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Abstract

We provide a variational approximation by finite-difference energies of functionals
of the type

,u/ |€u\2da¢+i/ \divu(m)|2dr+/ @ ([u], vy) dH™ 1,
Q 2 Q Ju

defined for u € SBD(2), which are related to variational models in fracture me-
chanics for linearly-elastic materials. We perform this approximation in dimension
2 via both discrete and continuous functionals. In the discrete scheme we treat also
boundary value problems and we give an extension of the approximation result to
dimension 3.

Mathematics Subject Classification (2000): 49J45, 49M25, 74R10.

1 Introduction

In this paper we provide a variational approximation by discrete energies of func-
tionals of the type

u(z)|? dx A ivu(x)|? do ul, v n-l
pf el [ aivu@aes [ o0 (1)

K

defined for every closed hypersurface K C Q with normal v and u € C*(Q\ K;R"),
where QO C R" is a bounded domain of R". Here Eu = 3(Vu + V'u) denotes the
symmetric part of the gradient of w, [u] is the jump of u through K along v
and H" ! is the (n — 1)-dimensional Hausdorff measure. These functionals are
related to variational models in fracture mechanics for linearly elastic materials in
the framework of Griffith’s theory of brittle fracture (see [33]). In this context u
represents the displacement field of the body, with 2 as a reference configuration.
The volume term in (1.1) represents the bulk energy of the body in the “solid
region”, where linear elasticity is supposed to hold, u, A being the Lamé constants
of the material. The surface term is the energy necessary to produce the fracture,
proportional to the crack surface K in the isotropic case and, in general, depending
on the normal v to K and on the jump [u].



The weak formulation of the problem leads to functionals of the type

2 A - 2 n—1
M/Q |Eu(z)] dx—|—§/g|dlvu(x)| dx—i—/ D ([u], v) dH (1.2)

Ju

defined on the space SBD() of integrable functions u whose symmetrized dis-
tributional derivative Eu is a bounded Radon measure with density Eu with re-
spect to the Lebesgue measure and with singular part concentrated on an (n — 1)-
dimensional set .J,,, on which it is possible to define a normal v, in a weak sense
and one-sided traces.

The description of continuum models in Fracture Mechanics as variational
limits of discrete systems has been the object of recent research (see [17],[19],[20],
[15] and [36]). In particular, in [19] an asymptotic analysis has been performed for
discrete energies of the form

Hs(u) = Z \I/E(U(ZL') - u(y),:ﬂ - y)7 (13)
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where R, is the portion of the lattice eZ™ of step size € > 0 contained in 2 and
u : Re — R™ may be interpreted as the displacement of a particle parameterized
by = € R.. In this model the energy of the system is obtained by superposition of
energies which take into account pairwise interactions, according to the classical
theory of crystalline structures. Upon identifying u in (1.3) with the function in L
constant on each cell of the lattice eZ™, the asymptotic behaviour of functionals
H. can be studied in the framework of I'-convergence of energies defined on L!
(see [25],[23]). A complete theory has been developed when w is scalar-valued; in
this case the proper space where the limit energies are defined is the space of SBV
functions (see for instance [24]). An important model case is when ¥.(z,w) =

2
p(%)s"flf(%). In this case we may rewrite H. as

Yo o) Y e (el DEu()?)
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where RE is a suitable portion of R. and D:u(x) denotes the difference quotient
L (u(z + €€) — u(w)). Functionals of this type have been studied also in [22] in the
framework of computer vision. In [22] and, in a general framework, in [19] it has
been proved that, if f(¢t) = min{¢,1} and p is a positive function with suitable
summability and symmetry properties, then H. approximates functionals of the
type

c/ |Vu(3:)\2da:+/ (], va) A1 (1.4)
Q Ju
defined for u € SBV (), which are formally very similar to that in (1.2). A similar

result holds by replacing min{¢,1} by any increasing function f with f(0) = 0,
f(0) =a>0and f(c0) =b < +o0.



Following this approach, in order to approximate (1.2), one may think to
“symmetrize” the effect of the difference quotient by considering the family of
functionals

> pl€) 32 e (el DEu(a), OF)
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By letting ¢ tend to 0, we obtain as limit a proper subclass of functionals (1.2).
Indeed, the two coefficients p and A of the limit functionals are related by a fixed
ratio. This limitation corresponds to the well-known fact that pairwise interactions
produce only particular choices of the Lamé constants.

To overcome this difficulty we are forced to take into account in the model
non-central interactions. The idea underlying this paper is to introduce a suit-
able discretization of the divergence, call it divgu, that takes into account also
interactions in directions orthogonal to &, and to consider functionals of the form

> (&) D s (e (IDSu(@)? + oldiviu()?) ) (L5)
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with 6 a strictly positive parameter (for more precise definitions see Sections 3
and 7). In Theorem 3.1 we prove that with suitable choices of f,p and 6§ we can
approximate functionals of type (1.2) in dimension 2 and 3 with arbitrary pu, A
and ® satisfying some symmetry properties due to the geometry of the lattice.
Actually, the general form of the limit functional is the following

/ W(Eu(ac))dw—i—c/ |div u(z)|? do —|—/ ®([u],vy) dH™ 1, (1.6)
Q Q Ju

with W explicitly given; in particular we may choose W (Eu(x)) = plEu(x)|? and
c= % We underline that the energy density of the limit surface term is always
anisotropic due to the sy mmetries of the lattices eZ™. The dependence on [u], v,
arises in a natural way from the discretizations chosen and the vectorial framework
of the problem. To drop the anisotropy of the limit surface energy we consider as
well a continuous version of the approximating functionals (1.5) given by

[ 21 (= (10sut@. o0 + olaivtu)l) ) ple) do e,

where in this case p is a symmetric convolution kernel which corresponds to a
polycrystalline approach. By varying f,p and 6, as stated in Theorem 3.8, we
obtain as limit functionals of the form

2 A - 2 n—1
,u/ﬂ|5u(x)| dw+§/9|d1vu(a:)| do +~yH" " (Ju) (1.7)

for any choice of positive constants p, A and ~y. This continuous model general-
izes the one proposed by E. De Giorgi and studied by M. Gobbino in [31], to



approximate the Mumford-Shah functional
c/ |Vu(z)|? dz 4+ H 1 ()
Q

defined for u € SBV(Q).

The main technical issue of the paper is that, in the proof of both the discrete
and the continuous approximation, we cannot reduce to the 1-dimensional case
by an integral-geometric approach as in [19],[22],[31], due to the presence of the
divergence term. For a deeper insight of the techniques used we refer to Sections 4
and 5; we just underline that the proofs of the two approximations (discrete and
continuous) are strictly related.

Analogously to [19], in Section 7 we treat boundary value problems in the dis-
crete scheme for the 2-dimensional case and a convergence result for such problems
is derived (see Proposition 6.3 and Theorem 6.4).

2 Notation and Preliminaries

We denote by (-, -) the scalar product in R™; | -| will be the usual euclidean norm.
For z,y € R", [z,y] denotes the segment between x and y. If a,b € R we write
a ANband a Vb for the minimum and maximum between a and b, respectively. If
€ = (¢4,€?) € R%, we denote by ¢+ the vector in R? orthogonal to & defined by
gL = (_527§1)'

If ©2 is a bounded open subset of R, A(Q2) and B(2) are the families of open
and Borel subsets of €2, respectively. If 1 is a Borel measure and B is a Borel set,
then the measure pl B is defined as pl B(A) = u(A N B). We denote by L"
the Lebesgue measure in R and by H* the k-dimensional Hausdorff measure. If
B C R" is a Borel set, we will also use the notation |B| for £L™(B). The notation
a.e. stands for almost everywhere with respect to the Lebesgue measure, unless
otherwise specified. We use standard notation for Lebesgue spaces.

We recall also the notion of convergence in measure on the space L!(Q;R™).
We say that a sequence u,, converges to u in measure if for every n > 0 we have
lim, [{z € Q : |u,(z) —u(x)] > n}| = 0. The space L*(Q; R"™), when endowed with
this convergence, is metrizable, an example of metric being

@) @)l
) = |

for u,v € LY(Q; R™).



2.1 BV and BD functions

Let Q be a bounded open set of R™. If uw € L'(Q;RY), we denote by S, the
complement of the Lebesgue set of u, i.e. & S, if and only if

lim p‘"/ lu(y) — z|dy =0
Bp(x)

p—0

for some z € RV, If z exists then it is unique and we denote it by u(z). The set
S, is Lebesgue-negligible and # is a Borel function equal to v L™ a.e. in .

Moreover, we say that z € Q is a jump point of u, and we denote by J, the
set of all such points for u, if there exist a,b € RY and v € S*~! such that a # b
and

imp [ ) —aldy=0. tmp [ ju) -bldy=0. @)
p—0 B;,*'(a:,u) p—0 B, (z,v)
where By (z,v) := {y € B,(x) : +(y —z,v(x)) > 0}.

The triplet (a,b,v), uniquely determined by (2.1) up to a permutation of
(a,b) and a change of sign of v, will be denoted by (u™*(z),u™ (), vy (x)). Notice
that J, is a Borel subset of S,,.

We say that u is approzimately differentiable at a Lebesgue point x if there
exists L € RV>™ such that

tim [ July) -~ ale) - LGy - 2)| dy = 0. (2.2)
=0 By ()
If u is approximately differentiable at a Lebesgue point z, then L, uniquely de-
termined by (2.2), will be denoted by Vu(x) and will be called the approzimate
gradient of u at x.

Eventually, given a Borel set J C R™ , we say that J is H"~-rectifiable if

J:NUUKl-

i>1

where H"~! (N) = 0 and each K; is a compact subset of a C! (n — 1) dimensional
manifold. Thus, for a H™ '-rectifiable set J it is possible to define H"~! a.e. a
unitary normal vector field v.

2.1.1 BYV functions

We recall some definitions and basic results on functions with bounded variation.
For a detailed study of the properties of these functions we refer to [9] (see also
26], [30]).

Definition 2.1 Let u € L'(Q;RY); we say that u is a function with bounded
variation in €, and we write u € BV (Q;RY), if the distributional derivative Du
of u is a N X n matriz-valued measure on  with finite total variation.



If u € BV(Q;RY), then u is approximately differentiable £* a.e. in Q and
J, turns out to be H" L-rectifiable.

Let us consider the Lebesgue decomposition of Du with respect to L™, i.e.,
Du = D% + D?u, where D%u is the absolutely continuous part and D*u is the
singular one. The density of D*u with respect to L™ coincides L™ a.e. with the
approximate gradient Vu of u. Define the jump part of Du, D/u, to be the re-
striction of D*u to J,, and the Cantor part, Du, to be the restriction of D*u to
Q\ Jy, thus we have

Du = D+ D7u + Du.

Moreover, it holds Diu = (ut —u~) @ v, H* 1L J,, where if a € RY and b € R"
a ® b denotes the matrix whose entries are a;b; with 1 <¢ < N and 1 <j <n.

Definition 2.2 Let u € BV (Q;RY); we say that u is a special function with
bounded variation in Q, and we write u € SBV (Q; RY), if D°u = 0.

Functionals involved in free-discontinuity problems are often not coercive in
SBV (;RY), then it is useful to consider the following wider class (see [24],[5]).

Definition 2.3 Given u € L'(;RY), we say that u is a generalized special func-
tion with bounded variation in Q, and we write u € GSBV (;RY), if g(u) €
SBV(Q) for every g € CL(RYN) such that Vg has compact support.

Notice that GSBV (Q; RY) N L>(Q;RY) = SBV(Q; RY) N L>(Q; RY). Functions
u € GSBV(Q,RY) are approximately differentiable a.e. in €2, and .J,, turns out to
be H"~lrectifiable (see [5]).

In the space GSBV (£;RY) the following closure and lower semicontinuity
theorem holds (see [4], [6]).

Theorem 2.4 Let (up) C GSBV (Q;RY) and assume that

sup(/ \Vup|® d +H"_1(Juh)) < +oo.
n \Ja

If up, — w in measure in ), then u € GSBV (Q;RN) and Vup — Vu weakly in
L% (Q; RN*™) . Moreover

H () < limn inf H(Tuy)-

2.1.2 BD functions

We recall some definitions and basic results on functions with bounded deforma-
tion. For a general treatment of this subject we refer to [8] (see also [12],[35]).

Definition 2.5 Let u € L'(;R"™); we say that u is a function with bounded
deformation in Q, and we write u € BD(Q), if the symmetric part of the distribu-
tional derivative of u, Eu = % (Du + Dtu), is a n x n matriz-valued measure on
Q with finite total variation.



If w € BD(Q), then u is approximately differentiable a.e. in Q and J,, turns
out to be H™ !-rectifiable.
As in the BV case, we can decompose Fu as

FEu = E% + E'u + E¢u,

where F%u is the absolutely continuous part of Fu with respect to L™ with density
1 t :
3 (Vu—i— v u) =: Eu,

EJy is the restriction of Fu to J,, and E°u is the restriction of ESu to \ Ju-
Moreover, E7u turns out to be equal to (u* —u~) © v, H* 1 J,, where a® b :=
3(a@b+b®a).

Definition 2.6 Let u € BD(R2); we say that u is a special function with bounded
deformation in Q, and we write w € SBD(Q), if E°u = 0.

Before stating the Slicing Theorem (see [8]) we fix some notation. Let & € R™ \
{0} and let TI¢ = {y € R": (¢,y) =0}. If y € 1I¢ and B C R™ we set B =
{t e R:y +t& € B}. Moreover, given u : B — R", we define u¥ : BS — R by
usY(t) := (u(y +t€), ).

Theorem 2.7 Let u € L*(;R™) and let {&1,...,&,} be an orthonormal basis of

R™. Then the following two conditions are equivalent:
(1) Forevery & =¢ +¢&;, 1 <i,j <n, there holds

utY € SBV(Qg) forH" ! a.e. y € TI¢,
[ 1Du |95 an ) < oo
I
(i) we SBD(Q).
Moreover, if u € SBD(Q)) and £ € R™\ {0} the following properties hold:
(a) aS¥(t) = (Eu(y +t£) &, &) for ae. t € Qf;
(b)  Jyew = (Jg)j for H* 1 a.e. y € IIS, where
Js={xeJ,: (ut(z) —u (z),£) # 0}

() H" 1 (Ju\JE) =0 for H* ! ace. £ €S

The following compactness result in SBD(Q2) is due to Bellettini, Coscia
and Dal Maso (see [12]) and its proof is based on slicing techniques and on the
characterization of SBD(2) provided by Theorem 2.7.



Theorem 2.8 Let (u;) C SBD(Q) be such that
sup (/ |Suj|2dx + H"_l(Ju].) + ||uj||Loo> < +o00.
J Q

Then there exists a subsequence (not relabelled) (u;) converging in Li, .(Q;R™) to

a function u € SBD(QY). Moreover Eu; weakly converge to Eu in LQ(Q;an) and

liminf H" "1 (Jy,) = H" ' (Ju).

Jj—-+oo

We state now a lower semicontinuity result in SBD that can be proved by
following the same ideas and strategy of the proof of Theorem 2.8.

Theorem 2.9 Let uj,u € SBD(R) be such that u; — w in L' (Q;R™) and

sup [ [Ew@E QP+ [ 1w OldH < o (2.3)

Jﬁ]

for £ e R™\ {0}. Then (Euj(z)E, &) — (Eu(x)E, €) weakly in L* (Q) and

/f | (v, ) dH" 1 < limjinf/ [V, € dH" L

Jﬁj

In particular, if (2.3) holds for every & € {&1,...,&.} orthogonal basis in R™, then
divu; — divu weakly in L*(9).

Finally, we introduce the following subspace of SBD(Q)

SBD*(Q) := {u € SBD(Q) : / |Eu(z)|? de + H (J,) < +oo} .
Q

2.2 TI'-convergence

We recall the notion of I'-convergence (see [25]). Let (X, d) be a metric space. A
family (F;)e>0 of functionals F; : X — [0, +o0] is said to I'-converge to a functional
F:X — [0,400] at u € X, and we write F(u) = I-lim,_ o+ F.(u), if for every
sequence (g;) of positive numbers decreasing to 0 the following two conditions
hold:

(1) (lower semicontinuity inequality) for all sequences (u;) converging to u in
X we have F(u) <liminf; I, (u;);

(ii) (existence of a recovery sequence) there exists a sequence (u;) converging
to w in X such that F(u) > limsup, F., (u;).
We say that F. T-converges to F' if F(u) = I-lim,_¢+ F:(u) at all points u € X
and that F is the I'-limit of F.. If we define the lower and upper I'-limits by

F"(u) = I-limsup F.(u) = inf{limsup F.(u:) : ue — u},

e—0* e—0



F'(u) = T-liminf F.(u) = inf{liminf F.(u:) : ue — u},
e—0t e—0

respectively, then the conditions (i) and (ii) are equivalent to F'(u) = F"(u) =
F(u). Note that the functions F’ and F” are lower semicontinuous.

In the sequel we will denote by I'(meas)-lim inf, I'(meas)-lim sup and T'(L*)-
liminf, T'(L')-limsup, the lower and upper I'-limits on the space L! endowed
with the metric of the L' strong convergence and the convergence in measure,
respectively.

The reason for the introduction of this notion is explained by the following
fundamental theorem.

Theorem 2.10 Let F = I'-lim._,o+ F., and let a compact set K C X exist such
that infx F. = infgx F. for all e. Then

Jdmin F = lim inf .. (2.4)
X e—0+ X

Moreover, if (u;) is a converging sequence such that lim; I (u;) = lim; infx I,
then its limit is a minimum point for F'.

We refer to [23] for an exposition of the main properties of I'-convergence (see also

[18]).

2.3 Preliminary lemmas

In this section we state and prove some preliminary results, that will be used in
the sequel.

Let B := {&1,...,&,} an orthogonal basis of R™. Then for any measurable
function v : R™ — R™ and y € R™ \ {0} define

Tys’Bu(x) =u (sy +e [SB) (2.5)

where [2]5 := Z; [ﬂ?jg)} &.
Notice that TyE’Bu is constant on each cell a + eQp, a € & @ &7Z, where
i=1
Qp :={r eR":0< (x,&) < |&]?}. The following result generalizes Lemma 3.36
in [14].

Lemma 2.11 Let u, — u in L}

1oe R R™), then for any compact set K of R™ it
holds

lim ||Tyg’BuE — L (grny dy = 0. (2.6)
Q

e—0
B



Proof. For the sake of simplicity we assume B = {ey,...,e,}. With fixed a com-
pact set K, call I. the double integral in (2.6). By Fubini Theorem and the change
of variable ey + ¢ [f]s — y we get

L= ]
K J©,1)n

1
/K pr /HE(M)" lue(y) — u(z)| dy dx
1
/K en /ﬂc+8(—1,1)" (lue(y) = ue ()] + [ue(z) — u(2)]) dy da.

Uge (&:y +e {§]8> - u(x)’ dy dz

IN

The further change of variable y — = + ey and Fubini Theorem yield
L[ [ luter e - w@ldedy+ 2 [ fuets) - u(o)] de,
(-1, JK K

thus the conclusion follows by the uniform continuity of the translation operator

for strongly converging families in L] , (R";R™). O

Remark 2.12 Let C. C @ a family of sets such that

liminf |C.| > ¢ > 0. (2.7)
e—0t

Then under the hypothesis of the previous lemma, for any compact set K of R™
we can choose y. € C. such that T;;Bug — u in L' (K;R"). Indeed, by the Mean
Value Theorem, there exist y. € C. such that

1T Pue — ull e pm|Ce| < / 1T Pue — ull 1 (xpey dy
(@)

€

IN

/ ||T§’B'U,5 — u||L1(K7Rn) dy
Q

B

Then the conclusion easily follows from (2.6) and (2.7). This property will be used
in the proof of Propositions 4.4 and 5.1.

In the sequel for n = 2, £ € R?\ {0} and B = {£, ¢4}, we will denote the operators
TyE’B and [-]g by Tp* and [-]¢, respectively.

Lemma 2.13 Let J be a H™ ~'-rectifiable set and define
JS={zeR": x =y +t£ witht € (—¢,¢) and y € J} (2.8)
for & € R™ and
JE A = U JE (2.9)
i=1

10



for &1, ... & € R™, 1 being a positive integer. Then, if HN=1(J) < +o0

n €1,-56r
limsup S 5
e—0 €

< 2/ sup |(v, &) dH™ T, (2.10)
J i

where v(x) is the unitary normal vector to J at x.

Proof. First note that by Fubini Theorem and the Generalized Coarea Formula
(see [9])

£ (Jf) < 25/ #(Jg)f; dH" ! (y) :25/ (v, &) dH™ 1, (2.11)
Ii¢ J
hence
L (T84 < 25/ > v, &) dH™ T < 2resup |&GIHN (). (2.12)
Ji=1 g

By the very definition of rectifiability there exist countably many compact subsets
K; of C* graphs such that

HY LI\ K| =0,
i>1

and HN~1(K; N K;) = 0 for i # j. Thus, by (2.12) for any M € N we have
L) ()

N-1
5 +2TSIZ}P|E¢\H I\ U K|,

1<i<M 1<i<M
hence, first letting ¢ — 0 and then M — +o0 it follows
o (gges) e ()
limsup ——*~ _ 7

e—0 € e—0 €

Thus, it suffices to prove (2.10) for J compact subset of a C! graph. Up to an
outer approximation with open sets we may assume J open. Furtherly, splitting
J into its connected components, we can reduce ourselves to prove the inequality
for J connected. For such a J (2.10) follows by an easy computation. O

Lemma 2.14 Let A : A(Q) — [0,400) be a superadditive function on disjoint
open sets, let p be a positive measure on Q and let ¥y, : Q — [0, +00] be a countable
family of Borel functions such that N(A) > [, ¥ du for every A € A(Q).

Set ¢ = supy ey ¥n, then

A= [ v
for every A € A(Q).

The proof of this Lemma can be found in [14].

11



3 The main result

In this section all the results are set in R?. A generalization to higher dimension
will be given in Section 6.

We introduce first a discretization of the divergence. Fix &, ¢ € R? \ {0}; for
e > 0 and for any u : R? — R? define

Déu(x) == (u(z + &€) — u(x), £),

divsCu(z) := Déu(x) + DSu(x),

| D cu(x)[* := [Diu(@)]” + |DZ ul@)[?, 3.1)

IDivecu(z)? == |divd€ u(z)[? + |divd ¢ u(z))?

+ |divoeE u(@)? + |divo e u() 2

Starting from this definition we will provide discrete and continuous approximation
results for functionals of type (1.2) and (1.6). We underline that this is only one
possible definition of discretized divergence that seems to agree with mechanical

models of neighbouring atomic interactions.
We can give also the following alternative definition

Déu(z) = (u(z + &) — u(z — £€),€),
IDegu(w)? = 5[ Du(e) (32)
Dive ¢u(x)|? == [Déu(z) + DS u()[?.

This second definition can be motivated by the fact that from a numerical point of
view it gives a more accurate approximation of the divergence as € — 0, although
the centered differences usually have other drawbacks.

For the sake of simplicity, in the proofs of Sections 4 and 5, we will assume
that the “finite-difference terms” involved in the approximating functionals are
defined by (3.1). The arguments we will use can be easily adapted when considering
definition (3.2).

3.1 Discrete approximation result
Let  be a bounded open set of R? and, for € > 0, define
A(Q) :={u:Q — R? : u=const on (a+[0,6)%) NQ for any a € eZ*}.

Let f :[0,4+00) — [0,400) be an increasing function, such that a,b > 0 exist with

a:= lim &7 b:= lim f(¢) (3.3)

t—0+ ¢ t——+oo

12



and f(t) < (at) A b for any t > 0. For u € A.(Q) and £ € Z?, set
1 .
Fi4) = 3 of (L (Decut@)P +oDiv-cu@P) ). )
aeRﬁ
where 6 is a strictly positive parameter and
RE:={aceZ?: [a—ct,a+ef]Ula—ctt a+ett] C Q).

Then consider the functional F2 : L(Q;R?) — [0, +00o] defined as

) > pOFLE () ifue A(Q)
Fi(u) =  gez? (3.5)

400 otherwise

where p : Z? — [0,+00) is such that > [£]*p(€) < 400 and p(§) > 0 for € =
£ez?
€1,€1 + ea.

Theorem 3.1 Let Q be a conver bounded open set of R2. Then FZ T'-converges
on L= (;R?) to the functional F® : L>=(Q;R?) — [0, +oc] given by

. > p(&)F (u) ifue SBD(Q)
Fi(u) = { ¢z (3.6)

400 otherwise

with respect to both the L'(Q;R?)-convergence and the convergence in measure,
where

Fo(u) := 2a/Q\<5u(x)§,§>|2dx+4a0|§\4/§2|divu(x)\2dz

+2b/ O (ut —u”,v,) dH?,
J

u

with the function ®¢ : R? — [0, +00) defined by
¥(z,0) = 95 (2,0) VUL (2,0),
where for n € R?
1) = { [(v,m| if (z,m) #0

0 otherwise.

The proof of the theorem above will be given in Section 4 as a consequence of
some propositions, which deal with lower and upper I'-limits separately.

13



Remark 3.2 Notice that the surface term can be written explicitly as

/ O (ut —u, v, dH = /g N (v, €)| dH* (3.7)
J,

w S\JS

iR 1 s 1
+/]EL\JE|<VU,5 i+ [ 10Ol I €

u u

Remark 3.3 We point out that the assumption 2 convex will be used only in the

proof of the I'-lim sup inequality. This assumption can be weakened (see Remark
4.5).

Remark 3.4 Notice that the domain of F? is L>(Q;R?) N SBD?*(Q). Indeed,
taking into account the assumption on p, an easy computation shows that

du EU C U,Izl' 1 u .
Pz S 0rn: (/Qw (@) de + H'(J >)

Remark 3.5 Note that, by a suitable choice of the discrete function p, the limit
functional is isotropic in the volume term, i.e.,

Fd(u):m/ \5u(x)|2dx+)\1/ |divu(x)|2da:—|—/ Bt — u~,v) dHL. (3.8)
Q Q Ju,

Choose, for example, p(e1) = p(e2) = 2p(ez £ e1) # 0 and p(§) = 0 elsewhere.
Moreover, for suitable choices of f and @, it is possible to approximate functionals
of type (3.8) for any strictly positive u1, A1.

By dropping the divergence term in (3.4) (i.e. § = 0), one can consider the
functional G¢ : L'(€;R?) — [0, +oc] defined as

> p(6) X ef (2Dgu(@)]?) ifue A(Q)
Glu) = { €€ aert (3.9)

400 otherwise,

where Eg ={a €eZ?: [a—cef,a+ef] C N} and p is as above and satisfies also
the condition p(ez) # 0.

Theorem 3.6 Let Q be a conver bounded open set of R2. Then G? T'-converges
on L= (;R?) to the functional G : L>=(Q;R?) — [0, +o0o] given by

; > p(€)G(u) if ue SBD(Q)
G%(u) = | cez? (3.10)
400 otherwise

with respect to both the L'(2;R?)-convergence and the convergence in measure,
where

Gé(u) = 20 [ [(Eu@) OF dat2b [ |l ar

14



The proof of this theorem can be recovered from the proof of Theorem 3.1, up
to slight modifications. We only remark that the further hypothesis p(es) # 0 is
needed in order to have good coercivity properties of the family G¢.

Remark 3.7 Notice that, although the definition of G¢ corresponds in some sense
to taking § = 0 in (3.5), its [-limit G? differs from F¢ for §# = 0 in the surface
term.

3.2 Continuous approximation result

Let Q be a bounded open set of R? and let f : [0,+00) — [0, +0c) be as in the
previous section.
For € > 0, define F¢ : L}(Q;R?) — [0, +o0] as

Fe(w) = [ p(@)Fe ) e

where

Fectwi= 2 [ 7 (L0 +opiv o)) de - aa)

£

with
Q={rcR?: [z e,z +ef]Ulr — etz +ec]) C Q},

6 > 0 and p(&) = 9(|¢]) where 9 : [0,4+00) — [0, +00) is such that for some M > 0
ess infj;<pr ¥(t) > 0 and f0+°O 5 (t) dt < +o0.

Theorem 3.8 F¢ T'-converges on L™ (Q;R?) with respect to the L'(2;R?)-con-
vergence to the functional F© : L>(£;R?) — [0, 4+00] given by

1o |Eu(z)|? do + A [ [div w(@)|*dz + yH ()
Fe(u) := if ue SBD(Q)

400 otherwise,

where

N—a / oly) (401y1" + 2y743) dy,
R

— / p(y) (| V [y2)) dy.
R2

Moreover, FE converges to F¢ pointwise on L (£;R?).

15



The proof of the theorem above will be consequence of propositions in Sections 4
and 5.

Remark 3.9 Notice that u = a [5. p(y) (v3 — y%)Q dy, so that u, A and ~ are all
positive. Moreover, the summability assumption on 1 easily yields the finiteness
of such constants.

Remark 3.10 We underline that for any positive coefficients 4, A and -, we can
choose f, p and @ such that the limit functional has the form

/1/ |€u(x)|2dx+)\/ |div u(z)|? do + YH (J,,).
Q Q

Analogously to the discrete case, we may drop in (3.11) the divergence term and
consider the sequence of functionals G¢ : L*(£;R?) — [0, +-00] defined by

wi= [ ot / ( 1D, culx )|2) di de

with S~2§ ={r e R?: [z — &,z +¢ef] C Q} and p as above. By applying the same
slicing techniques of [31] it can be proved the following result.

Theorem 3.11 G¢ T'-converges on L (2;R?) with respect to the L' (2;R?)-con-
vergence to the functional G¢: L>(Q;R?) — [0, +o0] given by

W[ |Eu(@)|? de + N [, |divu(z)? de + ~H ()
G(u) := if ue SBD()

400 otherwise,

where

p= a/Rz p(y) (lyl* = 4y3v3) dy,
N = 2a / p(y)yiys dy,
R2

v = 26/ p(y)|y1] dy.
]RQ

Remark 3.12 As in the discrete case, the [-limit G° does not correspond to F*°
for 6 = 0.

Remark 3.13 The restriction to L>(€2;R?) in Theorems 3.1 and 3.8 is technical
in order to characterize the I-limit. For a function u in L'(€;R?) \ L*°(Q;R?),
by following the procedure of the proof of Proposition 4.1 below, one can deduce
from the finiteness of the I'-limits that the one dimensional sections of u belong
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to SBV(Q%). Anyway, since condition (i) of Theorem 2.7 is not in general satis-
fied, one cannot conclude that v € SBD(). On the other hand this condition is
satisfied if u € BD(Q), so that Theorems 3.1, 3.6, 3.8, 3.11 still hold if we replace
L*>=(Q;R?) by BD(Q).

4 The discrete case

In this section we will prove Theorem 3.1. In the sequel we need to “localize” the
functionals F&¢ as

F)y= L ef (LDeut@P + oD cul))).

a€RE(A)
for any A € A(Q) and u € A.(Q2), where
RE(A):={aceZ?: [a—c&a+ef]U[a—ett a+ett] C A
Proposition 4.1 For any u € L*(Q;R?),

I'(meas)-lim i(I)lf F(u) > F(u).
E—

Proof. Step 1 Let us first prove the inequality in the case f(t) = (at) A b. Let
g; — 0, u; € A, () and u € L*>®(;R?) be such that u; — u in measure.
We can suppose that liminf; Fed]_ (uj) = lim; Fedj (uj) < +4o0. In particular, for
any £ € Z? such that p(§) # 0, liminf; ffj’f(uj) < +oo. Using this estimate for
¢ € {e1,e1+ea}, we will deduce that w € SBD() and we will obtain the required
inequality by proving that, for any ¢ € Z? such that p(&) # 0,

lim inf F& (ug) > FE (u). (4.1)
7 J

To this aim, as in Theorem 4.1 of [19], we will proceed by splitting the lattice
7?2 into similar sub-lattices and reducing ourselves to study the limit of functionals
defined on one of these sub-lattices. Indeed, fixed £ € Z? such that p(£) # 0, we
split Z? into an union of disjoint copies of |£|Z? as

€1
2’ = J(z + ZE @ ZEh),
=1

where
{zivi=1,.. [} ={a€Z’ : 0<(a, &) <€}, 0 < (a, &) <[]}
Then, for any A € A(Q)), we write

€
Fle(uy, A) = FEE (uy, A)
=1

17



where
FEEtug, A) =y €gf< (1D, eu;(a >|2+9|Divsj,guj<a>|2>)
RE'(A) K

with Rg;i(A) = jo (A)Nej(zi +Z&E D ZEL). We split as well the lattice ZE @ ZEH
into an union of disjoint sub-lattices as

ZEDLES = Z5U(Z8+€)U (Z8 + € U(Z8+ (E+¢D)
where Z¢ := 27¢ @ 27Z¢+. We confine now our attention to the sequence
1 .
Fi(A) = Z g f (5_ (|D€j,5uj(a)|2 + 9|D1V5j,§uj(a)2))
aeZ;(A) J

where Z;(A) = jo (A)Ne;Z5. Set

. b
I; = {a € jo :|De, euj(@)|* 4 0|Dive, euj(a)* > aej}

and let (v;) be the sequence in SBV(Q;R?), whose components are piecewise
affine, uniquely determined by

(uj(a —€5€),6) z € (a+e;Q¢) NN
[ RS 6]‘25 N Ij

(u5(0),€) + —A DS us(@)( — €)@ € (a+2,Qes) NQ
(vj(2),€) = aeegZ \ I

(143(0),) + —izDfus(@)e — €)@ € (a+2,Qe ) N0
OéEé‘ng\Ij

(uj(o —g;6+), &)
€ (a+e;Qer)NQ
o€ Eng N Ij

<uj(a)a€L> \5\2D u]( )<$ - a7§l>
vi(T = z € (a+ jQL7)mQ
(05(2), € Te o sQes

el
(1;(0). €) + e D5 wy(0) a — a,€5)
€ (a+ejQer_)NQ
a € €jZ§ \Ij,

18



where

Q¢ = {z € R* : [{2,6)] < ¢, [{z, )] < €}

Qer ={x e Qe : £(z,& > 0}.
In order to clarify this construction, we note that, in the case { = eq, v; = (vjl», UJQ)
is the sequence whose component v§ is piecewise affine along the direction e; and
piecewise constant along the orthogonal direction, for i = 1, 2.
It is easy to check that v; still converges to u in measure. Let us fix n > 0 and
consider A, := {x € A : dist (z,R*\ A) > n}. Note that, by construction, for j
large we have

Y a(ID., cus(@)* +0/Dive, cu;(a)]?)
a€Z;(A\I;
a

> 5 / €0y ()6, €2 da + ab|e] / div v; () da

AT/ n

and

bSJ#{ZJ(A)ﬂI]}
b
a0 vj 9 d ! )
> 2|£2max{[zsijn'<”’(y) &)l dH' () /Js;m

Then, for j large and for any fixed ¢ € [0, 1],

(v, (1), 1)) dHl(y)}

n

‘FJ(A) > Z a (lDEj’iuj(a)F + Q‘DiVEjaﬁuj(a)P)
a€Z; (A\I;
+be;#{Z;(A) N I}
>

e / (Ev; (2)E, ) de + ablé]? /A div v; () ? dae

Ay

n

. 1
+2|§|26/J5jm, (v, (), €)| dH (3)
b g e
ot =) /JSijn (v, (1), €5) dH (y). )

In particular by applying a slicing argument and taking into account the notation
used in Theorem 2.7, by Fatou Lemma, we get

+oo > liminf F;(A)
J
1
> — [ liminf oY 2 dt + bt (J (05 dH (y).
= 3P /m 1mjln <a/(An)5 |vj | + #( (vj )) (v)
(4.3)

19



Note that, even if p(¢*) = 0, taking into account also the divergence term and
the second surface term in (4.2), we can obtain an analogue of the inequality
(4.3) for 1. By the closure and lower semicontinuity Theorem 2.4 we deduce that

uy € SBV((An)i), and since u € L>(Q; R?) we get

ez [ D)) ari) (4.0

for ¢ = &, ¢1. Recall that by assumption p(e;), p(e; + ez) # 0, thus (4.4) holds in
particular for ¢ = eq, ez, €1 + e2. Then by Theorem 2.7, we get that w € SBD(A,)
for any 1 > 0. Moreover, since the estimate in (4.4) is uniform with respect to 7,
we conclude that u € SBD(A).

Going back to (4.2), by applying Theorem 2.9 and then letting n — 0, we get

lim inf 7 (4) > 2|g|2/A|<5u(z)§,§>|2dx—|—a0§|2/A|divu(gc)de

L 1 . n 1)
+2|5\2 (5/J§mA<V“’§>|dH + (1 5)/‘]§L0A|<Vu,£ K,

for any ¢ € [0,1].

Note that, using the inequality above with A = Q, £ = ey, e; + es, it can be
easily checked that Eu € L*(Q;R**?) and ‘H!(J,) < +oo. Then, by Lemma 2.14
applied with

A(A) = liminf F;(A),
J

a

b

- 120 YT,
ATE o™
([(Eu(x)&, &) + 0¢[*|divu(x)[?) on Q\ J,
Sn] (v, €| on JE\ J§
Yn(z) = .
(1= ) (s €5 on J§ N\ J§
Sl )+ (L= 0| (s €5 on J5N IS,

with §, € QN [0, 1], we get
lim inf 7, (Q2) > Lz/ |<5u(x)£,§>|2dx+a9|§\2/ \div u()[? dz
J 2|§\ Q Q
b / 1 / L 1
+—= Vu, )| dH™ + Va, dH
2|§|2( PR g )

+/JE JgL |<Vua€>| \4 |<Vu7£L>‘dH1)

u u
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Finally, since the argument above is not affected by the choice of the sub-lattices
in which Z? has been split with respect to &, we obtain (4.1). The thesis follows
by summing over £ € Z2.

Step 2 If f is any increasing positive function satisfying (3.3), we can find
two sequences of positive numbers (a;) and (b;) such that sup; a; = a, sup; b; = b
and f(t) > (a;t) Ab; for any t > 0. By Step 1 we have that F(meas)—lirErLiglf Fa(u)

is finite only if F'¢(u) is finite and

I'(meas)- lirgriiélfFEd(u) > Z p(&) <2ai/Q [(Eu(x)E, &) da

£ez?
+4ai9|§|4/ |divu(z)|? de + Qbi/ O (ut —u, ) dHl) .
o Ju

Then the thesis follows as above from Lemma 2.14. O

The following proposition will be crucial for the proof of the I'-limsup in-
equality in both the discrete and the continuous case.

Proposition 4.2 Let u € SBD? () N L™ (Q,R?), then

lim sup F&4 (u) < F(u).

e—0
Proof. Using the notation of Lemma 2.13, set
3 &t g,et
JE = <J§ \ J5L> U <J§L \ Jg) U (Jg N J§L>
€ €

Since f(t) < b, by Lemma 2.13 there follows

€

2 €
limsup Fo%(u) < limsup F&* (u, Q5 \ JS) + blimsup £ iJ”)
e—0 e—0 e—0
< limsup F2¢ (u, Q5 \ J5)
e—0

b us d 1 uy J_ d !
2 (/JML (s )] dH +/J;\Js (v, €5 dH
1 1
o R I ).
Let us prove that for a.e. x € Q8 \ JS and for ¢ € {£&, ¢4}
Déu() = (ule + ) — u(x), ) = / (Eule + 5C)¢, ¢) ds. (4.5)

Let, for instance, ¢ = ¢, then using the notation of Theorem 2.7 if z € Qf \ JZ and
xr =y +t&, with y € TI¢, we get

(u(x 4 €€) — u(x), &) = uSY(t +¢) — usY(t).
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Since u € SBD (), for H!-a.e. y € II* we have that u®¥ € SBV((Qg)z), uSY(t) =

(Eu(y +tE)E,E) for LT ae. t € (Qg)i and J ey = (JS)E Thus

¥

t+e
WEV(t 4 €) —ubV(t) = / (Euly + )6, €) ds

(4.6)

+ ((ug’y)+(3)—(u5’y)_(8)) sgn (€, vu)

sE(JE)5

Y

and, since (Jg)j N[t,t+el =0, (4.5) follows.
Moreover, Jensen’s inequality, Fubini Theorem and (4.5) yield

2

1
dzx

1 €
— Dgux Yde = / ‘/ Eul(x + s¢)(, () ds
&2 /Qi\Ji [DEutz) af\sz € o el ¢l

/ (Eul@), O da,
Q

IA

for { = £&£.
Let us also prove that

1
limsup—2/ |div§’§Lu|2das < |£\4/ |div u(z)|? dx.
£ Jad\ug @

e—0

Setting
g(x) := [¢]*div u(z)
and
L et
9= () := gdl"s’ u(x)XQE\Jg (),

(4.8) follows if we prove that

lg = 9:ll2() — 0.

Note that
g(z) = (Eu(x)€, &) + (Eu(x)eT, €5,
and that by (4.5) on Q¢ \ J¢ we have

divg’fLu(x) = /0g (Eu(x + s€)&, &) + (Euz + s€H)ET, &) ds.

Thus, by absolute continuity and Jensen’s inequality we get
1 €
o= 9@ < o +20¢* [ 2 [ lEuta+ o)~ Eulw)? dsda
Qs €Jo

+2\5|4/£ %/ |Eu(x + s&1) — Eulx)|? ds d.
ot € Jo

22
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Applying Fubini Theorem and then extending u to 0 outside ) yield
1 €
lo =0 < o +26l' [ [ leute+s6)  Eutw) dads
0
1 €
+2|§|4g / / |Eu(z + s&1) — Eu(x)|? dx ds,
0 Jo

and so (4.9) follows by the continuity of the translation operator in L?(Q; R?*2).
Of course, using the same argument, we can claim that the analogous in-
equalities of (4.8), obtained by replacing (£, &) by one among the pairs (&, —£+),

(_faﬁL)v (—fy —fl), hold true.
Eventually, since f(t) < at, by (4.7) and (4.8) we get

limsup F&¢ (u, Q8 \ JZ) < 2a/ [(Eu(x)E, €)|* do + 4a9|§\4/ |div u(z)|? de
e—0 Q Q

and the conclusion follows. O

Remark 4.3 Arguing as in the proof of Proposition 4.2 we infer that the func-
tionals defined by
1 1
i) =1 [ o (2ID-cu) ar

where g(t) := (at) A b, satisfy the estimate
0¢(u) < 2a [ |(€u@) OF do+2b [ |0l ant
Q Ja

for any u € SBD(Q).
Moreover, by the subadditivity of g and since f(t) < g(t) by hypothesis, there
holds
Fo(u) < c (gf(u) + Q‘SL(U)) < cFé(u). (4.12)

Now we are going to prove the I'-limsup inequality that concludes the proof of
Theorem 3.1. We will obtain the recovery sequence for u € L°°(2;R?) as suitable
interpolations of the function v itself.

Proposition 4.4 For any u € L>(Q;R?),
(LY)-limsup F(u) < F(u).

e—0

Proof. It suffices to prove the inequality above for u € SBD?(2). Up to a transla-
tion argument we may assume that 0 € Q. Let A € (0, 1) and define uy(x) := u(Ax)
for € Q) := A71Q. Notice that Q cC Q) and uy € SBD?(£,). It is easy to check
that uy — u in L'(Q;R?) as A — 1 and

)l\iml F(uy, Q) = F(u).
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Then, by the lower semicontinuity of T-limsup,_,, F, it suffices to prove that

D(LY)-limsup F4(uy) < F4(uy, ),

e—0

for any A € (0,1).
We now generalize an argument used in [22],[14]. Let ¢; — 0 and consider uy
extended to 0 outside Q2. Notice that for a € eZ* and € € Z* we have e [¢] =«

and ¢ [%65} =« + &£, thus we get

€1

1
Fe (TSuy) dy = pg/ ef(<D,7 ux(gjy + a)|?
/(0,1)2 5 (Iy'm) NG (0,1)2 az 7 \e; [Pecunes )

gz ers,

+0|Dive, cux(gjy + a)|2)> dy,

where T} is given by (2.5) for B = {ey,e2}.
Then, using the change of variable €;y + a — y, we obtain

1 1 .
=0 Y | _f(_(Dejm(yn?+0|Dwaj,gux<y>|2))dy
feze acrs Jat(0e)? € \&j
<> p(O)FEE (ux, )
£e72

In particular, by Proposition 4.2 and Remark 4.3, there holds

lim sup / F(Teiuy) dy (4.13)
j onz

< > p(§)limsup FOF (ur, Q) < Fuy, Q) < +00.
cez? J

Fix 6 > 0 and set
Cl = {z € (0,1)%: FL (T57uy) g/ Fe(Tgiuy) dy+5}.
(0,1)?

By (4.13), we have for j large

L FO (T uy) d
f(o,1) aj(y A) dy <e<l,

f(o’l)Q Fsdj (Ty’uy) dy+6 ~

(0,1)*\ 3 <
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which implies ‘
ICY|>1—¢c>0.

Then, by Remark 2.12, for any j € N we can choose z; € Cg such that T57uy — uy
in L'(;R?) and
FE(Teiuy) g/ FLA(Tyiun) dy +6. (4.14)
(0,1)2

Hence, by (4.13) and (4.14), there holds

limsupFEdj (Tjﬂ?u)\) < Fluy, Q) + 0,
J

from which we infer

F(Ll)—limsung (uy) < F(ux, Q) +6
J
and letting 6 — 0 we get the conclusion. O

Remark 4.5 In the proof of the previous proposition the convexity assumption
on (2 is used only to ensure that for any A > 1 2 CC ). This condition is nedeed
in order to justify the existence of some kind of extension of a SBD function outside
of  with controlled energy. An alternative approach would involve the use of an
extension theorem in SBD analogous to the one holding true in SBV (see Lemma
4.11 of [14]). So far, such a result has not been proved, yet.

Thus, Proposition 4.4 and Theorem 3.1 can be stated for open sets sharing one of
the previous properties.

5 The continuous case

In this section we will prove Theorem 3.8. We “localize” the functionals F&¢ as

1 1 .
Feftu )= [ 7 (2 (Decu@)l + oDiveculo)?) ) da,

for any u € L'(Q;R?), A € A(Q), with
A= {z cR?: [z —ct,x +e€]U [z — &tz + ¢t C A}
Proposition 5.1 For any u € L>(Q;R?) N L1 (;R?),

r (L") -lim inf FY (u) > F*(u).
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Proof. Step1 Let us first assume f(t) = (at)Ab. Let €; — 0, u; € L' (Q;R?), u €
L>(Q;R?) be such that u; — win L'(Q;R?) and liminf; F¥ (u;) = lim; F¥, (uj) <
+00. In particular for a.e. £ € R? such that p(€) # 0 liminf; f;;f(uj) < +o0. Fix
such a ¢ € R? and A € A(Q). Up to passing to a subsequence we may assume
that liminf) fg;f(uj,A) = lim; fgf(uj,A) < +00. We now adapt to our case a
“discretization” argument used in the proof of Proposition 3.38 of [14]. In what

follows, when needed, we will consider u; and u extended to 0 outside €2. If we
define

I (2 (1D, cu;(@)? + 0IDive, cu; (0)2) ) if o € A

g;(x) =
0 otherwise in R?,
we can write
C 1 1
Fet(uy, A) = ;/ gi@)de=— / 5 9i@)de
i JR2 j ace; (ZEDTEL) a+e; Qe
1

-2 Y [ geraw= [ s@an
OLEE]‘(ZE@ZEJ‘) €; Q¢ Qe

where
$i(@) = Y ggiler+a)
ace; (ZEDLEL)
Qe ={z € R*: 0 < (2,6) <|¢]*,0 < (2,6") < [}
Fix § > 0, then, arguing as in the proof of Proposition 4.4, by using Remark
2.12, for any j € N we can find z; € Q¢ such that T;jf’guj — u in L'(Q;R?) and
Fof (ug, A) +6 = [P (x))

1 .
> [Py >, f <E_ (1D, euj(a +eja;)|? +9|D1Vej,5uj(04+€ﬂj)|2)>
aesj(zg@sz) J

aEAﬁj iy

Now we point out that the functionals on the right hand side is of the same type
of those defined in (3.4). Hence, up to slight modifications, we can proceed as in
the proof of Proposition 4.1 to obtain that v € SBD() and

liminf Fo5(u;) > 2a / (Eu(@)E, O do + dable|? / \div ()2 dz
J ’ Q Q
+2b(/ i |<uu,§)|dH1+/ L v g5l dn
JE\JE JENIE

1
+[]EOJ5L |<Vua§>| v ‘<Vu7§ >|dH1>

u u
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Finally, recalling that H!(J, \ JS) = 0 for a.e. £ € R?, by integrating with respect
to £ and by Fatou Lemma, we get

liminf FZ (u;) > /p(f)lim‘inffec’,g(uj)df
J 7 R2 J J

> [ oo ([ 2alteutors. o + aatle v ua)a) ae
o [ 20 ([ 1l v el aret) e

/S : ( /R NS (2a|(Eu(x)E, €)* + 4ab|€|*|div u(z)|?) dg) dr
+/J (/}R 2bp(&)|(vu, §)| V |<VU7§L>|d€) dH.

u

The expressions for u, A,y follow after a simple computation.
Step 2 If f is any, arguing as in Step 2 of the proof of Proposition 4.1, we
have that I' (L') - lim inf._q F<(u) is finite only if F°(u) is finite and

(L) -timint FE() > s [ [Su(o)?do A [ [divua) P do 00 (7)
e 9) Q
with sup; u; = p, sup; A, = A and sup, v; = 7. The thesis follows using once more

Lemma 2.14. O

Let us now prove the I'-limsup inequality which easily follows by Proposition
4.2 and Remark 4.3.

Proposition 5.2 For any u € L>=(Q;R?),

[(LY)-limsup F(u) < F¢(u).

e—0

Proof. As usual we can reduce ourselves to prove the inequality for u € SBD?(Q).
For such a u the recovery sequence is provided by the function itself. Indeed, by
Proposition 4.2, estimate (4.12) and Fatou Lemma, we get

limsup FS(u) < / p(€) lim sup F&8 (u) d¢
R2

e—0 e—0

IN

[ poF<@was = Feta)
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6 Convergence of minimum problems in the dis-
crete case

6.1 A compactness lemma

The following lemma will be crucial to derive the convergence of the minimum
problems treated in the next section.

Lemma 6.1 Let f, p, F4 be as in Theorem 3.1; assume in addition that ) is a
bounded Lipschitz open set. Let (uj;) be a sequence in Ac;(Q) such that

sup(Féfi_ (uj) + l|ujll Lo (r2)) < +o0. (6.1)
j

Then there exists a subsequence (uj,) converging in L'(Q;R?) to a function u €

SBD?(Q).

Proof. Without loss of generality we may assume f(t) = (at) A b. Set

Cji= > &f (;jmguj(a)ﬁ) + > &f (;IDzjuj(a)IQ)

aERil. aER‘;?
. %f(ID“*” <>|2)+ 3 ng< L ipar-e j<a>|2),
6361“2 a€RIIT

then the monotonicity and subadditivity of f yield

sup C; < ¢ sup F2 (u;) < +oo0. (6.2)
i i

Let

Mj(a) = max { [DSu;(@)*; [D&uj(a)|*; |DEluj(a+ ejez)l;
\Dezuj(aanJel)\Q, |D61+62uj(a)|2; |D§_§’eluj(a+ejel)|2}

and
Rj:= R NRIT2 N (Rg; - 5j€2) N (RS; - 5;‘61) N (Rife? - €j€1> 7

then set

b
Ij = {OZ S Rj : Mj(()é) < asj}.
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Consider the (piecewise affine) functions v; = (v}, v7) defined on a+¢;[0,1)%, a €
I;, as

uj(@) + £Detuj(a)(z1 — a1)

—&—sij (u]l(a +gjea) —uj(a)) (wg — az) r€(a+eT7)NQ
vi(z) = 1 1 e
J uj(a—i-zfj(el+€2))+ET_D5;UJ‘(O£+E]‘62)($1 — o —Ej)

“ré ((ujl(a + €j(€1 + 62)) — ujl(oz +€j61)) (1‘2 — Qg — Ej)
x € (OL+€]‘T+)QQ

u3(0) + £ D2 us(@) (22 — an)

+% (“?(O‘JFEjel)_U?(a)) (1 — ) z€(a+eT7)NQ

€j
U?(Ol + Ej(@l + 62)) + iDs;“uj(oz + Ej@l)(l‘g — Qg — Ej)

+6%_ (u3(a+ej(er +e2)) —ul(a+ejer)) (z1 — o1 —g5)
T e (Oé+€jT+)ﬁQ

where 7% = {z € (0,1)*: +(z; +22—1) >0} and z; = (z,e;), i = 1,2, and
v; = u; elsewhere in ). Notice that on each triangle o + EjTi v; is an affine
interpolation of the values of u; on the vertices of the triangle.

By direct computation it is easily seen that for any o € I; and = € o + £;(0, 1)?
there holds

1\2
o < e (1) aa)
€j
hence, by taking into account (6.2) and the subadditivity of f, we get

Sup/ |Ev;(z)|* dz < ¢ sup Cj < +o0. (6.3)
i JQ j

J

Now, we provide an estimate for H?! (ij). Let

A; = {a€eegZ?: a+e(0,1)2NQ#0},
D; {zeR?®: d(z,00) < 2},

and note that
U a+e(0,1)CD;
a€AG\R;

By the Lipschitz regularity assumption on €2, it follows

D; L (o9

)

J €j
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and thus we get

H () dej# (A5 \ 1)) = dej# (A; \ Rj) + dej# (R \ I;)

<
< ¢ (H' () +Cy) <e. (6.4)

Since (v;) C SBD(R) is bounded in L* (€;R?) and by taking into account (6.3)
and (6.4), Theorem 2.8 yields the existence of a subsequence (v;,) converging
in L* (;R?) to a function u € SBD?(Q). The thesis follows noticing that by
Proposition A.1 (uj, ) is also converging to u in L' (€;R?). O

Thanks to Lemma 6.1 and by taking into account Theorems 3.1 and 2.10,
we have the following convergence result for obstacle problems with Neumann
boundary conditions.

Theorem 6.2 Let K be a compact subset of R? and let h € L'(Q;R?). Then the
minimum values

min {Fsd(u) - / (hyuYdz : uwe L'(QR?), ue K a.e.} , (6.5)
Q
converge to the minimum value
min {Fd(u) - / (hyu)de : ue L*(R?), ue K a.e.} , (6.6)
Q

Moreover, for any family of minimizers (uc) for (6.5) and for any sequence (&;)
of positive numbers converging to 0, there exists a subsequence (not relabeled) u.,
converging to a minimizer of (6.6).

6.2 Boundary value problems

In this section we deal with boundary value problems for discrete energies. Follow-
ing [19], we separate “interior interactions” from those “crossing the boundary”.
Let 2 C R? be a convex set such that 0 € ©, let > 0 and denote by €, the open
set {z € R?: dist (z,0Q) <n}. Let ¢ : 0Q — R? and py,...,pn € OQ such that
 is Lipschitz on each connected component of 9Q \ {p1,...,pn}. Then define for
n < dist (0,08) the function @ : Q, — R? by

p(x) =@ (1),

where 7 > 0 is such that {7z} = {tx}i>0 N O
We remark that ¢ € W1 (Qn \uUl, {tpi}iso ;R2> and Jj = UN {tpi}iso Ny
The function ¢ is a possible extension of ¢ to §2,. Other extensions are possible

which, under regularity assumptions, yield the same result. Here we examine this
‘radial’ extension only, for the sake of simplicity.
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With given v € SBD(2), let

u(z) ifxe
u?(x) ;=
o(x) ifxefy,\Q,

then u¥ € SBD(Q,) and Jy» = J, U Js U {x € 0Q: y(u)(x) # p(x)}, where
~(u) denotes the inner trace of u with respect to 9. Finally, we define a suitable
discretization of ¢ by
ola) faeeZ?nNQ,
(@) :=
0 if a & eZ?NQ,,.

Let f,p, F be as in Theorem 3.1 and assume in addition that p(¢) = 0 for
|€] > M, with M > 2. Let B.(u) := F(u) + F%%(u), where

> o€ X ef (2 (IDeguts () + 0|Dive guts ()]?))
[€l<M acRE(89)
F%(u) = if u e A(Q)

+00 otherwise
with
RE(09) :={a €eZ?\RE(Q): [a—ef,a+eflU[a—ctt a+elt|NQ#£0}
and
u(ea) ifa€eZ?2nQ
u¥e(a) :=
(o) ifadgeZ?nQ.
RE(OR)) represents that part of the lattice RS underlying interactions between

pairs of points of €, one inside and the other outside Q (interactions through the
boundary).

Proposition 6.3 B. I'-converges on L™ (2;R?) to the functional B : L>=°(Q; R?) —
[0, 4+00] given by

Fl)+20 5 p(6) / B (y(w) — o, von) dH'  if u € SBD(Q)
B(u) := le|<M Jue NOQ
+00 otherwise

with respect to both the L'(Q;R?)-convergence and the convergence in measure,
where vaq is the inner unit normal to 9Q and the function ®¢ : R? — [0, 4+00) is

defined by
O (2,v) 1= 8 (2,0) VUL (2,0),
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with for n € R?
[(w,m|if (z,m) # 0
() =
0 otherwise.
Proof. Note that if € is sufficiently small, for every v € A.(2) we have
B.(v) > F* (v¥:,QU Q) — F4 (9,0, \ Q). (6.7)

Moreover, the regularity of ¢ and the assumptions on f yield
limsup F? (02,2, \ Q) < ¢ [, \ Q| + ¢ H' (3N (2, \ Q). (6.8)
e—0
Let u. — w in measure on €, then uf* — u? in measure on QU Q,. Thus, by

Theorem 3.1 and inequalities (6.7) and (6.8), we get

limingE(uE) > FHu?,QUQ,) —w(n) > Blu) — w(n),

with lim, .o w(n) = 0. Then the I'-liminf inequality follows by letting n — 0.
Let u € L= (;R?) N SBD?*(2), fix A € (0,1) and define u{ € SBD?*((2,) as

u(%) x € A}
o(x)  xeQy\ A,

then u{ — w in L'(;R?) and F¢ (uf,Q) — B(u) for A — 1.
Hence, to prove the I'-lim sup inequality, it suffices to show that

I-limsup Be (uf) < F4 (uf, Q). (6.9)

e—0

Fix § > 0, arguing as in the proof of Proposition 4.4, we can find v, of the form
uf (- + 72), with 7. < ce and v, — uf in L' (Q;R?) as € — 0, such that

limsup FZ (ve, Q) < F4 (uf, Q) + 6. (6.10)

e—0

Note that if 3 = o, & &€, + &€+ with a € RE (99), for € small we have
P(B+71.) ifBeeZ2nQ
v (B) =
P(8) if B¢ eZ?NAQ.
Then, by the regularity of ¢, it can be proved that

F&#(ve) = O(e),
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hence, by (6.10),

limsup B (ve) < F* (uf, Q) + 6.

e—0
Then, inequality (6.9) follows letting 6 — 0. O

As a consequence of Lemma 6.1 and Proposition 6.3, we get the following
convergence result for boundary value problems.

Theorem 6.4 Let K be a compact set of R? and let B. be as in Proposition 6.3.
Then the minimum values

min{B. (u) : u € K a.e.} (6.11)
converge to the minimum value
min{B(u) : v € K a.e.}. (6.12)

Moreover, for any family of minimizers (uc) for (6.11) and for any sequence (e;)
of positive numbers converging to 0, there exists a subsequence (not relabeled) u.,
converging to a minimizer of (6.12).

Proof. It easily follows from Lemma 6.1, Proposition 6.3 and Theorem 2.10. [

7 Generalizations

By following the approach of Section 3, different generalizations to higher dimen-
sion can be proposed. We present here one possible extension of the discrete model
in R3 which provides as well an approximation of energies of type (1.6).

For any orthogonal pair (£,¢) € R3\ {0} and for any u : R® — R? define

Déu(x) == (u(z + €€) — u(x),£),

| Degu()|” := | Dfu(z)|* + | D u(x)|?,
?:= | D gu(x)? + | De culx)?,
=

[ De g cu(z

T

[Dive ¢ cu(z)

1 1 1 2
Z <|£|2D§”5u(m) + WD?Cu(x) + €% C|2D\;‘_.735X<u(x)> :

(01,02,03)€{1,—1}3

where £ x ¢ denotes the external product of £ and (.
Let © be a bounded open set of R? and A3(Q) == {u : Q@ - R® : u =
const on (o + [0,€)3) N Q for any o € €Z3}. Then set

S = {(617 e2), (e1,e3), (e2,e3), (e1+e2,e1 —e2), (e1 +e3,e1 —e3), (ea +e3, €2 —63)}
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and consider the sequence of functionals F%3 : L'(Q;R?) — [0, +00] defined by

> X ef(2(IDegcula)? +0Dive g cu(@)?) if u e AX(Q)

F3y = { (€0€S agrés

+00 otherwise,
with
RS :={a€eZ’: [a—et,atef]U[a—el,a+el]U[a—ef x (a+et x (] CQ}
and f, 0 as in Section 3.

Theorem 7.1 Let Q be convex. Then F43 T-converges on L>=(Q;R?) to the func-
tional F%3 : L>(Q;R3) — [0, +oc] given by

8a [, [Eu(z)|? dx +4(1 + 20)a [, |divu(z)|? dx

Fl(u) = +2b Y [, ®5C(ut —uT,v,)dH?  ifu € SBD(R)
(€0es "

+00 otherwise

with respect to both the L'(Q;R3)-convergence and the convergence in measure,
where ®%¢ : R? — [0, +00) is defined by

(2, v) = P (2,0) VU (2,0) VS (2, 0),
with for n € R3

{ [(v,m| i (z,m) #0

P (Z7 V) =

0 otherwise.

Proof. It suffices to proceed as in the proof of Theorem 3.1, by extending all the
arguments to dimension 3 and taking into account Lemmas 2.11 and 2.13, that
are stated in any dimension. O

A Appendix

In the previous sections in order to study the I'-convergence of discrete energies
we have identified a function u defined on a lattice with a suitable “piecewise-
constant” interpolation, i.e., a function which takes on each cell of the lattice the
value of u in one node of the cell itself. Then, fixed a discretization step length, we
treated the convergence (in measure or L' strong) of discrete functions through
this association.

This choice is not arbitrarily done. Indeed, the convergence of piecewise-
constant interpolations ensures the convergence of any other “piecewise-affine”
ones, whose values on each cell are obtained as a convex combination of the values
of the discrete function in the nodes of the cell itself. Actually, the converse result
also holds true, as the following proposition shows.
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Proposition A.1 Let € be a positive parameter tending to 0 and let T. = (T!);en
be a family of n-simplices in R™ such that int (T7)Nint (17) = 0 ifi # j, U, T: =R
and assume also that sup; diam T — 0 as € — 0. Let u. € L*(R™) be a family of
functions which are affine on the interior of each simplex T'. We consider the two
piecewise constant functions u_,u. € L*(R"), defined on every simplex T® by

u, = ess-inf Tile, Ug 1= eSS-SUp Tile.

Then ue — u in LY(R™) implies u_,u. — u in L'(R™). The same holds if L*

convergence is replaced by Li. . convergence or local convergence in measure.

Proof. We begin by proving the convergence in L!. With fixed ¢ and i € N let
ue; : T; — R be the unique continuous extension of ue|jy (1) to the closed simplex

T! and let y_,, y;'l be two vertices of T! such that

(") = mi . Syt ) = .
Ue,i(Yeg) = Wi Ue;  Uei(yz;) = maxue,.
€

If u.; is constant on 77, we suppose in addition that Yoi 7 y:i and define 7! :=
y:i — Y. Let Al the n-simplex homothetic to T of ratio % and with homothety
center in y_,; and let Bi:= Al + %Tg It is easy to see that B: C T.

We will proceed as follows: first we will construct a function v. on B, :=
UsenB? which is affine on the interior of each set B! and whose distance from u
in the L!(B.)-norm tends to 0. Afterwards we will estimate two particular convex
combinations of u, and %, that will allow us to estimate the oscillation w. — u

Let ve be defined in z € int (B) as u. (z — $7¢). In order to prove that

e

lim |ve — u|dz =0, (A.1)
e—0 B.

we observe that

. L
EhL%Z/l u(x)u(:chSTE)‘ dx = 0.

This would be trivial if u were continuous with compact support, and can be
proved by a standard approximation argument for a general u € L*(R™). Then we
have

;/B; |v€(x)’lt($)|dx;/é
<2;/A2 |u€(x)—u(ff)|dm+zi:/g

which proves (A.1).

1 .
ue () — u <x + 37';) ‘ dx

1 .
u(x)—u(m—i—gﬂ)‘ dx — 0,
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We note that 2y_, + +y.; is a maximum point of u. ; on A and a minimum
point of u. ; on B. This gives

2 1 ,
ve < gua(i‘/;l) + gua(i‘/;) < Ue on B¢.
Hence
2 _ 1 + i
gus(ym) + gue(ym) —u| < max{|us — u|, |ve —ul} on B,
and

. 2 1_
3%2/ gug—kgug—u dx = 0.

. 1 2_
;%Z/i g@a—kgue—u dx = 0.

Since . and u, are constant on each simplex 77, and | Bt| = 37"|T¢|, we conclude
that

lim [te —u.|dz = 3" E lim/ [Ge —u.|dz =0
e—0 Jrn - € Bi
7 e

and, finally, by using the following inequalities,
|Qa - u‘ S ‘@E - u€| + |UE - u‘ S ‘@e _ﬁs| + |Us - u"7

we get that u, — u in L*(R™) and analogously for ..

If ue — win L (R™) or locally in measure, it suffices to repeat the construc-
tions and reasonings above, localizing each integral. For the local convergence in
measure, one has also to replace the L' distance with a distance inducing the
convergence in measure on a bounded set. O

Remark A.2 Note that the functions %, u, do not coincide with the piecewise-
constant ones considered in the previous sections. Nevertheless, from the propo-
sition above, one can easily deduce that the convergence (L', L}, or locally in
measure) of piecewise-affine functions considered in Lemma 6.1 implies the conver-
gence of the piecewise-constant ones . Indeed, if we consider the piecewise-constant
function w. defined on the cell a+[—¢/2,¢/2)?, a € €Z?, as u.(«) for a given fam-
ily of functions (u.) which are affine on each triangle of the form a+eT*, then it is
easy to see that u. < w. < u.. Thus, by the previous proposition the convergence
of u. (L', L}, or locally in measure) implies the same convergence of w.. Finally
it suffices to note that the piecewise-constant functions considered in Lemma 6.1

can be written as we(x + 7¢) with || < ce.
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