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Abstract

In this paper we present a new extension of a celebrated Serrin’s lower
semicontinuity theorem. We consider an integral of the calculus of varia-
tion [, f (z,u, Du)dz and we prove its lower semicontinuity in Wlloc1 (Q)
with respect to the strong L},. norm topology, under the usual continuity
and convezity property of the integrand f(z,s,&), only assuming a mild
(more precisely, local) condition on the independent variable x € R™, say
local Lipschitz continuity, which - we show with a specific counterexample

- cannot be replaced, in general, by local Holder continuity.
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1 Introduction

The aim of this paper is to determinate some new sufficient conditions for lower
semicontinuity with respect to the strong convergence in L}, . for functionals of
integral type

F(u,Q) = /Q f (#,u(z), Du(z)) dz, 1)

where ) is an open set of R", u varies in the Sobolev class VVlloc1 (), Du denotes

the gradient of w, and the function f = f(z,s,), for z € Q, s € R, £ € R,
satisfies the conditions

f is continuous in Q x R x R"™,
f is nonnegative in Q x R x R™, (2)
fx,s,€) is conver in £ € R™ for all (z,s) € Q x R.



The integral functional F is lower semicontinuous in Wzlocl () with respect to
the strong convergence in L}Oc if, for every up,u € Wlicl (Q) such that up, — u
in L}, (), then

liminf F (up, Q) > F (u, ).

h—+oco
Since the example given in 1941 by Aronzjain (see Pauc [15]; in particular
page 54), it is known that condition (2) alone is not sufficient for strong lower
semicontinuity of the integral F' in (1). Serrin published in 1961 an article
[16] proposing, in addition to (2), some sufficient conditions for strong lower
semicontinuity. One of the most known and celebrated Serrin’s theorem on this
subject is the following one (see Theorem 12 in [16]).

Theorem .1 (Serrin) Let f satisfy, in addition to (2), one of the following
conditions:

(a) f(z,s,§) — +oo when || — +oo, for all (z,s) € Q x R;
(b) f(x,s,£) is strictly convex in & € R™ for all (x,s) € Q@ x R;

(c) the derivatives fy(x,s,§), fe(z,s,§) and fez(x,s,&) exist and are continu-
ous.

Then F(u, Q) is lower semicontinuous in Wllocl(Q) with respect to the strong

convergence in L} .

Many attempts have been made to weaken the assumptions on the integrand
f. Serrin himself gave in 1961 the following further result (see Theorem 11 in

[16]).

Theorem .2 (Serrin) Let us assume that f satisfies (2) and the following
(uniform) continuity condition

|f(@1,51,8) = [z, 82, )] < AlJer — @2 + [s1 = s2]) - {1 + f(z1,51,€) ), (3)

for every (x1, 1), (x2,52) € Q& X R and for all £ € R™, where A is a modulus of
continuity. Then
l}zminf F (up, Q) > F(u,Q),
— 400
for every up,u € Wllm1 () such that up, — u in L}, (Q), assuming in addition
that u € C°(9).

The aims of some further studies in the direction of Theorem .2 tempt to
remove the assumption of continuity of u and to weaken the uniform continuity
condition (3) on f. Dal Maso [3] in 1980 gave the following lower semicontinuity
result, without continuity assumptions on the limit function u (and in fact Dal
Maso was able to extend his analysis to u € BV(2), the functional space of
functions of class L' (2) with bounded variation, also considering more generally
sequences of integral functionals which T'-converge). However Dal Maso had to
introduce some coercivity and growth conditions, as follows.



Theorem .3 (Dal Maso) Let us assume that f satisfies (2), (3) and that there
exist functions m,q € C°(2), with m(x) > 0 for every x € Q, and a positive
constant M such that

m(x) [§] < f(x,5,8) < M[¢]+q(z),

for every (z,s,€) € Q x RxR"™. Then F(u,Q) is lower semicontinuous in

V[/lloc1 (Q2) with respect to the strong convergence in Llloc.

Let us also mention that Dal Maso himself, revisiting the already quoted
example by Aronzjain [15], emphasized that the continuity of f with respect
to (z,u) alone is not sufficient for lower semicontinuity of F(u,(2) in L!. See
Section 4 of this paper for further details.

A recent extension of Theorem .2 is due to Fonseca and Leoni (see Theorem
1.1 in [10], where the case u € BV () is considered too; see also [11]).

Theorem .4 (Fonseca - Leoni) Let f(z,s,&) be a Borel function, convex with
respect to & € R™. Let us also assume that, for every (xo,s0) € Q x R and for
every € > 0, there exists 6 > 0 such that

f(w()szag)_f(anaf)§5{1+f(m78a§)}7 (4)

for every (z,s) € Q& x R such that |x — xo| + |s — so| < § and for all £ € R™.
Then F(u,Q) is lower semicontinuous in I/Vlloc (Q2) with respect to the strong
convergence in Lj,..

Notice that assumption (4) is a kind of lower semicontinuity of f with respect
to (z,s) € Q x R, uniform with respect to £ € R"™. Lower semicontinuity of
integrands of the type f(z,§) with respect to x € € has been pointed out by
Fusco [12] in 1979, as a necessary condition for lower semicontinuity of the
respective (one-dimensional) integrals with respect to the strong convergence in
LY(Q), on discussing the case of linear growth, with f(x,¢) = a(z) [£].

As already said, Theorems .3 and .4 has been obtained, respectively by Dal
Maso and by Fonseca and Leoni, in the more general setting of BV (Q), the
subspace of L! (Q) whose functions have bounded variation. We quoted above
the particular case when wup,u € V[/lloc1 (), for a better comparison with the
other results presented in this paper.

Some researches, as in Theorem .4, had the aim to relax the assumptions
on f(z,s,&) related to the dependence on s, starting from a result in [7] by De
Giorgi, Buttazzo and Dal Maso in 1983.

Theorem .5 (De Giorgi - Buttazzo - Dal Maso) Let f = f(s,£) be a non-
negative Borel function, convex with respect to & € R™, only measurable with
respect to s € R, although lower semicontinuous with respect to s € R at £ = 0.
If
O _ +
hnsup (5:0) = F(5.)

€ Lj,.(R),
|€]—0 |£| :

then F(u,Q) is lower semicontinuous in W= (Q) with respect to the strong

loc
convergence in L}, .



Theorem .5 has been generalized in 1987 by Ambrosio [2], and in 1990-91 by
De Cicco [4], [5] to the BV () setting. In [10] Fonseca and Leoni obtained the
same conclusion of Theorem .5 for integrands f(x, s, ), depending explicitly on
the x variable too, under the assumption of uniform continuity of f with respect
to = € Q, similarly to (4).

From the above exposition it should be clear that the dependence of f on
(z,s) must be treated carefully in studying lower semicontinuity of the inte-
gral F(u,Q) with respect to the strong convergence in L'(Q2). Of course (z, s)
dependence gives some difficulties in the proofs, which are not only technical
difficulties, since the existence of a counterexample to lower semicontinuity un-
der explicit (z,s) dependence of the integrand f. In particular measurability
of f(x,s,&) with respect to (,s), or only with respect to x, is not appropri-
ate for strong lower semicontinuity. As already mentioned, Fusco [12] gave
a one-dimensional example, related to the integrand f(z,&) = a(z) |£], where
lower semicontinuity with respect to x was a necessary condition; in this con-
text we refer also to the example in [14], related to an integrand of the type
f(z,€) = a(x) |§|2, which may have a relazed functional in the strong L' norm
topology identical equal to zero, although the coefficient a(x) is a nonnegative
function, not identical equal to zero (thus the corresponding integral F(u, ()
is not lower semicontinuous). In Section 5 of this paper we will give further
details, as well as we will propose a coercivity condition also sufficient for lower
semicontinuity in L}, .

In this paper we consider specifically the dependence of f(x,s,£) with re-
spect to x € €. In the previous results some qualified assumptions of uniform
continuity, or of uniform lower semicontinuity, of f(z,s,£) with respect to x
have been made (in the sense made more precise in the statements). On the
contrary, in this paper we propose a new simple condition, in addition to (2),
sufficient for lower semicontinuity. In fact we assume that f(x,s,£) is Lips-
chitz continuous with respect to x, locally respect to (s,&) and not necessarily
globally. That is, we do not assume that the Lipschitz constant is uniform for
(s,€) € RxR"™ This main difference allows us to obtain, as a corollary, an
improvement of Serrin’s Theorem .1(c); in fact we get the lower semicontinuity
of F(u,$2) under the only assumption that the derivative f,(x,s,§) exist and is
continuous, condition which clearly implies Lipschitz continuity of f on compact
subsets of Q x R x R™, but not necessarily Lipschitz continuity of f on the full
set Q@ x R x R"™.

One of the main results of this paper (an other is Example .11) is the fol-
lowing Theorem .6. It has as a direct consequence Corollary .7, which of course
generalizes Serrin’s Theorem .1(c).

Theorem .6 Assume that f(x,s,£) satisfies (2) and that, for every compact
set K C Q2 x R x R", there exists a constant L = L(K) such that

[f(z1,8,8) = (2,5, )] < Loy — xof, ()

for every (z1,s,€),(x2,5,&) € K. Then the integral F (u,Q) in (1) is lower
semicontinuous in W, (Q) with respect to the strong convergence in L}, (Q).



The proof of Theorem .6 is divided in several steps. In one of these steps
we use an approximation procedure, due to De Giorgi [6], of the integrand f
by a sequence f;, each f; being the maximum of a finite number of functions
g(x,8,8) = ap(z,s) + >y ai(z, s)&;, linear with respect to &, with coefficients
ap(z,s) and a;(z,s) (1 =1,2,...,n) as in (18), which can be reduced to have
compact support in 2 x R. By this reason it is enough to assume local Lipschitz
continuity of f with respect to z as in (5), and not necessarily global Lipschitz
continuity.

Direct consequence of the Theorem .6 is the following result.

Corollary .7 Assume that f(x,s,&) satisfies (2) and that the derivative f,(x,s,§)
exists and is continuous (or only locally bounded). Then F (u, Q) is lower semi-
continuous in V[/l{w1 (2) with respect to the strong convergence in L}, .(€2).

In Sections 2 and 3 we will give the proof of Theorem .6. In Section 4 we will
exhibit some examples showing that assumptions made in Theorem .6 (and in
Corollary .7) are relevant for strong lower semicontinuity, in the sense that the
only property of continuity of f(z, s,£) with respect to z € §2 (of course, together
with the other conditions in (2)) is not enough for strong lower semicontinuity of
F (u,Q) in L}, ., although sufficient for weak lower semicontinuity in Wllo’c1 Q).

More precisely, in Example .11 we will compare the assumptions of local
Lipschitz continuity of f with respect to z with the assumption of local Hélder
continuity of f (with respect to x) with exponent o < 1. In fact we will
show that, for every exponent a € (0, 1), there exists an n-dimensional integral
F(u, ) (the dimension n depends on a, precisely n > 4a/(1 — «)) which is not
lower semicontinuous in Lj,, and whose integrand f(z, s, ) is Holder continuous
with respect to x (and of course nonnegative, continuous for (z,s,£) € Q x
R x R™ and convex with respect to £ € R™).

In Section 5 we will show that lower semicontinuity results, corresponding
to those of Theorem .6 and Corollary .7, do not hold in the vector-valued case,
for applications u € Wli’cl(Q,Rm), ie, u:Q CR*— R™ with m > 1, not just
for quasiconver integrands, but under convexity conditions too. Finally, having
in mind some relazation formulas due to Marcellini [14] and Fusco [12], we give
in Proposition .17 a coercivity condition sufficient for lower semicontinuity in
L}, of the integral F(u,) in (1).

Acknowledgment. This research, partially done while Michele Gori was
carrying out his degree thesis in Mathematics [13] at the Universitd di Firenze,
has been supported by the Italian Ministero dell’Universita e della Ricerca Sci-
entifica e Tecnologica (MURST).

2 A preliminary lemma

In this section we give some preliminary results that will be used in the proof
of Theorem .6. The first lemma is a modification of an argument introduced by
Serrin (see the proof of Theorem 12 in [16]).



Lemma .8 Let us assume that f satisfies (2) and that the derivative fe¢(x,s,§)
exists and is a continuous function in Q x R x R™. Let us also assume that, for
every compact set K C Q x R xR™, there exists a constant L = L (K) such that

|f§(xlas7£) - f5($2787§)| S L|.’171 _J;2|7 v ($1,S,§),($2,S,€) € K7 (6)

and, for every compact set K1 C Q x R, there exists a constant Ly = L (K1)
such that

\fg(x,s,fﬂﬁlq, V(Z‘,S)EKl, VfERn,

‘fﬁ(xasvfl) - fg($,8,€2)| S L1 ‘51 - §2|3 v ((E,S) € Kla V€17£2 eR™.
(7)
Then F (u,Q) is lower semicontinuous in W’llocl(Q) with respect to the strong

convergence in Llloc.

Proof. Let us consider a sequence f;(z,s,&) = a;(x,s)f(z,s,€),i=1,2,...,
where {a;},.y is an increasing sequence of smooth functions with compact sup-
port in € x R, converging pointwise to 1 in  x R. It is clear that, for all
i € N, f; still satisfies the hypothesis of Lemma .8 and also vanishes if (z,s)
vary outside a compact set of 2 x R. Moreover f; is an increasing sequence of
functions which pointwise converge to f. Thus, by the monotone convergence
theorem we can go to the limit as ¢ — 400 and, since the supremum of a family
of lower semicontinuous functionals is lower semicontinuous, it is sufficient to
prove the stated lower semicontinuity for the integral functional associated to a
generic integrand «; f. In other words, in the proof of Lemma .8, without loss
of generality, we can assume that the integrand f(x, s, £) vanishes if (z, s) vary
outside a compact set of 2 x R. For the same reason in the exposition below
we will always assume that (z,s) vary on a compact set of 2 x R and that f is
equal to zero in the complement of this compact set.
Let up, u € W' (Q) such that uj, — u in L}, (). We will prove that

loc

liminf F' (up, Q) > F (u, ). (8)

h—-+oco

Without loss of generality, we can assume that uj converges to u almost every-
where in € and that

1;%9_,1_25 F (up, Q) :hEToo F (up, Q) .

Let Q' be an open set whose closure is contained in €, such that f(x,s,&) =0
when 2z € Q — /5 thus in particular F (up,Q) = F (up, ) and F (u,Q) =
F(u,©Q). Let us denote by a, a mollifier and by u, = u * c, the mollified
function of u with step p. Since u € Wlicl (Q), for every € > 0 there exists p > 0
such that

N |Du — Du,| de <¢. 9)



By Fatou lemma we can choose p small enough such that u, satisfies also the
condition

f(z,u,Du,)dx > f(z,u, Du)dx —¢. (10)
94 Q/

We estimate the difference of the integrands in (8)
[, up, Duh) - f(:mu, Du) = f(wvuhaDuh> - f(.%’, Un, DUP) (11)
+f(x,up, Du,) — f(z,u, Du,) + f(x,u, Du,) — f(x,u, Du).
From (11), by the convexity of f(z,s,£) with respect to £, we have
flz,un, Dup) — f(z,u, Du) > (fe(x,un, Du,), Dup — Duy)
+{f(I,Uh7DUp) - f(x,u,Dup)} + {f(a:,u,Dup) - f('rauyDu)}
= (fe(w,un, Duy), Dup) — (fe(x,u, Du,), Du)
+ (fi(x7u7 Duﬂ)v Du — Duﬂ) + (fg(.%‘, U7Dup) - fE(x7uh7Dup)7 Duﬂ)
+{f (@, un, Dup) — f(x,u, Duy)} + {f(z,u, Duy) — f(z,u, Du)} .

We observe that (z,s) — fe(z, s, Du,(x)) is a continuous function with compact
support in xR and that, by (7), |fe(z, s, Du,(x))| < L1 for every (z,s) € QxR
and for every p. We obtain

f(l?,Uh,Duh) - f(x,u, DU) Z (ff(xvuh7Dup)7Duh) - (fg(z,u,Dup),Du)
—Ly |Du — Duy,| + (fe(x,u, Du,) — fe(x, un, Du,), Du,)

+ {f (mvuha Dup) - f ($7U, D’Up)} + {f (x,u, DU,D) - f (I‘,U,DU)} .
We integrate both sides over . By (9) and (10) we have

N {f(z,upn, Dup) — f(x,u, Du)} dx (12)
> N {(fe(z,un, Du,), Dup) — (fe(x,u, Du,), Du)} dx
—|—/S, (fe(x,u, Duy) — fe(x,up, Du,), Du,) dx
—|—/Q, {f(z,up, Du,) — f(x,u,Du,)} de — (1 + Lq1)e.
We can go to the limit as h — 4o0o0. First we observe that, since (z,s) —
f(x,s,Du,y(x)) and (z,s) — fe(x,s, Duy(z)) are bounded functions (in fact

are continuous function with compact support), by the Lebesgue’s dominated
convergence theorem we obtain

th«P Jor (fe(@,u, Duy) — fe(x,un, Du,), Du,) dz =0,

hliT Jo {f (@, un, Duy) — f(x,u, Du,)} do =0.



Since € in (12) can be arbitrarily small, to obtain the conclusion (8) it remains
to prove that

hEToo " {(fe(z,un, Du,), Dup) — (fe(z,u, Du,), Du)} de =0. (13)

With the aim to prove (13), similarly to Tonelli [17], we denote by g(z, s) the
continuous vector-valued function with compact support (¢ : 2 x R — R"?)
defined by g(z,s) = fe(x, s, Duy(x)), i.e., more precisely,

n n

9(@.9) = (90@.9) _ = (Je, (.5 Duyla)) ., -

i=1

Let us first prove that g is Lipschitz continuous with respect to x € Q'. Recall
that (z,s) vary on a compact set of Q@ x R (and out of this compact set f is
equal to zero; in particular f(z,s,€) = 0 when x € Q — Q'); also recall that
& = Du, is bounded. For all 1,2, € Q' and s € R, by using the assumptions
(6) and (7), we have

lg(w1,8) — g(w2,8)| = |fe(w1,8, Duy(w1)) — fe(w2, 8, Duy(w2))]

< ‘ff(th:Dup(xl)) - fﬁ(mQaSaDup(xl)”
+ | fe(@2, 8, Duy(z1)) — fe(w2, 5, Duy(z2))]
< L|zy — x| + L1 |Duy(x1) — Duy(xe)| < Lo |z1 — 24 ,

where Ly = max {L; Ly | Dup |l yyrioe (ar) } As before, let us denote by a,, a molli-
fier with parameter o — 0% (o, € C°(R"), with ay > 0 and [, aq(n) dn = 1);
then we pose

n

) = [ actate—vsitn=( [ aonga-na)

i=1

Let us observe that, if o is sufficiently small, then g, € C%(Q x R), because
g € C2Q' x R) too. Moreover, for every x1,z2 € Q' and for every s € R, we
obtain

19521, 5) = go (w2, 5)| =

/n o (y) [g(x1 —y,8) — g(xa — y, )] dy’

s/ 0o (y) 19(x1 — 1.8) — 922 —y.8)| dy < Lo |y — 2]

Therefore we also have

—(,8)| < Lz, Vi,j=1,2,...n, Y(z,5)€Q xR (14)




For every o > 0 we denote by G, p(z) = (G((f)h(z)> the sequence of vector-
’ 7 i=1
valued functions defined by

wp ()
Gon(x) = / go(x,8)ds.
u(z)

By the chain rule we can compute the trace of the n x n matrix DG}, ; we have

n_9G™
trace DGy p(x) = Y | — 2 = (9o (2, un(x)) , Dup (1)) (15)
i=1 g
n up(x) a gz)
~(go @), Du@) + - [ )i
i=1 v ul® ‘
Since also G, () vanishes outside €, it results
DG, p(z)de =0, VheN. (16)

Q/
From (15), (16) and (14) we deduce that

|, [go (z.un(@)), Dun(z)) = (90 (2, u(x)), Du(@))} dz

n un(z) g
_/ Z/ 99 (x,5)ds p dx
Q | i= u(z) sz

We go first to the limit as ¢ — 07 (and h fixed). We obtain the same inequality
when in the left hand side g, is replaced by g. Thus we also have

<nly | Jun(e) — ()] do .
Q/

o {(fi(x’uh’DuP)7Duh) - (fE(xau’ Dup)’Du)} dx

. {(9 (@, un(z)), Dup(x)) — (9 (z,u(x)), Du(z))} dx

< nLg/ lup(x) — u(x)| do,
Q/
which goes to zero as h — +oo, since, by assumption, u, — w in L}, ().
Therefore (13) holds and the proof of Lemma .8 is complete. l

The following approximation result has been given by De Giorgi (see [6]).

Lemma .9 If f = f(x,s,£) satisfies (2) and vanishes outside a compact set
of @ x R, there exists an increasing sequence of functions { f;(z, s,f)}jeN that
converges to f(x,s,&) uniformly on the compact sets of Q@ x R x R™ and such
that, for all j € N, f; satisfies (2) and

|f5(,8,81) = fi(2,8,8)] < Lj & — &l (17)

for some constant L; and for every (z,s,&,), (z,5,&) € @ x R x R™.



Proof. We do not give all the details and we refer to the original proof by De
Giorgi [6]. By using the support tangent hyperplanes to the graph of f(z,s,§),
up to a regularization procedure, De Giorgi shows that, for every j € N, f; can
be defined as the maximum between the zero function and a finite number of
(affine with respect to £ € R™) functions of the type

n

g(l‘, Saf) = a0($78> + Zai(‘ras)fi'

i=1
For the use that we will make in the next section, we recall that the coefficients

a; (i=0,1,2,...,n) are given by

— Jan f(x,5,m)Dsa(n)dn, Vi=1,2,...,n
(18)
= Ju F(@,s,m {(n+ Daln) + 322, miDia(n)} dn,

for some mollifier a € C°(R™), with a > 0 and [p, () dn=1. W

3 Proof of theorem 6

In this section we will prove Theorem .6. With the same argument used at the
beginning of the proof of Lemma .8, without loss of generality, we can assume
that f(z,s,&) vanishes outside a compact set of 2 x R. Therefore we can also
assume that Q is a set with finite measure (we will use this remark in the
definition (20) of the integral F;(u, ().

Let {f;(z, 575)}]‘61\1 be the increasing sequence that pointwise converges to
f(x,5,€), as in Lemma .9. Let us denote by ¢, a mollifier (¢, € C*(R"), ¢, >

0, ¢,(n) = 0if [n| > p, [z. v,(n)dn = 1) and, for all 7 € N, by fio = fi*p, the
mollified function of f;, with respect to the variable £ € R", with step p. That
is, for every j € N and p > 0, the function f;,: 2 x R x R" — R is defined by

ijl)(x’ 5’5) = an fj(x’ 5,8 — 77)90;)(77) dn.

By the Lipschitz continuity (17) of f; with respect to £ € R™, we have

ol = (@0 < [ 1@ e = 5.l e,n dn

< / Lj|nle,(m)dn < Ljp.
supp ¢,

Thus we can choose p = p; =: 1/ (jL;) — 0 so that

Fe88) == < £y, @05, = 5 < fles§) < f@sg), (19)

10



for every (z,s,&) € Q@ x RxR™. By the monotone convergence theorem we have

lim /fja?u , Du(x /fa:u , Du(z)) dx.

j——+oo

Thus, if we consider the sequence of integrals

Fj(u,Q) = /Q {fj,pj (x,u(z), Du(z)) — %} dz, (20)

by (19) we obtain that F;(u,Q) converges, as j — 400, to the main integral

= [ f( Du( )) dz, and at the same time Fj(u, Q) < F(u, Q) for
every ] eN. Therefore F(u,Q), being the supremum of the family of functionals
{£F(u, D)}, will be lower semicontinuous if every of such Fj(u,Q) is lower
semicontinuous.

Thus we must prove that, for every fixed j € N, the integral functional Fj in
(20) is lower semicontinuous in V[/lloc1 (2) with respect to the strong convergence
in L},,. To this aim we apply Lemma .8. Of course fiw, (z,s,€) satisfies (2)
and (17); thus it satisfies also the bound for the derivative in (7). It remains
to verify that f;, (z,s,€) also satisfies the second assumption in (7) and (6).
We first compute the n partial derivatives of f; , with respect to the gradient
variable &, i.e., we compute the vector field 8fj7,,j /O

8fj,pj 850/)1
8€ (:Casag)*‘/Rnfj('rasag*n) 85 ( )dﬁ
Then from (17) we deduce that
8fj,pj fJ7p7

< M]L] |£1 _€2| )

ag (xasagl) 85 ( s 52)
for every (z,s,£,),(x,s,&;) € Q x R x R™, where

Op o
23

M; =

()| dn. (21)

R

Therefore the second assumption in (7) is satisfied. To prove (6), we recall that
fi(z,s,&) is the maximum between the zero function and a finite number of
affine functions, with respect to £ € R™, of the type

g(l’,S,g) :aO(x7s>+Zai(an)§ia (22)
i=1
where the coefficients a;(z, s) (i = 0,1,2,...,n) are given in (18). From assump-

tion (5), of local Lipschitz continuity of f Wlth respect to x, for every compact
set K C Q x R x R" and for every (z1,s,§), (22,,£) € K we have

|f($1a$v§) - f(x2757£)| < L|Z‘1 —$2|,

11



for some constant L = L(K). Then the coefficients a; (i =0,1,2,...,n) in (18)
are locally Lipschitz continuous with respect to x too; in fact, for example, for
every ¢ = 1,2,...,n,

an {f('rlasvn) - f(5'327577l)}Dz‘04(7l) d77

lai(w1,8) — ai(z2,s)| =

S mlL(K) IfL‘l —1‘2‘ 5

for every (x1,s), (z2,s) which vary on a compact set K of Q@ x R (in fact the
two points (x1,s,7), (x2,s,n) vary in the compact set K = K X supp ) and
Oa

m; is given by
mi = -
=)l

Therefore the affine functions g(z, s, ) in (22), since £ vary on a bounded set,
are local Lipschitz continuous with respect to z, for (z,s,{) € K. Finally
fi(x,s,£), being the maximum between the zero function and a finite number
of affine functions of the type of g(z,s,€) in (22), is local Lipschitz continuous
with respect to z, i.e., for every compact set K C € x R x R", there exists a
constant L = L’(K) such that

|fj($1787£) - fj(x233a6)| < L;(K) |$1 - $2| 3
for every (z1,s,¢), (22,5,€) € K. For the same values of (z;,s,§), i = 1,2, we

deduce that
Ofjn, _ 9fip,
o0& o0&

(77)‘ .

(x17s7§) (.'1/'2,8,5)’

S/ Ifj(xl,s,é—n)—fj(wg,s,E—n)l-‘prj(n)‘ dn
o :

S MJL;(KI) ‘.’L‘l — 33'2‘ N

where M; is the constant in (21) and K’ is a suitable compact subset of Q X
R x R" containing K. Therefore also the assumption (6) is satisfied and the
proof of Theorem .6 is complete.

4 Aronzjain-Dal Maso’s example revisited

In this section, and in the next one, we collect some examples, partially known,
partially new or revisited, modified and adapted to a more general context, with
the aim to introduce some parameters which will allow us to test more carefully
the assumptions. More precisely, we will show that the assumption of continuity
alone of f(x,s, &) with respect to x € Q (together with (2)) is not sufficient for
the lower semicontinuity of the integral functional F (u, Q) with respect to the
strong convergence in L} () (see Example .10). Then, with a more precise

loc
analysis of some parameters and with the study of the n-dimensional context,

12



we compare in Example .11 assumptions of Lipschitz continuity of f with respect
to x with the weaker assumption of Holder continuity.

The first example that we propose in this section has been inspired by an
old example by Aronzjain in 1941 (see Pauc [15], starting from page 54), more
recently exploited by Dal Maso (see Section 4 in [3]). In the new version pro-
posed here we consider, in particular, a simplified sequence uy, ; as already said,
this simplification will allow us to compare Lipschitz continuity versus Hélder
continuity of f with respect to x. Notice also that the original example by
Aronzjain is related to a multiple integral, i.e., with n = 2, although Aronzjain’s
integrand f(z, &) does not explicitly depends on s. A one-dimensional version
of Aronzjain’s example was known to Dal Maso, who gave us some handwritten
notes on the subject.

In this and in the following section we propose several examples; for com-
pleteness we also mention the case considered by Acerbi, Buttazzo and Fusco
[1], with the main difference that their example is posed in the vector-valued
setting of polyconver integrands, but similar to the next two examples, at least
for two aspects: the fact that the integrand f(x,s,¢) = |a(x,s) & — 1] has not
minimum at £ = 0 and the L* convergence of the sequence uy. Other simi-
larities seem to exist, and we hope to come back to the vectorial setting in the
future.

Example .10 Let Q be the open interval (0,2m). Let up be the sequence (con-
verging to u = 0 in L (), but not in the weak topology of WH(Q)) defined

by
up(x) = 2ih (1 - icos (4%)) :

Then there exists a function a(x,s), bounded and uniformly continuous for

(z,5) € Q xR, such that, if we define
f(xasag):‘a(mas)g_ua $€QCR,SER,€ER,
then

lim F(u,,Q) = L " dr =0
,lm (un, Q) higlmfng(x,Uh,uh) r=0,

while of course
F(u,Q) = / f(2,0,0) de = 2m.
Q

Thus in this case the integral F' is not lower semicontinuous with respect to the
strong convergence in L (), although f(x,s,£) is a continuous nonnegative
function, convex with respect to &, i.e., [ satisfies (2).

Proof. Let us observe that, for every h € N,

min {un(z) : @ € (0,20} = 5 (1 - 1)

13



1 1
> gt (1 * z) = max {un41(2) : @ € [0, 27]};

thus the graph Gj, = {(z,5) € A xR : s =wup(z)} of uy is disjoint from the
graph of w1, more precisely, they have positive distance each other. We will
first define the function a(x, s) on a subset of the union (J, oy G -

With the aim to define this subset, we notice that, for periodicity reasons,
for every positive A the measure of the set {z € [0,2x] : [sin(ma)| < A} does
not depend on the integer m. Moreover, since for x > 0 sufficiently small
sinz > /2, then for the same x values (i.e., for A > 0 sufficiently small) the
following inclusion holds {z : sinz < A} C {x: /2 < A}. This implies that
the measure of the set {x > 0 close to zero such that sinz < A} is less than 2.
Taking into account the three zeroes x = 0,7, 27 of the sinus function in the
interval [0, 27], finally we have

meas {z € [0,27] : [sin(mz)| < A} <8\, VmeN (23)
Let us denote by Fj the open subset of [0, 27] given by
Ep={ze[0,2n]: [sin(4"z)| <h27"} .

By (23) we have meas (E;,) < h2~"*3. For every h € N we compute the deriva-
tive uj,(z) = 2""%sin (4"z). We define the function a(x,s) on the following
subset of the union {Gp}),cy: if 2 € [0,27] — By and s = up(x), then

1 1
u (z)  2h2sin (4hx)

a(x,s) =

Since h by h the graphs G, are disjoint sets of 0 x R, then the above definition
is consistent. Here we use the relevant fact that the derivative wj, of uy, as
h — 00, diverges (in absolute value) for x € [0, 27] — E}, (otherwise we should
expect lower semicontinuity of the integral F); in fact 272 |sin (4h.’L‘)’ > h/4
for every x € [0, 2] — E},. Therefore 1/u},(x) converges to zero as h — +oo and
we can also define by continuity

a(z,s) =0, if z€0,2n] and s =0.

At this stage the function a(x, s) has been defined as a continuous function on a
compact subset of  x R. Then it can be extended to the full Q x R remaining
uniformly continuous (and bounded) on © x R.

By definition, for every h € N and for = € [0,2n] — E}, , we have

[ (@, un (@), up (2)) = la(z, un(x)) up,(z) = 1] = 0.

Thus, since |uj,(z)| = 22 |sin (4"z)| < 2"72h27" = h/4 for x € Ej, and
meas (E),) < h27"*3, if we denote by M > 0 a bound for a(z, s) in Q x R, we
obtain

/ f(‘rvuhvu;L) de = f(xvuhvu;z) dx
Q En

14



= [ et @) i) < 1] da

Mh .
< {M|up(z)| +1} dz < <4 + 1) h27"3,
Ey

which converges to zero as h — +oo. l

Let us go back to the main Theorem .6, in particular to the assumption that
f(z,s,€) is Lipschitz continuous with respect to x, locally respect to (z,s,£),
i.e., for every compact set K C 0 x R x R", there exists a constant L = L(K)
such that

|f(x1a3v§) - f($2,8,£)| S L|J)1 —l‘2|,

for every (x1,s,&), (x2,s,£) € K. We may ask if we can assume a less restrictive
local continuity assumption of f with respect to x. For example, we may ask
if Theorem .6 holds under the only assumption that f(z,s, &) satisfies (2) and
is Holder continuous with respect to x, locally respect to (z,s,§), i.e., there
exists a real number « € (0,1) with the property that, for every compact set
K C Q xR x R", there exists a constant L = L(K) such that

|f($1a87§)_f(x2757§)| Slel_x2|a7 (24)

for every (z1,s,§), (z2,5,§) € K.

By the next example we give an answer to this question; in fact we will prove
that, for every exponent o € (0, 1), it is possible to find a nonnegative continuous
integrand f = f,(x,s,£) (depending on a too), convex with respect to £ € R,
satisfying the Holder continuity property (24), but whose corresponding integral
is not lower semicontinuous, even in C*°(Q), with respect to the strong L°°()
convergence.

We emphasize that, in the next example, we do not consider an arbitrary
independent dimension n > 1, but we impose the constraint

4o
> 25
n>S— (25)
on the dimension, or equivalently the constraint
n
< 26
@ n—+4 (26)

on the Holder exponent . The less restrictive constraint o < 1/3 is assumed
when n = 1. Thus it remains open the interesting question to know if, for every
n € N, there exists a critical exponent a(n) such that the integral (1) is lower
semicontinuous with respect to the strong convergence in L}, . under the usual
condition (2) and the Holder continuity property (24) for some exponent « such
that a(n) < o < 1. In particular we may ask if, for example, the integral (1) is
lower semicontinuous in the one-dimensional case n = 1, when the integrand f
is Hélder continuous with exponent « > 1/3.
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Example .11 We use notations similar to the previous FExample .10, with some
parameters. Thus let Q be the open hyper-rectangle (0,27)" C R™. For h € N
let up(x) = up(x1, 22, ... ,2,) be defined by
n(x) = ; 1 1- }cos (bpzi) ), (27)
“ 4

iz h
with {an}, {bn} sequences of positive real numbers diverging to 400 as h — +00.
Thus up, converges to w =0 in L°(Q). Then, for every a € (0,1), if

4o

n >
1—a’

(28)

there exist {an}, {bn} and a vector-valued function as : Q2 x R C R® x R — R"™
with the properties:

(i) ao(z, 8) is bounded and uniformly continuous for (z,s) € Q x R;

(i) for every s € R, aq(x,s) is Holder continuous (of exponent o) with
respect to x € Q; more precisely, there exists a constant L such that

laa(z1,8) — an(72,8)| < L|zy — 22|", Va2 € QCR", Vs ER;
(iii) if we denote by (-,-) the scalar product in R™ and we define
fal2,5,6) = [(aa(r,8),&) — 1], 1€Q, seR, £ €R",
then fo(x,s,&) satisfies (2), the Hélder continuity property (24) and

lim inf/ fo (x,up, Duy) de =0; / fo (2,0,0) dz = (2m)" . (29)
h—+o00 Q Q

The same construction for the one-dimensional case n = 1 has all the stated
properties, under the less restrictive assumption (instead of (28)) that o < 1/3.

Proof. Step 1 (definition of a,): passing to a subsequence if necessary (this
is the reason to have in (29) the limit inferior, instead of the limit, that, however,
can be easily reduced to became a limit), we can assume that the graphs of the
functions uy, are disjoint; more precisely that

3n on

min {up(z) : z € [0,27]"} = 1, > daney max {up+1(x) : = € [0,27]"}

for every h € N. With similar notations as in the previous example we define

Ej ={x; €[0,2n] : |sin (bpxs)| < An}, i=1,2,...,n,

E, = {x = (z1,%2,...,2,) € [0,27]" : Zsin2 (bpz;) < /\i},

i=1
where {An} is a sequence of positive real numbers converging to 0 as h — +o0.

We have _
meas (Ej) <8\,, VheN, Vi=1,2,...,n, (30)
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and7sinceEhCE}L><E%><...><E}L‘7

meas (E) < 8" (\p)", VheN. (31)
The partial derivatives of uy(x) are equal to
b
ZZ}: = ﬁsin(bhxi) , 1=1,2,...,n,

and, for x € [0,27]" — E}, we have

n 1/2
bh 2 bh
| Dup(z)| = . {iz_;bm (bhmi)} > —\p. (32)

~ day,

Similarly to the previous example, we define the vector-valued function a,(z, s)
on a part of the graphs of the functions uy . Precisely, for every h € N and for
z € [0,2n]" — Ej, and s = up,(x), we define

Duh
ao(z,5) = —, (33)
|D'U,h‘2
i.e., with the notation aq(z, s) = (af,(z, s))::1 , we define
; Oup, 1 day, sin (bpz;)
aa(x,s) = : 5 = n ) .
0xi  |Duy| by, ijl sin” (brx;)
We have 4
an
|aa (2, 5)| = (34)

/2"

by, {E?Zl sin? (bhxj)}
We also define a,(x,0) by continuity
an(z,8) =0, if z €]0,27]" and s = 0;
to this aim, since up(x) — 0 as h — 400, we impose the condition

4ah

max {|aq(x,s)| : x € [0,27]" — Ep s = up(x)} = b,

— 0, as h— +oc.

(35)
At this stage the vector-valued function a, (x, s) has been defined as a continuous
function on a closed subset of Q@ x R. In Step 2 we will extend it to the full
Q x R.

Step 2 (extension of a, to QxR): fixed h € N, the vector-valued function
ao(z,5) has been defined in Step 1 at the points (z,s) € Q x R related by the
conditions z € [0,27]" — Ej, and s = uy(z) (the function a,(z, s) has been also
defined for s = 0 with the zero value). In fact, for every fixed h € N, a,(z, )
has been defined at the points (z,s) of the set R, C Q x R (a subset of the
graph of up,) given by

Ry ={(z,8): z€[0,2n]" — Ep, s=up(x)}.

17



Recalling the analytic expression of uy in (27), the set Ry is contained in the
hyper-rectangle

{(x,s): x € [0,2n7]", %.£<S<E.£}.

ap, 4 ap,

We will extend aq(x, s) to the larger hyper-rectangle R} C Q x R, given by

1 n 3 n
R’hz{(x,s): z € [0,27]", 5-a§s§§-a}.

First we define aq(2,s) = 0 when s = 52~ and s = 2?:1—’:1, so that a, will be
continuously defined passing from an hyper-rectangle to an other; in fact we
extend a, also equal to zero out of the union U, R),. Note that, passing possibly
to a subsequence, we can assume that R N R} = O if h # k.

In order to estimate the oscillation |aq(21,81) — aa (@2, s2)| when (z1,s1),
(x2,82) vary in R}, we first consider (x1,$1), (z2,s2) € Rj, and we prove the
following Lipschitz estimate (with constant depending on h)

16n - ap
|aa (1, 1) — aa (w2, s2)| < —a w1 — @2 . (36)
h
In fact, under the conditions x1,xs € [0,27]" — Ep, s1 = up(21), s2 = up(x2)
. . ; n s\ T s\ T
and with fnhe notations aq(x,s) = (af,(x,s)),_,, z1 = («1),_,, x2 = (23);
for every i = 1,2,...,n we have

|l (z1,51) — al (22, 50)| = “an sin () __sin (bnz)

T [y sin? (bhgjzl') S sin? (bhxg)

< dan |sin (bhxi) — sin (bhxé)‘

b Sy sin? (b))

4ay, - ‘sin (bhmg)’

b Sy sin? (b ) - S0 sin® (b ; {sin? (bna]) —sin® (baf) }.

Since 1,22 ¢ Ep, we also have 37, sin?(bpa?) > A2 and > sin?(bpal) >

)\i; therefore, by the Lipschitz continuity of the sinus function, we obtain

+

. . dayp, . . 4ay, n . .
|a, (1, 1) — aly (22, 52)| < Y by |2 — ab] + m ) 2bh; ‘le - :c;‘ )
Since this estimate holds for every ¢ = 1,2, ..., n, for the modulus of the vector

field aq(z1,$) — an(z2,s) we obtain
4a 2n
|aa (21, 81) — an(x2,82)| < /\—Qh <1 + ) |x1 — xa] .

2
h Ah
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The sequence A, converges to zero as h — —+oo; therefore, as h is sufficiently
large, we get the proof of (36). Of course (36) also gives

16n - ap

(71— 22|+ [s1 = s2|) (37)
Ah

laa (71, 51) — (T2, 52)| <

for every h € N and for every (z1,$1), (z2,82) € Ry, with s1 = up(x1), s9 =
up(x2).
Recalling (34), we have the bound

4a
max{|aa(x, S)l: (37,8) S Rh} = h ;
bn A
therefore, if (1'1751) S Rh and (172,52) S R;L with either s = #}L or § = % , we
deduce that
4(Lh
@0 (21, 51) = @a (22, 52)| = |aa (21, 51)] < 5
hAR
and, since |s1 — 2| > % . %’
16 a? 16 a2
an(x1,51) — ag(T2,82)| < ho sy — 89| < h (o — = s1 — 82|) .
|aa (21, 51) — aa(x2,52)| < b A 51— 52| < W (|21 — @a| + |51 — s2])

By (35) we have ;%— — 0 as h — +o0; therefore Z—:)\i — 0 too, which implies

az o noan
nbpAn = Ap

for every h sufficiently large. This proves that the Lipschitz estimate (37) (with
constant depending on h) holds at every (x1,s1), (%2, $2) € R}, where aq(z, s)
has been already defined.

By using Kirszbraun theorem (see Theorem 2.10.43 in Federer [9]) for the
vector-valued function ay, or in a simpler way by applying Mac Shane lemma
to each component of as(x,s) = (aé(m, s))?:1 , we can extend it to the hyper-
rectangle R}, with the same Lipschitz constant as in (37), or, in case of extension
of every component separately, with the same Lipschitz constant times +/n.
That is we have

16 ny/nay,

\ (1 — @2 + st —s2]), (38)
h

|aa (1, 51) = aa (w2, s2)| <
for every h € N and for every (z1,s1), (22, s2) € Rj},. Moreover, by truncating
each component a!,, we can assume that the following bound holds

4\/ﬁah

max {|aq(x,5)|: (x,5) € R} = ,
b

(39)

/

for every h € N and for every (x,s) € R}, .
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Step 3 (Hélder continuity of a,): now the parameter « enters. To test
Holder continuity of a,(z, s) with respect to 2 we fix h € N and ﬁ <s< %
and we estimate

sp { laa (21, 5) — (22, 5)| . (21, 5), (22, 8) € R;L}_ (40)

|1 — @o|*
Let ¢ > 0 be a new real parameter that we will choose later. We estimate the
supremum in (40) separately for |1 — 22| > t and for |21 — zo| < t.
Under the further condition |x; — x| > ¢, the supremum in (40) can be

estimate by computing separately the maximum value of the numerator and
the minimum value of the denominator. By (39) we have

max {|aq (71, s) — an(z2,8)| : (x1,8), (z2,8) € R}, }

8v/nap,

< 2max{|as(z, )| : (z,s) € R} =
brAn

For the same s-values, since |x1 — x2| > ¢, we obtain

o {2a:8) = enfe )

29 (1, 8), (@2,5) € R ax — 2] > t}
|71 — 22|

8
< m . (41)
bpAp t&
While, if |z1 — x| < ¢, we use the Lipschitz estimate (38) (with constant de-
pending on h) with s = s5 = s

16 ny/nap

2 |1 — @2
b

|aa(z1,5) — aa(z2,5)] <

and we obtain

ao(z1,8) — aa(x2,s
sup{ ol lml)— x;i 2:9)| : (21, 8), (2,8) € R}, |x1 — 22 St}

. 16 nynap -

< T (42)
Ah
From (41) and (42) we deduce that
sup { |aa(m1,s) - aa(gm%s” . ((El,S), ((EQ,S) c R;z}
|21 — 22|
16 1 ti-o
< 16nynan . max R (43)
Ah bt N\
The above inequality is valid for every ¢ > 0. We consider the minimum of the
right hand side with respect to ¢t > 0, which is assumed when ﬁ = t/\;e,a , i.e.,
h
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when ¢t = 2—?.We obtain that the Holder quotient in the left hand side of (43)
is less than or equal to

16ny/nan 16 ny/nap
Anbp t& (bh)l—a (/\h)l-‘r?)a :

(44)

Previously we estimated the Holder continuity with respect to x of as (2, s) in
Rj, for every fixed h € N. Thus, to obtain the Hélder continuity of a,(z,s)
with respect to x, with (z,s) € Q x R, we impose the further condition that the
sequence in (44) remains bounded, i.e., that there exists L > 0 such that

an
<L,
(bh)l—a ()\h)1+30t

Step 4 (lower semicontinuity test): let us prove that

YheN. (45)

lim / f(x,up, Dup) dz =0. (46)
h—+o00 Jq

By the definition f,(x,s,£) = |[(aa(z, s),£) — 1| and by (33), for every h € N we
obtain

[ (z,up, Duy) = |(aa(z,up), Dup) — 1| =0, Vze€l0,2n]" — E}.

Thus, since |Duy| < b;;‘h for z € Ej, (see (32)) and meas (Ej) < 8™ (Ay)" (see

h

(31)), we obtain (46); in fact, if we denote by M > 0 a bound for a,(z,s) in

Q x R, we have

/ [ (x,un, Duy) dx = [ (x,un, Duy) dx
Q Ep
M
< [ oriDul 41y ae< {H2 i d e (47)
En 4 ap,

which converges to zero as h — oo, if we assume that Z_:, ()\h)"+1 — 0 as
h — +o0.

Step 5 (compatibility conditions; i.e., necessary conditions): looking
above, we required the following limit relations (see in particular (35), (45) and
(47))

ap — +o0o, bp — +oo, A, —0,
ap —>O, b_h(>\h)n—i-1_>07

brAn ap

(bh)l—a(l(};\}L)l+3a g L7 Vh’ € Nv

which, since
ap ap

_ . o —3a
o= o

can be reduced to

ap — oo, by — +oo, Ay —0,
Z_:()\h)n-‘rl N 0’ (48)
<L, VheN.

ap
(br) = (Ap)t T3 =
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Then, from the identity

a—1
ap, bh n+1 « n(l—a)—4a
SR L } ()™ (W) ,
(bh)l ()\h)1+3 {ah

we find out the following compatibility condition

a—1
{b—h (Ah)”“} NS
aha A n(l—a)—4a
(ah) — +00 = ( h) —0,
a

(bh)l—a(};\h)li»Sa S L
and, since \;, — 0, we must have that n(1 —«a) —4a > 0, i.e., (28) is a necessary
condition to let this construction work.

Step 6 (sufficient conditions): it remains to exhibit sequences of real
parameters which satisfy the limit relations (48). Fixed a € (0,1) we consider

n > 14_—‘“(1 so that o < ;2. Then there exists § € N (3 > 1) large enough so
that 6 1)
n(f —
o< . 49
(n+4)5—3 (49)
By a simple computation we can see that inequality (49) is equivalent to
-1 l—a)-—1

n+1 1+ 3a

We are ready to choose

ap=2", by =2 N =270,
with 5—;} <~ < % , a possibility that we can take since (50) holds. Then
we can verify that all the conditions in (48) are satisfied. In fact ap, by, — 400,

Ap — 0, and
bn,

(Ap)" T = 2hB-1=7(n41)] _,
an

since y > % Finally

an — 9h[1-B(1—a)+~y(1+3a)]
— o =2 <1, VheN,

since v < %

Step 7 (the case n = 1): in the one-dimensional case we can go faster. In
fact to obtain Holder continuity of a,(z,s) with respect to  we can estimate
the Holder quotient and we can compute separately the maximum value of the
numerator and the minimum value of the denominator, as follows:

max {|an(z1,$) — aa(x2,8)| : 1,22 € [0,27] — Ep, s = up(x1) = up(x2)}
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< 2max {|an(z,s)|:x € [0,2n] — By, s =up(z)} = b&z\h .
hAR

The minimum value of |z; — x5 is equal to the measure of E} divided by the
number of connected components of E},i.e., |z1 — x2| = meas (E}) /(2b,) . By
(30) we obtain

min {|z; — z3| : z1,22 € [0,27] — Ep, s = up(x1) = up(x2)}

meas (Ei) - ﬂ
2by, b

Therefore, when n = 1, we have

|aa(21,5) — an (w2, 5)]
S
up{ |21 — 22|”

< 8ap, <4>\h>a . 23’20‘ah

~bpAn \ bn (on)" ()
In order to obtain the Holder continuity of a,(z, s) with respect to 2, we impose
the further condition that there exists L > 0 such that

cx1,x9 € [0,27] — B, s = up(x1) = uh(xg)}

an

O <L, VYheN.
(br)' " ()

Following this estimate, with similar computations as in the step 2 above, we
can extend the function a,(z, s) to @ xR (or, in a simpler way, we could extend
it linearly). As in Step 5, we obtain the compatibility conditions

ap — +00, bh—>+OO7 )‘h_>07
h *)07 %(Ah)Q‘}O7

b An
ap
(bh)l—aé)\h)1+a S L, Vh € N7

(note the exponent in (A,)' T instead of (Ay)' %), which gives, as in Steps 5
and 6, the constraint a < % forn=11

5 Some other examples

In this section first we show in Example .12 that the local Lipschitz continuity of
f(z,s,&) with respect to z € 2, although sufficient for the lower semicontinuity
of F (u,) in LlloC in the scalar case, as proved by our Theorem .6, it is not suf-
ficient in the vector-valued case, i.e., for applications u : 2 C R™ — R™, when
m > 1. With Example .13 we show that also Lemma .8 cannot be extended
to the vectorial setting. By Example .16 we emphasize the role of lower semi-
continuity of f with respect to x € Q in the case of linear growth of f(z,s,§)

as || — +oo, while in Example .14 we show that, however, neither continuity,
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nor even lower semicontinuity, of f(z,s,£) with respect to € ) are neces-
sary in the case of superlinear growth, also if the usual coercivity condition
f(z,s,&) > const |¢[F, for some p > 1, is not satisfied. We will start from this
example to formulate (see Proposition .17) at the end of this section a sufficient
condition for lower semicontinuity of F (u,) in L}

loc *
We can give all the examples below in the one dimensional case n = 1.

Eisen [8] showed with an example that Theorem .1(c) is false in the vectorial
case. The same example shows that also Theorem .6 and Corollary .7 do not
hold in the vectorial case. We recall this example, related to an integrand f
independent of the variable x.

Example .12 Let Q be the open interval (0,1). Let us consider the function
f QxR xR*= R defined by f(x,s1,52,&1,E) = (51€9)2; thus, and for all
u = (ur,uz) € Wh' (Q,R?), the functional F is given by

F(u,Q) :/ (ug - uh)? da .
Q
Then there exists a sequence up = (U1 p,uzp) @ @ — R? which converges to a
function u € Wt (Q,RZ) in the strong topology of L' (Q,RQ), such that
F(up,Q)=0, VheN;, F(u,Q)=1.
Proof. Let uy, :  — R? be the sequence defined by
0if x e (%, 2 +27"]

M2 (x— B —27h) ifxe (P +27h B4 27h 4 27h"2
= h/ h ’ h
u1,h($) lifre (m42-h 4 2—h—27 m+l _ 9—h-2 >

1 — 9h+2 & — Al 4 97h=2) jf g e (i — 272 mdl]
m 2 _m f m m 2—h
ate) = { B B Tac (gt

where m =0,..., (h—1). Then uy, is Lipschitz continuous in (0, 1) for all h € N.
With a simple calculation we get

1
h—1 1
/ (@) =1l dz = S=5 = 0, sup {|z—usp(@)} < + = 57 = 0.
0 z€(0,1)

Finally the lower semicontinuity of F' does not hold, since F (up,§2) = 0 for
every h € N, while F (u,Q)=1. 1

With a similar computation as in the previous example, following Eisen [8],
we can show that also Lemma .8 cannot be extended to the vector-valued setting.
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Example .13 Let Q be the open interval (0,1). Let us consider the function
f:QxR2xR?*— R defined by

f(I751752,€17£2) = a(:c) ' b <\/ S% + S%) S% ' 0(62)7

where a(x) is a Lipschitz continuous function with compact support in (0,1),
not identically equal to zero and such that 0 < a(z) < 1; b: R — [0,1] is a
Lipschitz continuous function with compact support and such that b(t) = 1 for
every t € [1,2]; finally ¢ : R — R is defined by

{ 12 if |t <1

c(t) = L
-3 >

Then, the function f satisfies the assumption of Lemma .8 while, on the same se-
quence up, : Q0 — R? of the previous example, the integral fQ flz,ug, ug, v, ub) da
s not lower semicontinuous.

If there exists p > 1 such that f(z,s,&) > const ||, for some positive con-
stant (i.e., a coercivity condition holds for f), then it is clear that the lower semi-
continuity in Wllo’f (Q) of the integral functional F (u,Q) = [, f (z,u, Du)dx
with respect to the strong convergence in LlOC(Q) is equlvalent to the Weak—
WLP(Q) lower semicontinuity of F (u,Q). Therefore, in this case the lower
semicontinuity in L}, .(£2) holds under the only assumption that f(z,s,¢&) is a
Carathéodory function, i.e., f is measurable with respect to x € Q and continu-
ous in (s,&) € R x R™, and of course f is also convex with respect to £ € R™.
By the next examples .14 and .15, following [14], we will show that neither
continuity nor even lower semicontinuity of f(z,s, &) with respect to x € Q are
necessary in the case of superlinear growth p > 1; this fact may happen also if
the usual coercivity condition is not satisfied.

Example .14 Let Q) be the open interval (0,1). Let f(z,&) = a(z)|&|” for some

p > 1, where a(x) is a bounded measurable function in (0,1), with a(x) > 0

for almost every x € (0,1). Then the mazimum lower semicontinuous (in the

strong norm topology of L} .(Q)) functional F, (u,Q), less than or equal to
= Jga( Pdx, is given by

EmmzéowWWm7 (51)

for every u € I/Vllof(ﬂ), where by, is the bounded measurable function defined in

(0,1) by
1 T4e L —(p—1)
bp(z) = liminf {2—5/ a(t)”»1 dt} . (52)

e—0+ e

Moreover, for every p > 1, by, satisfies the estimates

0<a(z) <by(z) <alx), aexeQ, (53)
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where @ is the mazimum lower semicontinuous function less than or equal to a
in Q. Thus in particular two sufficient conditions so that the integral

F Q) = /Qa(x) /P da

is lower semicontinuous in Wli’f(Q) with respect to the strong morm topology
of L},.(Q), are: (i) the coefficient a(x) is lower semicontinuous in §; (ii)

Proof. The representation formulas (51), (52) have been established by Mar-
cellini in [14], in the case p = 2. The proof for general p € (1,+00) is similar.

Let us prove (53). Since F), (u,2) < F (u,Q) for every u € I/Vllocp(Q), then
by(z) < a(z) for almost every = € Q. If ¢(x) is a lower semicontinuous function
less than or equal to a in €, then, for every z € 2 and every p > 0 there exists
0 > 0 such that

clx) <clt)+p<alt)+p, aetcQn(z—cx+te), Ve<o.

Again, for 0 < ¢ < §, we deduce that

z+e .
/ a(t) "7 dt < 2 (c(x) — )T

—E&

and, from the definition (52) of b, ,

1 x+e . 7(1771)
= limi — -1 > —
by () 11612(1)21"{26 /Iie a(t) dt} >c(z)—p.
Thus b,(x) > ¢(z) and also b, () > a(z) for almost every = € Q.

From the estimates in (53) we obtain the conclusion (i), i.e., that the integral
F(u,Q) = [, a(x)|u'|’ dz, being equal to F), (u, ), is lower semicontinuous in
LY . if the coefficient a is lower semicontinuous. Finally, if o 7=1 € L% (1),
then, by using the Lebesgue points of this function, we have b(z) = a(x) for
almost every x € (0,1); thus again F' = F'p, which proves (ii). B

As in [14], we give below an explicit application of Example .14. In par-

ticular, given p > 1 and the integral F (u,Q) = [, aps(z)[u'|” dz, where the
nonnegative measurable function a, , is defined below in (54), we show that
there exist some values of the real parameter s such that F (u, Q) is not lower
semicontinuous in the strong norm topology of L}, .(2).
Example .15 Let 2 be the open interval (0,1). Let us denote by {x;},.y the set
of rational numbers in (0,1) ordered in a sequence and let s be a real parameter.
Let f(z,€) = ap,s(x) [€|° for somep > 1, where a, (x) is the bounded measurable
nonnegative function in (0,1) defined by

1

oo ; —S8 p_l ’
(1 + >0 27 e — @y )

ap,s(r) = x € (0,1) (54)
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if the denominator is finite, otherwise we pose a, s(x) = 0. Then, for every
s € R, the measurable function ap s(x) is not identically equal to zero (more
precisely, the set {x € Q: a, s(x) # 0} has positive measure), while the integral
F(u,Q) = [;aps(x) || de is lower semicontinuous in Wllof(Q) with respect
to the strong norm topology of Li,.(Q) if and only if s < 1.

Proof. With reference to the representation formulas (51), (52), we will prove
that

1 x+e L —(p—1)
bp’5(1'> = lim inf {2— / apﬁs(t)_PTl dt} =

e—0t € Jr—e

aps(z) if s<1
0 if s>1

In fact (for simplicity of notations we integrate over the whole interval (0,1))

1 1 [e%s}
/ aps () 7T dx:/ {1—}—22‘1 |1;—aci|_s} dx
0 0 i=1

=1 27" r—x;| Tdr <14+ —— 00
- ; /0 |z — <1+ <+
if s < 1 (and, in this case b, s(z) = a, s(x) for almost every z in (0, 1)), otherwise
the integral is equal to 400, when computed on any subinterval (zg — ¢,z + €)
too (and, in this case b, () = 0 for almost every « in (0,1)).

It remains to show that the set {x € Q: a, s(z) # 0} has positive measure.
To this aim we observe that, if s < 1, by the above condition

1 1
/ ap,s(x) 71 dz < 400
0

we deduce that apys(x)fﬁ is finite almost everywhere in €; therefore a, s(z)
is different from zero almost everywhere in €. Otherwise, if s > 1, we compute

similarly
1
1 § 1 o ‘ 2s
/ ap.s(x)” B0 dr = / 1+ 2271 |z — x| ”° dx
0 0 i=1

1 00 ' L © 1 L
S/ 1+Z(2_l|x—xi\_s) dacSl—&-ZQﬁ/ | — 2|72 do < +o0;
0 iz1 i=1 0

1 , -
thus again a, s(x)” =®-D is finite almost everywhere and a, s(x) is different
from zero almost everywhere in 2. B

In the next example we consider the limit case p = 1. Example .16 is due
to Fusco [12]. We emphasize here that Example .16 can be considered as a
passage to the limit from the case p > 1 in the formulas of Example .14. In fact,
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analogously to the well known limit relation lim, o [|0]l 1) = [Vll1= ()
when we replace v by 1/v , as well known we also have

. —1—1 . .
TBIEOO v HLT(Q) = inf {|v(x)|: z € Q}.
Therefore, from (52), we obtain the following representation formula for the
maximum lower semicontinuous function @ less than or equal to a in €2

a(z) = lim inf{a(t): t€(x—ec,x+¢)} (55)

e—0+

xr+e . —(p—1)
= lim lim {/ a(t)” 1 dt}
e—0t p—1+t o

—&

1 x+e . —(p-1)
= oy [

Tr—e

As already said, the proof of the statement of the following Example .16 can be
found in Fusco [12].

Example .16 Let Q2 be the open interval (0,1). Let f(x,§) = a(x)|¢|, where
a(x) is a bounded measurable function in (0,1), with a(x) > 0 for almost ev-
ery x € (0,1). Then the mazimum lower semicontinuous (in L} .) functional
F1(u,Q), less than or equal to F (u,Q) = [, a(z) |v| dz, is given by

Fi(u,Q) = /Qa(x) |u| dz, (56)

for every u € Wlicl (Q), where @ is the mazimum lower semicontinuous func-
tion less than or equal to a in Q. Thus in particular the integral F (u,$) =
Joa(z) [u'|dz is lower semicontinuous in L}, (Q) if and only if the coefficient
a is lower semicontinuous in ) (that is, if the measurable function a is almost
everywhere equal to a lower semicontinuous function in ).

Having in mind Examples .14 and .15, we give the following sufficient condi-
tion for lower semicontinuity of F' (u, ) in L, .. Here we go back to the general
n-dimensional case, under the assumption that f(z, s, &) is a Carathéodory func-
tion, i.e., that f is measurable with respect to z € £ C R™ and continuous with
respect to (s,£) € R x R™. We mention explicitly that the following result holds
in the vector-valued setting too.

We thank Giovanni Leoni, who pointed out to us an improvement of a pre-
vious version of the following Proposition .17.

Proposition .17 Assume that f(x,s,€) is a Carathéodory function, convex
with respect to &, which satisfies the coercivity condition

f(z,5,8) > a(@)[§]°, aezeQ V(5§ ERxR", (57)
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for some p > 1, where a(z) is a measurable function in an open set Q C R",
a(x) > 0 for almost every x € Q, and such that

A" € L}, (Q). (58)

Then the integral F (u, Q) fQ x,u, Du) dz is lower semicontinuous in Wloc Q)
with respect to the strong convergence in LZOC(Q).

Proof. By Holder inequality and by the coercivity assumption (57), for every
open set )’ compactly contained in €2, we have

|Du| dx = / a(z)? | Dul - a(z) VP dx
(944 944

1/p (p—1)/p
P q : ~5 o1
< {/S/a(a:) | D a:} {/,a(aj) x}
1/p . (r=1)/p
< { f (z,u, Du) dx} . {/ a(x)” 1 da:} .
Q/ ’

Let up,u € wh

loc

' (€) such that u, — u in L}, (Q). Let us also assume that

liminf F (up, Q) = lim F (up, Q) =C < +0.

h——+o0 h— 400

Under such conditions Duy, is a sequence locally equi-integrable in {2 and so up,
weakly converges to u in W'llocl (©); in fact a satisfies (58) and we have

(p—1)/p
/ | Duy,| dm<C1/”-{/ a(z) 71 dx} :
QI 7

Therefore we can apply the original lower semicontinuity theorem by De Giorgi

[6]. m
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