e, €09 Xijoup Lo i
min {g 2. 535 } < -
/
< max {g/(|é|),g|(é|€|)}, Vi, & e R, 3.3)
Let us define
/

H (1) = max {g”(t), & t(t), Vi > o} , 34

We observe that, since g'(r) = fé g (s)ds <Mrt, Yt <T, the function @ (and con-

sequently #(¢)) is bounded on (0, T'],VT > 0. We observe that in (3.1) we do not
assume g’(0) > O but, more generally, we allow g’(¢) and g(¢) to be equal to zero in
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(0, 7], with 7 > 0. The sequel of this section is devoted to derive some useful estimates
on the function g, starting by the general assumption (2.9). With this aim we begin with
the following lemma (where by 2* we denote the Sobolev’s exponent, i.e 2* = nzTnz if
n>3, while 2* is any fixed number greater than 2 if n = 2).

Lemma 3.1. Let g be as in (3.1). Let §, H be positive constants such that % <f< %

Let us assume that for every o € (1 L] there exists a constant K (depending on o)

> n—1
such that

2 !/ / / o
Hi ™2 [(g—(t)y + gt(t)} <g (<K [gt(t) + (g m) } Vizt.  (3.5)

t t

Then for every o with 227"‘“ <0<2* and for every y>0 there exists a constant C such
that

1
1+/ e (s)ds>=C |1+ H(t , Vi>=0. 3.6
A s’/ g (s)ds — () (3.6)

Proof. In order to simplify this proof, up to a rescaling, we will assume, without loss
of generality, that 7o = 1 and g(f9) > 0. We observe that

1
| ty_;'_l_ﬂ 0 0 | tV‘H_ﬁ )
t < t)o |, vt s "2 . .

Now, let us call

t
Fi(t,y) =1 +/ s7\/g" (s)ds, (3.8)
0

G (0 ! 39
t,y) = t)o, .
11, 7) + —— (1) (3.9)

and let us define the quotient

_ k@)

Q1(1,7) = Git )

(3.10)

It is easy to see that Qq(¢,y) is lower bounded in the strip (z,7y) € [0, o] x [0, +oc]

1o
(we remember that o = 1) by the constant C| = (1 + maxo<s <1 [gtﬁ + gﬂ(t)]’)) .



P. Marcellini, G. Papi / J. Differential Equations 221 (2006) 412—-443 421

From this (3.6) follows for 0<t<f. Now let t >19. By definition (3.4) of function
H(t) we get

< s ) g )

and by the right-hand side of (3.5) we can write

HO <K + 1) [g @4 (gtﬁ> } G.11)

From this, instead proving (3.6) we can prove the following:

1

SRR el FONN O
1 'V&' (s)ds=C |1 . Ytz>1, 3.12
+/0s g (s)ds +V+1[t+<t>} 0 (3.12)

where we still denote by C the new constant. At this end it is sufficient to show the
inequality between the derivatives side to side with respect to ¢ of (3.12)

! % / 5 ’ 1 4 ,
Ve = C t=h |:(ng> +<gt(f))" +<gt(t))a o
+<gt( ))o ,(t)}’ (3.13)

or, since o > 1,

Ve w20t [(g_)) * (¥)$]g”(t)} if €0 <1
Vewzact [(g_)o + <¥)g_1g”(t)] if €01,

1 !
,/g”(t)>~/ﬁtﬁ(g7m)2 >«/ﬁrﬁ<g:t > (3.14)

and also, by the right-hand side of (3.5)

/ —1
ékn(gf”> <2K.
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As a result we have

/ % ’ 11
,/g”(t)>g;—ﬁ<g(’)) 21(2%;%(8(’))5 3 ). (3.15)

t t

Adding (3.14) to (3.15) we get, if @g 1,

/ ’ 1 ’ 1
" H _ 0 0 ”
Ve 0z B [(87(’)> n (gt(t)> g (t):|. (3.16)

’
If gtﬂ >1, with similar arguments we have

,/g”(r)%/ﬁfﬁ(@)z, (3.17)

o 1
(—3<§, we get

,/g”(t)}x/ﬁt_ﬁ(g/[(t))a, (3.18)

Moreover, by the right-hand side of (3.5) we get

\/g”u)sz(g;ﬁ)Z,

and since 5222_—“a > 20, i.e.

equivalently

v (g O\ [
g < 2K<T> g (1)

and, since 1>ty = 1, we can also write

” 1 ! ~2 ” 1 _ ! ~3 "
Je (r)>ﬁ<gtm) 0> <ﬂ>t ﬁ(gt(”) "¢ (o).

: 20 : o 2—u o o.
Since 52m , l.e. SgT, we have 5 1< — 55 hence

" 1 -p g/(t) %_1 "
g (= oY t p g (). (3.19)
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Therefore, in the case @ >1, from (3.18) and (3.19) we obtain

/ (z ’ %71 .
,/g”(t))min{g, ﬁ} B [(gt(’))S + (gt(t)) g (z)] (3.20)

Therefore (3.13) holds for 7 >y too, as a consequence of (3.16) and (3.20). U

Lemma 3.2. Let g be as in (3.1). Suppose that g satisfies the right-hand side of
condition (3.5). Then there exists a constant C, depending on K, g'(ty), to, o, such that

§OI<C(+g(0)™, V0. 3.21)

Proof. Let r># = 1. A multiplication for 7 and an integration side to side in the
right-hand side of (3.5) give

‘o ‘) NTLON
sg (5)ds<K gs)ds+ K s ds.
1o to fo s

An integration by parts of the left-hand side in the previous inequality gives

t t
g0 < g (to)to + (K + 1)/ g'(s)ds + K/ s 2! (5) (¢/(s)s)™ " ds.
fo f

0

Since g(tp) >0 and 7 >ty we have
_ —1
§r<g to)to + (K + Dg(t) + Kto> 2" (g ()1)" " g(0).

By dividing both sides for (g’(t)t)‘%1 we obtain

/ 2—o / 2—o K+1 2—20()
0t < (¢ (1)t +<—+Kt ®).
(g’ (1) (¢’ (t0)t0) & o)™ 0 g

Let C\27* = max{(g/(to)to)2_“, — K+l 4 K192~2*}. Then we have for all >
(&' (10)10)

gOr<Ci(l+ g(t))ﬁ.

Finally (3.21) follows with C > C; because g'(¢)t <g'(fo)to, for all t<t9. O
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Lemma 3.3. Let g be as in (3.1) and let ‘H be the function defined in (3.4). Suppose

that g satisfies the right-hand side of condition (3.5). Then there exists a constant C
such that for any 5, 1 < n< 33—2‘,

1+ HOE2<CA +g@)!, V=0, (3.22)

where n = n(o) = ZT“oc and the constant C depends on K, supy<, <y, gﬁ (), a.

Proof. Since () = max {ng P (z)} we have that H(1)2<g ()i + ¢ ()2 Vi >0.
Let  >1y>1. By the right-hand side of (3.5) and by 3.2 we obtain

¢ (P <KC( +g(1)™ + KC*(1 + g(t) 512242,
Let C; = max{KC, KC* 1,~2%t2}. Then we have that for all >t
g (P <2011+ g(1) 7. (3.23)
On the other hand, if r <ty, we have

g P< sup g (P <n® sup g (1)< Cy, (3.24)
0<r<y 0<r<n

By putting together (3.23), (3.24) and Lemma 3.2, from the definition of H(¢), we
obtain the result. [

4. A priori estimates

In this section we consider the integral of the Calculus of Variations

Fu) = f f(Du)dx, “.1)
Q

with f(Du) = g(|Du|), where g satisfies (3.1). We make the following assumption:

Assumption 4.1. There exist two positive constants N and M such that

NP Y faa @R <MUR, VA EER™ fO=g(e).  (42)
L

This is equivalent to say that both @ and g” (t) are bounded by constants N, M, Vt >

0. This assumption allows us to consider u# as a function of class WIL’COO (Q, [R{’”) N
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Wli’cz (Q, R™). Similarly in [19], assumption (4.2) will be successively removed. The
reason that will make this removal possible relies on the fact that the constants N and
M do not enter in the a priori bound obtained for the L°°-norm of the gradient. We
will denote by B, and Bg balls of radii, respectively, p and R (p < R) contained in

Q and with the same center.

Lemma 4.1. Let g be as in (3.1), satisfying (4.2) and (3.6). Let u € W51 (Q; R™) be
a minimizer of integral (4.1). Then there exists a constant C, which does not depend
on N and M, such that (the function H is defined in (3.4))

2—fn C

2
R <meR (1+ 1DuPHADuD) de.

[ D]

Proof. Let u be a local minimizer of (4.1). By the left-hand side of (4.2), u €
W12(Q; R™) and by the right-hand side of (4.2) it satisfies the weak Euler first varia-
tion:

/Q Y fa(Duyel dx =0, Yo = (") € Wy (Q.R™). 4.3)
i,00

Using some known techniques (see for example [3,9,16—18]) we can prove that u admits
second-order weak partial derivatives, precisely that u € Wli’cz(Q; R™) and it satisfies
the second variation

/QZ fé?éﬁ(Du)ufjxkgozidxzo, Vk=1,2,...,n,

i,j.oup
Vo = (¢) € Wy (@ R™), (4.4)
For k € {1,2,...,n} we consider ¢ € Wol’z(Q, R™) (we do not denote explicitly the

dependence on k) defined by
¢ 1= N’ux ®(| Dul),

where 7 € Cé (Q) and @ : [0, 400) — [0, +00) is an increasing bounded Lipschitz
continuous function. We plug ¢ in (4.4) and, since

o = 2nn,,ul O Dul) + n*uf, O(|Dul) + n*ul, ® (| Dul)(| Dul),,

Xi Xk

we obtain

/Q 200 ) fé?f/fugkauzk Ny, dx
red

i,j.op
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2
/;2 @ Z f*“ﬂuxf"A X Xk dx

i,j,0.p
/ 2(1)/ Z fc“cﬁuxjxk xk(|Du|)xl dx =0. (45)
i,j.o,p
Defining
Ap = / 2n® Z f u/iuxjx,{ xknx dx, (4.6)
Q i,j,of
o= [P0 5 fghat d o
Q
i,j,op
Cr __/ 20/ Z f@ /’”x ity (| Dul)y; dx, (4.8)
ij.o.p

Eq. (4.5) takes the concise form of
Ag + B + Cr = 0. 4.9

We start estimating the first addendum Ay in (4.9) with the inequality 2ab < %az +2b?

1

ad < [ 20) 0 fpanl

i.j.op

1
2

X| 2o Lo woub, | dx

i,j,o,p
g / Z féxéﬁux/xk Xi Xk
Q i,j,of
+2 Z féaéﬁ’/’xl xknx,ufk dx. (4.10)
i,j,of
From (4.9) and (4.10) we obtain
1
5 Bt Ci< / o(Dul) Y Foa (D %yl dx. 4.11)

i.j,ouf
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We use the expression of the second derivatives of f in (3.2) to estimate Cy in the
left-hand side. Since

1
1Dy, = 5 >l ol (4.12)
o,k

we obtain

>y ffyfﬂux,xkuxk(muml

ki jop

g// g/ ﬁ ﬁ
- (|Du|2 B |DM|3> Z u U Uy U xk(|Du|)x,
ki, j.of

/

8
+ > udul (| Dul)y,

|Du| ki, o

g// g/
= ( - —) > ul (Dulul (uhy + &Y (1Dul),
k,i,o i

|Du|  |Du|?

=<|§u| |Du|2>2|:2u (|Du|>x,} +&|D(1Du)) . (4.13)

Now we recall definition (4.8) for Cy. The previous equality shows that

¢"(IDul) g/(|Du|))

_ 25/ _
ijck = /Qn ®'(| Dul) < Dal Dul?
2
-Z[Z ufs,.uDqul +8'(1DupID(Dup* } dx  (4.14)

Now we consider the first term %Bk in inequality (4.11). From (3.2) we get

¢ (IDul)  g'(|Dul)
Z féaéﬁ(Du)uX]Xk XiXk < |Du|2 - |Du|3 Z M;Cixkuifi

i,j,op i

8 "(|Dul)
|Du| Z( )



428 P. Marcellini, G. Papi / J. Differential Equations 221 (2006) 412—-443

By (4.12), summing with respect to k,

: g/ (1Du))
Z D0 e (Duudy i, = (g (|Du|>—W)|D<|Du|>|2

i,j,0.f

g'(|Dul)

|D?ul?.
| Du|

By definition (4.7) we can write
/
" g'(IDul)

> B = f 7 ®(| Dul) ((g (IDul) — —) |D(|Dul)|?
- o | Dul

"(|D

LE8UDuD, o 2 (4.15)
| Du|

By (4.12) and applying the Cauchy—Schwarz inequality we have

2
o o 2 2.2
P = |Du |ZZ Z xxxkuxk S Z(uxixk) = |D7ul",
1

i0k

ID(Du* =) (IDul);

from which we deduce that

> B> /Qn2<1><|Du|)g”(|Du|)|D(|Du|)|2dx. (4.16)
k

Now, we consider )", Cy in formula (4.14). We can write that

" 2
D
S o= fgnzcb/(wun % 3 (Z uii(|Du|)xi> +&'(1Du) [ DD
k o i

D
g|(z|)u|u2|) Z(Z u? (|Du|)x,) dx.

o

Since, by Cauchy—Schwarz inequality, we get

2
> (Z u;“(l.(|Du|>x,.) <Y @i)? Y (Du? <|Dul’|D(Du)P,
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then we can conclude that

" 2
e & (DUl ”
;ck>/gn2d> (1DuD= 5= Z(Z ux,.(|Du|)x,-) dx>0. (4.17)

o

By using the inequalities obtained for ), By and ), Cx in (4.16) and (4.17) we obtain
from formula (4.11) where we sum on k

1 "
ELWZQ(lDul)g (IDu))|D(|Dul)|* dx
G YRGS Y B+ G
2 2
k k k
<2/Qc1>(|Du|) > fé?éf(nu)nxiugknxjuﬁkdx. (4.18)

i,j,oB.k

By the right-hand side in (3.3), finally we obtain

/Qn2<1><|Du|>g”(|Du|)|D<|Du|)|2dx<4/gcI>(|Du|>H(|Du|)|Dn|2|Du|2dx (4.19)

for every @ : [0, +00) — [0, +00), increasing, local Lipschitz continuous function with
® and @ bounded on [0, +00). If we consider a more general ® not bounded, with
derivative @ not bounded too, then we can approximate it by a sequence of functions
®@,., each of them being equal to ® in the interval [0, r], and then extended to [r, +00)
with the constant value ®(r). We insert ®(r) in (4.19) and we go to the limit as
r — 400 by the monotone convergence theorem. So we obtain that (4.19) is true for
every @ positive, increasing, local Lipschitz continuous function in [0, +00). Let us

define
!
G :l+/ () "(s)ds, Vi >0. 4.20
(t) A \Os)g (s)ds t (4.20)

By Hélder inequality, since function @ is increasing and g’(0) = 0, we get
t 2 t "
[GOP = (1 + / \/<D<s)g”(s)) <2420 / g (s)ds
0 0
= 24 20()1g (1) <2 + 2D(1)H ()12
Then we can write the following estimate for the gradient of function nG(|Dul):

IDG(IDu)* = [(Dn)G(|Dul) + nG'(|Dul) D(|Dul)|*
< 21DnPIG(IDul)? + 217 |G' (|1 Du))|? - |D(| Dul)|?
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< 41D (14 ©(DulyH( Dub|Dul?)
+20*®(|Dul)g (|Du)|D(|Dul)l.

By integrating over Q the previous inequality we obtain

/QID(nG(IDul))I2dx
<4f \Dn? (1 +(D(|Du|)7-l(|Du|)|Du|2> dx
Q

+2fgn2<D<|Du|>g”(|Du|>|D(|Du|)dx.

Now we use inequality (4.19) and we get

/ |D(11G(|Du|))|2dx<4/ |D11|2(1 —|—3<D(|Du|)7-[(|Du|)|Du|2) dx. (421
Q Q

As a consequence of (4.2), Du is locally bounded; hence we can apply Sobolev’s
inequality: there exists a constant C; such that

{ | (nGaDuy” dx}z* <ci [ 1D0G(Dulds. (4.22)

Let us define ®(z) = 127, with 120 (so that @ is increasing). Since g satisfies (3.6) we
can choose 6 = 2* and combining (4.22) and (4.21) we have that there exist constants
C3, C4 and same f5, 0<f} < % such that

2 2 1 2
/|D”I| (1+3(D(|DMI)H(IDMI)IDMI )dX>—/ [D(nG(|Dul))|” dx
Q 4 Jo

>C; {/ [nG(Duh]” dx}z*
Q

2
> . i4l)2 {/ ’72* (1 i |Du|(y+lfﬁ)2*7-[(|Du|)) dx}z . (4.23)
Q

Substituting in the left-hand side of inequality (4.23) the expression of function ® we
get that there exist a constant C5 and same numbers 5, 0<f < % such that for every
720

2
2%

{/ P (1 + |Du|<V+1—”>2*H(|Du|)) dx}
Q

<Cs(y+ 1)2f | Dy (1+|Du|2’/H(|Du|)|Du|2) dx.
Q
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Let the test function 5 be equal to 1 in B,, with support contained in Bg and such
that |D17|§L Let us denote by 6 = 2(y 4+ 1) (note that, since y>0, then 6>2).

(R—p)*
We have

2

2*
{/ (1 n |Du|<5—2/3)27*%(|1)u|)) dx}
B,

5 \? 5
<Cs <R _p) /BR (1 + |Dul 7-[(|Du|)) dx. (4.24)

Fixed R and p, with R > p we define the decreasing sequence of radii {pi}izo

_ R-p .
pi=p+T, Vi >0.

We observe that p, = R > p; > piy1 > p. We define also the increasing sequence of
exponents {J;}i>o0, do = 2,041 = (6 — 2[3)2,1'20, and we rewrite the (4.24) with
R =p;,p=p;; and 6 = J;. Then we obtain for every i >0,

n

(20 +1 2
ch(a_ _)/ (1+|Du|5"H(|Du|)) dx. (4.25)
R—p By,

2*
(1 + |Du|5f+1H(|Du|)) dx}

By iterating (4.25) we get

I

<c6/ (1 n |Du|2’H(|Du|)> dx, (4.26)

B

(%)i+l
(14 1Dul G gy pu)y) dx}

Pi+1

where the exponent in the first integral is given by computing

ok i+1 i+l 2% k 2% i+1
Oit1 =2 <?> - Zﬁ; <?> =2 — fn) <E> + fpn
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and

oo (F)* (2o G
Ce < 1_[ |:_C;8 (2*)2ki| 2 _ <_C’;8)Zk0 2 (2*)22’6]((2%)’(
ko LR =) (R —p)?

7

() e
(R —p)? (R—p)"

for every n>3; otherwise, if n = 2, then for every ¢ > 0 we can choose 2* so that

Ce = @_Cﬁ for some constant C7. Now, we observe that the function 14+r*H () > 1+
/
g

1%~ Lg(1), since H(t)>

we have 1+1%71g/(1)>1*"1¢’(1) and, if t <1 we have 1+1*"1¢/(r)>1>1*"'. Hence,
we can write

for every t > 0. Now, if 1>1 , since g’(z) is increasing

QP+l (Zyi+ G2
f |Du| G dx
By

C7 2
< — 1+ |D D dx. 4.27
T /l;R( | Du|“H(] u|)> X ( )

Finally we go to the limit as i — 400 and we obtain

sup {|Du(x)|2_ﬁ” 1x € Bﬁ}

B s (i*)i+l
Q—pn+—Lr=Ly(ZHiH! 2
— lim {f | Dul G gy
i— 400 B[,}
<=1 (1+|Du| ’H(|Du|)) dx. 0O
(R —p)" By

Lemma 4.2. Let g be as in (3.1). Let us assume that g satisfies (4.2) and (3.5). Let
ue Wli)’cl (Q; R™) be a minimizer of integral (4.1). Then, for every ¢ > 0 and for every
0, R (0 < p < R), there exists a constant C = C(n, ¢, p, R) such that

J

the constant C depends also on g(tp), g (tv), K, H, SUP <+ <1, g//(t), info<r <y g// (1),
but it does not depend on the constants N and M in (4.2).

pte
(1+|Du|2’H(Du)) dxgc{/ (l+g|DM|)dx}lﬁ ,
Bg

P
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Proof. In Lemma 3.1 we considered parameters o and y such that o € (1, —1] and
y»>0. Here we restrict ourselves to the case 1 < ang—ﬁl =1+ ﬁ and y = 0.
Then (3.6) holds for any 6 € [ﬂ 2*]. We define v = %, so that v € [I,Z*H].

2—o
The condition f§ < % is equivalent to 1 < (1 — ﬁ)z; therefore it is possible to limit v
(and 0) to satisfy the conditions 1 <v < (1 — /3)% too. Finally, since f§ > }l we have

o< 23—: < ﬁ and this implies 1 — f < ZTT:Z- Thus

2% 2—u 20
1,—-p)— 1,2* 0 ,2*
ve|: ( ﬁ)z] = ve|: 2ai| & e|:2_“ ]

so that the parameter ¢ satisfies the condition of Lemma 3.1. Therefore there exists a
constant C; (we still denote by Ci, C», etc.. the constants in this proof) such that

t % ! * v
Gt = <1+f ,/g”(s)ds> >0y [1+r“—/5>277¢(r)] .
0

Under the notations of the previous Lemma 4.1, let us consider again estimates (4.23)
with ¢ identically equal to 1 (or, equivalently, with y = 0); we have

2
3

. 2%
{/ (G (| Du)))? dx} <4C2/ |Dy|? (1+37—[(|Du|)|Du|2) dx
Q Q
and thus
v F
{/ o [14 1Dul P T H( Dup | dx}
Q
<c3f \Dn? <1+H(|Du|)|Du|2) dx. (4.28)
Q
Since v < (1 —ﬂ)z, we have (1 —ﬁ)%—T > 2. Under the notation V = V(x) =
1 + |Du|*H(|Du|) (4.28) becomes
2

* 2*
{/ 0 v"dx} <c3/ |Dy|*V dx. (4.29)
Q Q

As in the previous Lemma 4.1 we consider a test function # equal to 1 on B, with
support contained in Bgr and such that |Dn| < RL—p’ we obtain

2

> 4C
/ VVidx} <—— / Vdx. (4.30)
B, (R —p)* Jpy
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Let y > % By the Holder inequality we have

2

ks 4C vooq_v
/ V' dx <—42/ viv'Tidx
B, (R —p)* Jpy

1 1
4C , 7 =v K
< {/ v dx} {/ = dx} . 4.31)
(R _p) Br Br

Let Rp and p, be fixed. For any i € N we consider (4.31) with R = p; and p = p,;_;,

where p; = Ry — RO;pO. By iterating (4.31), since R — p = RO;’)O, similar to the
computation in [19, p. 19], we can write
&) 24 )
y ’ & 1 (2%2)
VVidx < VVidx Csylp——
By, By, (Ro — po)
2*(—1)
y—v 2y—2%
X !/ | dx} . (4.32)
By

Since =¥ < 1 we can apply Lemma (3.3) with 7 = =% and we obtain

y=1 V=V
/ VVdx < /
B, B,
A
B

In the limit as i — 400 we get

2%y

(%)l 1 2y—2F
Vvdx} cs {—}

(Ro — po)?
24G-1)

2y—2%
[1+ g(|Dul)] dx} .

PO

- 25 (=1)

, 1 5 e
/ V‘dx<C6{—2} [ teeupupraxy
By, (Ro — po) B,

Finally

1
v

. ‘
/ Vdx < meas{BpO}l_" / VVdx
B By,

PO

2%, 2*(=1)

<C{ : }H / 0t eqpubi el @33
= 7 (Ro—po)z BRO 8 u X . .
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Asv— (1 — ﬁ)% and y — +oo the two exponents in (4.33) converge to ﬁ and we
have the result. [

By combining together Lemmas 3.1, 4.1 and 4.2 we proved the following theorem.

Theorem 4.1. Let g be as in (3.1). Suppose that g satisfies (4.2) and (3.5). Let u €
Wli)’cl (Q; R™) be a minimizer of integral (4.1). Then u € WII)’COO(Q; R™) and for every
e > 0 and for every p, R (0 < p < R), there exists a constant C = C(n, ¢, p, R) such
that

2—fin

e
1D e <C {/B (1 + g(IDul)) dx} ,

the constant C depends also on H, K, supy<, <, g” (t), but does not depend on the
constants N and M in (4.2).

5. The approximating regular problems

Let us consider a function g with the properties described in (3.1). Now we consider
the function gT(’). It is possible to have one and only one of the following three cases:

(1) There exists a sequence {t,}, lim;,_ 400, = +00 such that gt(ﬂ = 1.

(ii) There exists T such that for all r>T it follows that @ > 1.
(iii) There exists T such that for all r>T it follows that @ < 1.

Let f = inf{t > 0 : gT(t) > 0}; up to a rescaling we can assume that 0<7 < 1<1.

We consider a sequence ¢, lim,_, 1 ~, &, = 0, in the following way. In case (i) we put

&y = ti, in case (ii) or (iii) we consider any sequence &, — 0, with Si >T. It is obvious

that we can choose n sufficiently large such that 7 +¢, < 1 and gi > max{T,t + ¢&,}.
n

Now we define the function

, -
! S _
UL, oci<ita,
t+¢, {
g, (=1 g, e <1<—, (5.1)
: (1 / ! 1
mm{gng (a)t,g(t)—i—gnt—l}, t>8—.
n

Then obviously we can define

t
8e, (1) = fo g, (s) ds. (5.2)
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The function g, (¢) results to be a convex function of class C!([0, +-00)), satisfying
(3.1) and (4.2) with suitable constants N (g,) and M (g,).

Lemma 5.1. Let g be as in (3.1) satisfying the left-hand side of (3.5). Let g, (t) be
defined in (5.2). Then there exists a constant Hy > 0 such that we have

2
*

! t 2 ! t "
H1t72[3 (gsnt( )> + g‘o’”ti <g8n(t)’ VYt > 1. (5.3)

Proof. Let t +¢, < 1<ty and t >1y.
HIfr+e <t< %, then (5.3) holds because g, (t) = g'(t) and g, (t) = g (1).
(2) Let 7 > Sl

(2a) If g; (1) = eng’ (%) t, then ggn ) = ¢,8 (é) and we have

n

2
2 (1 ¥
2% g 2
! <8ng/ <l))2 g <l) < eltE —<8) (&' (1)

g'(to)
()
+eng | — -
én

. 2 ..
Since 2/ + 2% > 1 and ¢, <1 we have s,,zﬁ+ 2* L g,; moreover, from the monotonicity

. 8'(G) .
of function g’'(r) we get 0y >1. As a consequence we can write

2 ’
= <g8"(1)>2 +g8"t(t) < ((g/(tO))z%ﬁ_l'Fl)Sng/ (l>

t én

= (@unF " +1) g,

—1
ice. (5.3) holds with < ((g'(0)F " +1) .
(2b) Let g; (1) = g'(t) + &nt — 1. Then

"t "t 1 (D) 1
g()gg()“l‘gn__:ggnt <<°'ng/(_>'
&n
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If we are in case (i) or (iii), then we have as a consequence g/tﬁ < 1. Hence by the
left-hand side of (3.5) we can write

2 2 2
LONT gl (t L (ON\T (¢ I\
12h (gb"( )> + 8e, 1) < a2 (gb”( )) =212 (—g @4 &n — —)
t t t t t
g0\ 2
< Zl_zﬁ (T) + 21‘_21)78,%*

2 2
< g w422 (5.4)
H
Since the exponent 2% +2f>1 and ¢, < 1, then
2 l*-‘rZﬁ 2 2 "
ﬁg(t)—i-Zs,% <ﬁg (t)+23n<<2+ﬁ)(g (1) + &)
2 "
= (2++) &0 (5.5)

-1
By (54) and (5.5) we have the estimate in (5.3) with Hi< (2+%) .

If we are in case (ii) then # > 1 and again by the left-hand side of (3.5) we
obtain
2
/ % / / /
28 (gﬂnt(t))z + gﬁnt(t) < 2t—2ﬁgant(t) =212 (—g‘c'"t(t) +&y — %)

‘(t 2 "
<2 <r2ﬁ& +en> < (2+ —) (8 () + o).
t H
This last inequality completes the proof. [

Lemma 5.2. Let g be as in (3.1) satisfying the right-hand side of (3.5). Let g, (t) be
defined in (5.2). Then there exists a constant K| > 0 such that for any oo > 1 we have

g, (H<Ki [&T(I) + (@) } Vi > 1. (5.6)

Proof. Let t +¢, < 1<t9 and t > 1.

() Mr+e <t< %, then (5.6) holds because g, (t) = g'(t) and ggn ) =g @.
(2) Let 1 > Si
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(2a) If g; (1) = eng’ <$> t, then g;/n (t) = &,8’ (in) and (5.6) is obviously satisfied.

&

(2b) Let g (t) = g'(t) + eut — 1. Then g, (1) = g (1) + &, and

'(t (¢ 1 1
g()<g()+sn—;<8ng’<—).

t t én

If we are in case (i) or (iii), then we have as a consequence # < 1. By the right-hand
side of (3.5) we can write

g'(®

8, () = 8" () + 6, <2K =

t e, <2K (g/t(t) + pn> . (5.7)

Since g’(¢) is an increasing function, we have

" g 1+ () g'() 1
s < 2k (G2 s (S50 ) 52 5)

< 4K <1 +gl(t0)) (g/(t) + &n — 1) = 4K <1 "‘8/00)) 85, (1) 5.8
g'(to) t t ¢ (1) :

) . 1+¢’(to)
ie. (5.6) with K1 >4K <_g’(to) )

If case (ii) is realized, then gT(t) > 1 and we can write

g, O\ (g1 N1 (g® R NTLON Y
(7)) = (57 +e-1) 2 (7 0) =5 (%) (”w)

t

Since

o
&n n
(Hm) S0,

t 1

we can write

8, O\ _ 1 [(gdn) 1 vy 1
(%7) 25 [(57) +a]>mm (0ra) = gpeo. 69

i.e. (5.6) with Kj>K2*t!. Combining (5.8) and (5.9) we obtain the result. [J
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Lemma 5.3. Let g be as in (3.1). Let g, (t) be defined in (5.2). Then there exists a
constant C such that

86, (< C (1+ g(0) + &at®,  V120. (5.10)

Proof. Let 1 +¢, <1 and 0<t <7 + ¢,. We have

gE+e)t _1g'(1)
8e, (1) ite 252 1 (5.11)
Ift+e¢, < téi, we have
_ "+ ex)(t + &) 1
80, (1) = 8(1) = g(F + ) + T < (1) + 8. (5.12)
Ifr > é, we have g; (1) <g'(t) + ¢yt from which
1
g0, (1) < glio) + / (5/(5) + eus) ds
4]
t 2
, ent
< g(t) +/0 (8'(s) + &n8) ds = g(to) + g(1) + > (5.13)

By (5.11), (5.12) and (5.13) we obtain the result with the constant

O

1 1 ¢'(1
C>mw{§§ULgm%§gE)}

6. Passage to the limit

Let us consider for every ¢, (¢, is the sequence defined in the previous Section 5)
the sequence of integral functionals

F, (v) = fQ gz, (I1Dv]) dx, (6.1)

where g (t) is defined through its derivative ggn (t) by (5.1) and (5.2). Let u €
Wll)’cl(Q; R™) be a local minimizer of integral (4.1), i.e. g(|Du|) € Ll (Q) and

loc
Fw)<F(u+ ¢) for every ¢ € Cé (Q; R™). Let Bg be a ball of radius R such that
Byr CC Q and let 0 < 0 < min{l1, R}. We indicate by us a sequence of smooth func-

tions defined from u# by means of standard mollifiers. Then u, € WL2(Bg; R™). Let
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ug, s be a minimizer of the integral F, (v) in (6.1) that satisfies the Dirichlet condition
Ug, o = Ug on the boundary 0Bg, i.e., since Fg, has a quadratic growth,

/gg,, (1Dus, o) dx</ go, (IDV]) dx, Vv e Wl2Bri R") +up.  (62)
Br Br

By results of previous Section 5, for every &,, g, satisfies conditions (3.1), (4.2) (with
suitable constants N(g,) and M (¢,)) and (3.5) with constants H and K not depending
on ¢,. Therefore we can apply to g, the a priori estimate obtained in Theorem 4.1

obtaining that for every ¢, and for every ball B, of radius p < R there exists a constant
1

C1 (independent on N, M, ¢,, o) such that, for some constants f3, o< p < %, we have

1

T3¢
2—fn =5
| Dty 7L geny < C { /B (14 g5, (1Dus, o) dx} . (6.3)
By the minimality of u,, , we can write that
/ 8z, (1Dug, ol) dx < / ge, (1Dugl) dx, 6.4)
Bpr Bg
and by (5.10) and the properties of mollifiers we obtain
/ 8e, (1Dugl) dx < C2 {/ (I + g (1Dugl)) dx +8n/ IDualde}
Bg Bg Br

< Cz{/ (1+g(|Du|))dx+8,,/ |Du(,—|2dx}
Bris Br
< C3(0). (6.5)

From this chain of inequalities and (6.3) we obtain as a consequence

1

e
2- =

1D, o2 en < Ca (1+ g (IDu)) dx +&, | |Dugl*dx
LBy R Brio

Br
< Cs(0). (6.6)
Then for every fixed o, |Dug, | is equibounded with respect to ¢,. Hence, up to a

subsequence, u,, , converges in the weak™ topology of Wl'oo(Bp; R™*™) to a function
we for some w,. Going to the limit for ¢, — 0 in (6.6) we obtain

1

_ W-FS

1Dwel 20 e <Ca (14 ¢ (|1Dul)) dx : (6.7)
LBy R0 Brio
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Hence, we also have that | Dwg| is equibounded in L*°(B,,, R"*") and it is still possible
to take a subsequence which converges in the weak™ topology of L*°(B,, R™*") to a
function Dw for some w.

We will prove that w = u. Let us consider ¢, sufficiently small in dependence on a;

1
more precisely, fixed o, we consider ¢, <&, (0), with g,(g) such that ﬁ > [C5(g)] 2P
where Cs5(0) is the constant obtained in estimate (6.6). Then we have by (6.6) that
[Dug, o < é By the definition of g, (f) we can calculate

| ey f0<r <P + o, »
gSy, (t) - _ £ g/([_+6,1)(t_+8”) e 7 L ( . )
gt) — gt +e) + 55— if i +e <1<,
and hence we can write that
_ _ 1
gt)<g(t+ey) + g, @), t+8n<t<8—- (6.9)
n

By lower semicontinuity and (6.9) we obtain

/ g (|Dwg|) dx < liminff g (I1Dus, 41) dx
& 0 Br

—
B, n

< liminff 8e, (1Dug, ol) dx.
Bgr

&, —0

From (6.4) and (5.10) we can deduce that g;, (|Dus, o) is bounded with respect to &,
and then we can apply in (6.4) the dominant convergence theorem obtaining

timint [ g, (1Dus,ol) dx< [ ¢ (Dugl) dx< [ g(ul) dx.
Bg

8,1—>0 BR BR+(;

By resuming we have, for every p < R,

/ g (|Dwgl) dng g (|Dul) dx. (6.10)
B,

BRrig

Again by lower semicontinuity and by (6.10) we have

/ g (|Dw)) dxgliminf/ g (|Dwg)) dxéf g (|1Du)) dx.
Br a—0 Br

Br

Now, our assumptions on g do not guarantee uniqueness of the minimizer for the
Dirichlet problem. However g(||) is locally strictly convex for || > 1, then we can
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conclude as in [19] that w = u. Going to the limit for ¢ — 0 in (6.7) we get

1
o ]T/;'h‘)
1Dwl} Ly ey <Ca {/B (1 + g(1Du))) dx} . ©.11)

Hence estimate (6.11) holds also for Du. Therefore we completed the proof of Theorem
A.

Theorem B follows by Theorem A with some simplifications; below we give an
outline of its proof.

Outline of the proof of Theorem B. We first observe that assumption (2.12) implies

that lim,—, 1 g'(t) = I € (0, +00) and hence there exist 7y such that gltﬁ < 1 for

every t>tg. Thus, condition (2.13) can be rewritten as

2
"(1)\ 2F ” ‘(¢
H <g7()> P <g <K gT(), Vi =1,

where ff = % — 2% Since the case y = 1, corresponding to the assumption H % gg” ()

<K % is easier to be treated, we limit ourselves to consider here y > 1; in this case

we have ff = 5 - zl* > % and we are in the conditions of Theorem A. Moreover, the
function g'(¢) has the Ap-property. This make immediate Lemma 4.2 and that is why
in the right-hand side of final estimate (2.14) there does not appear the exponent f§

(see also Remarks 1.2 and 5.1 in [19]).
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