
LOWER SEMICONTINUITY OF QUASI-CONVEXFUNCTIONALS WITH NON-STANDARD GROWTHM. FOCARDI AND E. MASCOLOAbstra
t. We study the lower semi
ontinuity properties of autonomous vari-ational integrals whose energy densities are 
ontrolled by N-fun
tions.1. Introdu
tionIn this paper we study the lower semi
ontinuity properties of a 
lass of quasi-
onvex fun
tionals of the Cal
ulus of Variations. Consider the integral fun
tionalF (u;
) = Z
 f (Du (x)) dx (1.1)where 
 � Rn is a bounded and open set, u : 
 ! RN is a measurable fun
tionsuÆ
iently regular, and f : RNn ! R is quasi-
onvex in Morrey' sense, see [Mo℄,i.e., f is 
ontinuous and for every A 2 RNn and ' 2 C1
 �
;RN � there holdsf (A)Ln (
) � Z
 f (A+D' (x)) dx; (1.2)denoting with Ln (
) the n dimensional Lebesgue's measure of 
:Assume that f satis�es the non-standard growth 
ondition�
 (1 + �1 (jAj)) � f (A) � 
 (1 + � (jAj)) ; (1.3)with 
 a positive 
onstant, �1 and � N-fun
tions (see Se
tion 2 for de�nitions) su
hthat �1 grows slower than � at in�nity (see Remark 3.3).When in (1.3) �1 (t) = tp1 and � (t) = tp, with 1 < p1 < p or 1 = p1 � p, thefun
tional F (�;
) in (1.1) was proven to be sequentially lower semi
ontinuous inthe weak topology of W 1;p by A
erbi and Fus
o [AFu℄ and by Mar
ellini [Ma1℄.If, moreover, f is non negative then the lower semi
ontinuity inequalitylim infr!+1 F (ur;
) � F (u;
) (1.4)has been established along sequen
es (ur) 2 W 1;p 
onverging in the weak topologyof W 1;q for q � nn+1p by Mar
ellini [Ma2℄ and re
ently for q � n�1n p by Fonse
aand Mal�y [FoM℄ and Mal�y [M2℄. See also Kristensen [Kr℄ for a re�nement.Under further stru
ture assumptions on f , Fonse
a and Mar
ellini [FoMa℄ provedthe 
ase q > p� 1 and then Mal�y [M2℄,[M3℄, re�ned the result to q � p� 1.In the poly
onvex 
ase, i.e., f (A) = g (T (A)) where g is 
onvex and T (A)denotes the set of all minors of the matrix A 2 MN�n, Da
orogna and Mar
ellini[DMa℄ proved the lower semi
ontinuity inequality (1.4) for q > n � 1, while theborder 
ase q = n� 1 was stated by A
erbi and Dal Maso [ADM℄, Celada and Dal1991 Mathemati
s Subje
t Classi�
ation. 49J45.Key words and phrases. Quasi-
onvexity, lower semi
ontinuity, Orli
z-Sobolev spa
es.1



2 M. FOCARDI AND E. MASCOLOMaso [CDM℄ and Dal Maso and Sbordone [DMS℄. An elementary approa
h wasfound by Fus
o and Hut
hinson [FuH℄, see also Mal�y [M1℄ for related results.Noti
e that for fun
tionals F (�;
) de�ned as in (1.1) the weak sequential lowersemi
ontinuity in W 1;p, p > 1, 
an be rephrased as follows: for every sequen
e(ur) 2W 1;1 su
h thatur ! u strongly L1lo
 and lim infr!+1 Z
 jDurjp dx < +1 (1.5)then lim infr!+1 F (ur;
) � F (u;
) :With the general growth 
ondition (1.3), the natural setting where to studylower semi
ontinuity properties for fun
tionals de�ned by (1.1) is provided by thefun
tional spa
es generated by N-fun
tions, 
alled Orli
z spa
es.Ball [B℄ was the �rst to set some variational problems in the framework of Orli
z-Sobolev spa
es. Re
ently, the �rst author has 
onsidered in [F℄ quasi-
onvex inte-grals with the non-standard growth 
onditions (1.3) obtaining lower semi
ontinu-ity in the weak � topology of the Orli
z-Sobolev spa
e W 1L� (see Se
tion 2 forreferen
es) provided � satis�es a sub-homogeneity property at in�nity 
alled 42-
ondition, i.e., there exist m > 1 and to � 0 su
h that for every � > 1 and t � tothere holds � (�t) � �m� (t) :Those results are also applied to give existen
e theorems for Diri
hlet's boundaryvalue problems (see [F℄).The stru
ture and properties of Orli
z spa
es are 
lose to the standard Lp 
ase if� 2 42, while if � =2 42 the theory is quite di�erent. Indeed, let � be a N-fun
tion,set K� = �u : 
! RN measurable: Z
� (juj) dx < +1 � ,denote with L� the linear hull of K�, whi
h is a Bana
h spa
e if endowed with thegauge norm, then K� � L� if and only if � 2 42. This la
k of linear stru
turehas 
onsequen
es in the study of semi
ontinuity for fun
tionals like in (1.1) whoseintegrand satis�es the growth 
ondition (1.3).Indeed, if � =2 42 then F (�;
) is not �nite a priori on the whole W 1L�, unlike the
ase � 2 42, but just on the 
onvex setW 1;�;1 = �u 2 W 1;1 : Z
 � (jDuj) dx < +1 � ,whi
h is stri
tly 
ontained in W 1L�.However, assuming the analogue 
ondition of (1.5), i.e., (ur) 2W 1;1 su
h thatur ! u strongly L1lo
 and lim infr!+1 Z
 � (jDurj) dx < +1 , (1.6)we are able to prove the lower semi
ontinuity of F (�;
) along su
h sequen
es.The main result of the paper is the following (see Se
tion 3 Theorem 3.2).Let 
 � Rn be a bounded and open set with Lips
hitz boundary, let F (�;
) bede�ned as in (1.1) with f : RNn ! R a quasi-
onvex fun
tion satisfying for every



LOWER SEMICONTINUITY OF QUASI-CONVEX... 3A 2 RNn 0 � f (A) � 
 (1 + � (jAj)) ; (1.7)with 
 a positive 
onstant and � a N-fun
tion.Then for every (ur) 2W 1;�;1 �
;RN � satisfying (1.6) there holdslim infr!1 F (ur;
) � F (u;
) :We remark that if � =2 42, the integral boundedness 
ondition in (1.6) is noteven implied by the norm 
onvergen
e of W 1L�, thus, unlike the 
ase � 2 42, itis not equivalent to weak � 
onvergen
e in W 1L� whi
h is in turn implied by (1.6).However, (1.6) turns out to be a natural 
ondition when dealing with minimizingsequen
es of 
oer
ive fun
tionals in W 1L�, i.e., with energy densities satisfying
1 (� (jAj)� 1) � f (A) � 
 (� (jAj) + 1) (1.8)for every A 2 RNn and for some positive 
onstants 
1; 
.Moreover, in that 
ase, take uo 2 W 1;�;1 and 
onsider the boundary value prob-lem inf �F (u;
) : u 2 uo +W 1;1o 	 ,we prove that the in�mum is attained as it happens in the W 1L� setting when� 2 42 (see [F℄ and Remark 3.8).Eventually, it is possible to give expli
it examples of non trivial appli
ationsof previous results 
onstru
ting quasi-
onvex fun
tions verifying the non-standardgrowth 
onditions (1.7), (1.8), in the latter 
ase provided the dominating N-fun
tion� satis�es a sort of sub-additivity 
ondition at in�nity (see Se
tion 4).The plan of the paper is the following: in Se
tion 2 we re
all some de�nitionsand prove some properties of N-fun
tions and Orli
z spa
es; in Se
tion 3 we provethe semi
ontinuity result Theorem 3.2; in Se
tion 4 we give some examples of quasi-
onvex fun
tions with non-standard growth (1.7), (1.8).2. N-Fun
tions and Orli
z spa
es.In this se
tion we re
all some de�nitions and known properties of N-fun
tions,Orli
z, Orli
z-Sobolev spa
es (see for referen
es [Ad℄,[KR℄,[RR℄).A 
ontinuous and 
onvex fun
tion � : [0;+1)! [0;+1) is 
alled N-fun
tion ifit satis�es � (0) = 0;� (t) > 0 t > 0; limt!0+ � (t)t = 0; limt!+1 � (t)t = +1; (2.1)e.g. take �p;� (t) = tp log� (1 + t) for p > 1 and � � 0 or p = 1 and � > 0.A
tually, only the growth at in�nity really matters in the de�nition of N-fun
tion.Indeed, given a 
ontinuous and 
onvex fun
tion Q : [0;+1)! [0;+1) satisfyinglimt!+1 Q (t)t = +1there exist a N-fun
tion � and to > 0 su
h that for every t � to there holds� (t) = Q (t) :Su
h a fun
tion Q is 
alled prin
ipal part of the N-fun
tion �. Sin
e this, we willnot distinguish any longer the two 
on
epts, e.g. we will refer as N-fun
tions to the
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tions �0 (t) = tln t, �� (t) = exp �t�� � 1, � > 0, whi
h have not super-lineargrowth in 0.In the sequel we will often use the following 
onvexity inequality: for every s,t 2 [0;+1) and � > 1� (s+ t) � 1�� (�s) + �1� 1���� ���1 t� : (2.2)Let � be a N-fun
tion, let 	 denote the Fen
hel's 
onjugate of �, i.e.,	 (t) = sup fst�� (s) : s � 0g , (2.3)	 is a N-fun
tion 
alled the 
omplementary N-fun
tion of �. By the very de�nitionthe pair �,	 satis�es Young's inequality, i.e., for every s; t 2 [0;+1) there holdsst � �(s) + 	(t):A useful 
lass of N-fun
tions is provided by the following de�nition. We say that� belongs to 
lass 42, denoted by � 2 42, if there exist m > 1 and to � 0 su
hthat for every � > 1, t � to there holds� (�t) � �m� (t) : (2.4)Take for instan
e �p;� (t) = tp log� (1 + t) for p > 1 and � � 0 or p = 1 and � > 0,then �p;� 2 42, while �0 (t) = tln t =2 42 and �� (t) = exp �t�� � 1 =2 42 for any� > 0.Let 
 � Rn be a bounded and open set, the Orli
z 
lass K� �
;RN � is the setof all (equivalen
e 
lasses modulo equality Ln a.e. in 
 of) measurable fun
tionsu : 
! RN satisfying Z
� (juj) dx < +1; (2.5)where j�j denotes the eu
lidean norm in RN .The Orli
z spa
e L� �
;RN � is de�ned to be the linear hull of K� �
;RN �, thusit 
onsists of all measurable fun
tions u su
h that �u 2 K� �
;RN � for some � > 0.Moreover, the equality K� �
;RN � � L� �
;RN � holds if and only if � 2 42.De�ne the fun
tional kuk�;
 : L� �
;RN �! [0;+1) bykuk�;
 = inf �� > 0 : Z
 �� juj� � dx � 1� ; (2.6)it is a norm, 
alled the gauge norm, and L� �
;RN � is a Bana
h spa
e if endowedwith it. In the sequel we will denote k�k�;
 simply by k�k�, and the norm 
onver-gen
e in L� �
;RN � by s�L� �
;RN �. It easily follows the 
ontinuous immersionL� �
;RN �! L1 �
;RN � if both spa
es are equipped with the gauge norm.Noti
e that by the very de�nition of the norm for any u 2 L� �
;RN � we havekuk� � 1 + Z
 � (juj) dx: (2.7)Denote by E� �
;RN � the 
losure of C1
 �
;RN � in s� L� �
;RN �, the in
lu-sions E� �
;RN � � K� �
;RN � � L� �
;RN �are trivial with equalities holding if and only if � 2 42.A useful 
hara
terization of E� �
;RN � is given in the following lemma (seeProposition 4 [RR, p.52℄).



LOWER SEMICONTINUITY OF QUASI-CONVEX... 5Lemma 2.1. Let u 2 L� �
;RN �, set ku� = sup�� � 0 : �u 2 K� �
;RN �	, de-�ne lu� : [0; ku�℄! [0;+1℄ by lu� (�) = Z
 � (� juj) dx;then lu� is 
ontinuous, in
reasing andlim�!(ku�)� lu� (�) = lu� (ku�) � +1:Moreover, E� �
;RN � = �u 2 L� �
;RN � : ku� = +1	.We stress the attention on the fa
t that if � =2 42 the values of ku� and lu� (ku�)
an be independently assigned, i.e., given any 0 < �; � < +1 there exist u, v 2L� �
;RN � with ku� = kv� = � su
h that lu� (�) = � and lv� (�) = +1 (see [RR,p.54℄). This last remark gives a 
hara
terization of 
ondition 42.Lemma 2.2. Let � be a N-fun
tion, � 2 42 if and only if for every family(ui)i2I � L� �
;RN � whi
h is norm bounded there holdssupi2I Z
� (juij) dx < +1:Another 
onsequen
e of the previous remark is that norm 
onvergen
e does notimply 
onvergen
e of integrals in the 
ase � =2 42. Indeed, if ur ! u s�L� �
;RN �the 
onvexity of � implieslim infr!+1 Z
� (jurj) dx � Z
 � (juj) dx; (2.8)with the possibility of stri
t inequality holding in (2.8). However, the integral
onvergen
e holds for suitable sub-multiples of the limit.Lemma 2.3. Let (ur), u 2 L� �
;RN � be su
h that ur ! u s � L� �
;RN �, if� 2 [0; ku�) then limr!+1Z
 � (� jurj) dx = Z
 � (� juj) dx: (2.9)Proof. Fix � 2 (0; ku�), by (2.8) we have only to prove the inequalitylim supr!+1 Z
� (� jurj) dx � Z
 � (� juj) dx;the 
ase � = 0 being trivial.By the very de�nition of the norm and the 
onvexity of � it followskwk� � 1) Z
� (jwj) dx � kwk� ;hen
e for any � > 0 there exists r (�) su
h that for every r � r (�)Z
� (� jur � uj) dx � � kur � uk� � 1: (2.10)Fix � > 1 su
h that � < �� < ku�, then by (2.2)Z
� (� jurj) dx � 1� Z
� (�� juj) dx+�1� 1��Z
�� ����1 jur � uj� dx;(2.11)
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e passing to the superior limit for r ! +1 in (2.11) we get by (2.10)lim supr!+1 Z
 � (� jurj) dx � 1� Z
 � (�� juj) dx;and so Lemma 2.1 yields the 
on
lusion by letting � ! 1+. �The Orli
z-Sobolev spa
e W 1L� �
;RN � 
onsists of all (equivalen
e 
lasses mod-ulo equality Ln a.e. in 
 of) measurable fun
tions u 2 L� �
;RN � whose �rst orderdistributional derivatives belong to L� �
;RN �. As in the 
ase of ordinary Sobolevspa
es, it is a Bana
h spa
e if endowed with the normkuk1;� = kuk� + kDuk� :Denote by W 1oE� �
;RN � the 
losure of C1
 �
;RN � in the norm topology ofW 1L� �
;RN �, indi
ated by s �W 1L� �
;RN �. Let us state a generalization ofRelli
h-Kondrakov's 
ompa
t embedding theorem ([Ad℄, Lemma 7.1 [EOP℄).Theorem 2.4. Let 
 � Rn be a open bounded set with Lips
hitz boundary, let �be a N-fun
tion, then the embedding W 1L� �
;RN �! L� �
;RN � is 
ompa
t.Let � > 0 and 
onsider, similarly to Mar
ellini [M3℄, the 
onvex fun
tional setsW 1;�;� �
;RN � = �u 2 W 1;1 �
;RN � : Z
� (� jDuj) dx < +1� :The next lemma yields the set in
lusion W 1;�;� �
;RN � � W 1lo
L� �
;RN � (seeLemma 1 [BhL℄).Lemma 2.5. Let C � Rn be a 
onvex, bounded and open set, then for every � > 0and u 2 W 1;�;� �
;RN � there holdsZC � ��d ju� uC j� dx � � !ndnLn(C)�1� 1n ZC � (� jDuj) dx;where uC = 1Ln(C) RC udx, d = diamC, !n = Ln �B(0;1)� and B(0;1) is the unit ballof Rn .The set in
lusion W 1;�;� �
;RN � � W 1L� �
;RN � is related to the regularityof 
, it is a 
onsequen
e of Lemma 2.7 below for whi
h we need the following result(see Lemma 1 [T℄).Lemma 2.6. Let 
 � Rn be a bounded and open set with Lips
hitz boundary, thenthere exists a positive 
onstant 
 = 
 (n;
) su
h that for every u 2W 1;1 �
;RN �ju (x)j � 
�kukL1(
;RN) + Z
 jDu(y)jjx�yjn�1 dy�for Ln a.e. x 2 
.Lemma 2.7. Let 
 � Rn be a bounded and open set with Lips
hitz boundary,then there exist positive 
onstants 
i = 
i (n;
), 1 � i � 2, su
h that for everyu 2 W 1;�;1 �
;RN � and � > 1, there holdsZ
� � 
1� juj� dx � �� 
2��1 kukL1(
;RN)�Ln (
) + Z
 � (jDuj) dx:



LOWER SEMICONTINUITY OF QUASI-CONVEX... 7Proof. Let r > diam
, 
onsider the kernel J : B(0;r) ! [0;+1) de�ned byJ(x) = � k jxj1�n B(0;r) n f0g0 otherwisewhere k is 
hosen su
h that kJkL1(Rn) = 1.De�ne v to be the zero extension of jDuj to Rn , then applying Lemma 2.6 and(2.2) for Ln a.e. x 2 
 we have� � k
� ju (x)j� � �� k��1 kukL1(
;RN)�+��ZRn J (y � x) v (y) dy�thus by a suitable version of Jensen's inequality, i.e.,��ZRn J (y � x) v (y) dy� � ZRn J (y � x) � (v (y)) dy;and integrating over 
 we getZ
 � � k
� juj� dx� �� k��1 kukL1(
;RN)�Ln (
) + Z
 dx ZRn J (y � x) � (v (y)) dy� �� k��1 kukL1(
;RN)�Ln (
) + Z
� (jDu (x)j) dx;and so we are done setting 
1 (n;
) = k
 and 
2 (n;
) = 

1. �Let W 1;�;�o �
;RN � =W 1;1o \W 1;�;� �
;RN �; for any bounded set 
 the in
lu-sion W 1;�;�o �
;RN � � W 1L� �
;RN � holds by using the following lemma whi
hgeneralizes to the ve
torial 
ase Lemma 3.2 [Ma3℄ (see [Mi℄).Lemma 2.8. Let 
 � Rn be a bounded and open set, let d = diam
 and � > 0, ifu 2 W 1;�;�o �
;RN � thenZ
 � � 2�Nd juj� dx � Z
� (� jDuj) dx:As a 
onsequen
e of Lemma 2.8 we dedu
e that the L� norm of the gradientand the W 1L� norm are equivalent on W 1;�;�o �
;RN �. More pre
isely if u 2W 1;�;�o �
;RN � then kuk� � Nd2 kDuk� : (2.12)Next lemma states a density result in W 1;�;�o �
;RN � (see [Go2℄,[Mi℄ for relatedresults).Lemma 2.9. Let 
 � Rn be a bounded and open set, let u 2 W 1;�;�o �
;RN � besu
h that sptu �� 
, then there exists a sequen
e (ur) � C1
 �
;RN � su
h that(1) ur ! u s�W 1;1 �
;RN �;(2) R
� (jurj) dx! R
� (juj) dx;(3) R
� (jDurj) dx! R
� (jDuj) dx.Proof. Let J" be a molli�er, let ur = J 1r � u, then standard 
onvolution resultsyield ur 2 C1
 �
;RN � if r is suitable and assertion (1) hen
e follows.



8 M. FOCARDI AND E. MASCOLOTo prove (2) note that by Jensen's inequality for Ln a.e. x 2 
0 � � (jur (x)j) � �J 1r �� (juj)� (x) ;moreover, sin
eJ 1r �� (juj)! � (juj) s� L1 (
) and Ln a.e. x 2 
;(2) holds by the 
ontinuity of � and Lebesgue's Dominated Convergen
e theorem.To prove (3) observe that sin
e sptu �� 
, if 1r < d (sptu; �
) thenDi �J 1r � u� (x) = �J 1r �Diu� (x)for Ln a.e. x 2 
 and for every 1 � i � n, so that we 
an 
on
lude analogously to(2). �We now introdu
e the weak � 
onvergen
e in L� �
;RN �, whi
h we will denoteby �w�L� �
;RN �. Sin
e the Orli
z spa
e L� �
;RN � is isometri
ally isomorphi
to the dual spa
e of E	 �
;RN � a sequen
e ur ! u �w�L� �
;RN � if and only iffor every v 2 E	 �
;RN � there holdslimr!+1 Z
 urvdx = Z
 uvdx:By means of the Hahn-Bana
h theorem we have that ur ! u �w�W 1L� �
;RN �if and only if (ur), (Diur), 1 � i � n, 
onverge to u, Diu respe
tively. As a
onsequen
e of the previous statements we dedu
e that L� �
;RN � is re
exive ifand only if both � and 	 belong to 
lass 42.Eventually, W 1oE� �
;RN � is �w �W 1L� �
;RN � 
losed if and only if � 2 42(see [Do℄,[Go1℄), in the sequel we denote by W 1oL� �
;RN � its weak � 
losure.3. Semi
ontinuity.Let f be quasi-
onvex, i.e., f is 
ontinuous and satis�es inequality (1.2), thenf is separately 
onvex in ea
h variable (see [D℄) and thus for every � 2 [0; 1℄ andz 2 RNn we get f (�A) � X0�k�Nn �Nn�k (1� �)k Xj�j=k f (��k (A)) ; (3.1)where � is a multi-index of 
omponents �i 2 f1; : : : ; Nng and length j�j = �1 +: : :+ �Nn, 
onsidering two multi-indi
es equal up to permutations, and where ��k :RNn ! RNn is the proje
tion on the k-plane�� = �y 2 RNn : y�1 = y�2 = : : : = y�k = 0	 ;with the 
onvention that �(0;::: ;0)0 = IdRNn and �(0;::: ;0) = RNn if k = 0.Lemma 3.1. Let � be an N-fun
tion and f : RNn ! R be quasi-
onvex and satis-fying f (A) � 
 (1 + � (jAj)) ; (3.2)then there exists a positive 
onstant 
1 = 
1 (Nn) su
h that for every � 2 [0; 1℄ andA 2 RNn f (�A) � �Nnf (A) + 
1 (1� �) (1 + � (jAj)) : (3.3)



LOWER SEMICONTINUITY OF QUASI-CONVEX... 9Proof. Sin
e � is in
reasing, by (3.2) for every � and k we getf (��k (A)) � 
 (1 + � (j��k (A)j)) � 
 (1 + � (jAj)) ;then (3.3) follows by (3.1) setting 
1 = 
 P1�k�Nn �Nnk �. �Let us re
all our main result.Theorem 3.2. Let 
 � Rn be a bounded and open set with Lips
hitz boundary, letF (�;
) be de�ned as in (1.1) with f : RNn ! R a quasi-
onvex fun
tion satisfyingfor every A 2 RNn 0 � f (A) � 
 (1 + � (jAj)) ; (3.4)with 
 a positive 
onstant and � a N-fun
tion.Then for every (ur) 2W 1;�;1 �
;RN � satisfying (1.6) there holdslim infr!1 F (ur;
) � F (u;
) :Remark 3.1. By the sequential lower semi
ontinuity of the map v ! R
� (jvj) dxin the w � L1 �
;RN � 
onvergen
e and by (1.6) it follows u 2 W 1;�;1 �
;RN �.Remark 3.2. The quasi-
onvexity inequality (1.2) 
an be extended also for testfun
tions in W 1;�;1o �
;RN � under growth 
onditions (1.7).Indeed, given ' 2 W 1;�;1o �
;RN � �rst assume that spt' �� 
 and 
onsider thesequen
e ('r) � C1
 �
;RN � provided by Lemma 2.9. We may further suppose thatD'r ! D' Ln a.e. in 
, hen
e by Lebesgue's Dominated Convergen
e theoremf (A)Ln (
) � limr!+1 Z
 f (A+D'r (x)) dx = Z
 f (A+D' (x)) dx:If ' 2 W 1;�;1o �
;RN � is any, let � be a bounded and open set su
h that � ��
, de�ne 'o to be the zero extension of ' to �, then 'o 2 W 1;�;1o ��;RN � andspt'o �� �, thus by previous step, (1.2) holds for 'o on �, i.e.,f (A)Ln (�) � Z� f (A+D'o (x)) dx = Z
 f (A+D' (x)) dx+ f (A)Ln (� n
) ;and so (1.2) holds for ' on 
:Remark 3.3. The statement of Theorem 3.2 holds more generally if the growth
ondition (1.7) is substituted by (1.3), i.e., for every A 2 RNn�
 (1 + �1 (jAj)) � f (A) � 
 (1 + � (jAj)) ;provided �1 is a N-fun
tion su
h that for every � > 0limt!+1 � (t)�1 (�t) = +1: (3.5)Indeed, under assumption (3.5), if (ur) 2 W 1;�;1 �
;RN � satis�es the integralboundedness 
ondition (1.6), the sequen
e (�1 (jDurj)) is equi-absolutely integrableby De la Vall�ee Poissin's 
riterion (see [KR, p.95℄), then arguing like Kristensen(Theorem 3.1 Step1 [Kr℄) we redu
e to the 
ase f � 0.Remark 3.4. Following Mar
ellini [Ma1℄ (see also [F℄) one 
an prove that quasi-
onvexity and (3.4) yield for every A, B 2 RNnjf (A)� f (B)j � 
�1 + � (2 (1 + jAj+ jBj))1 + jAj+ jBj � jA�Bj :



10 M. FOCARDI AND E. MASCOLOThis kind of 
ontrol on f is no longer utilizable in our setting when � is a N-fun
tionnot in 
lass 42.First we prove a spe
ial 
ase.Lemma 3.3. If in the statement of Theorem 3.2 the limit u is aÆne, i.e., Du (x) �Ao for some Ao 2 RNn and Ln a.e. x 2 
, thenlim infr!1 F (ur;
) � F (u;
) :Proof. Step 1: Suppose ur, u have the same boundary values, i.e., (u� ur) 2W 1;�;1o �
;RN � for every r, then the result easily follows by quasi-
onvexity andRemark 3.2.Step 2: Suppose that (ur) 2W 1;�;� �
;RN � for some � > 1 and thatsupr Z
� (� jDurj) dx < +1: (3.6)Pro
eeding as Mar
ellini [Ma1℄,[Ma2℄ we 
hange the boundary value of ur in asuitable way. Let 
o �� 
 be an open set, �x k = 12dist �
o; �
� and h 2 N, thenfor 1 � i � h de�ne the open sets
i = �x 2 
 : dist (x; �
) < ihk	and 
onsider a family of 
ut-o� fun
tions 'i 2 C1
 (
) su
h that0 � 'i � 1; 'i � 1 on 
i�1; 'i � 0 on 
 n
i; jD'ij � h+1k :For every r let vr = ur � u, noti
e that vr ! 0 s � L1lo
 �
;RN �, then de�ne thefun
tions vi;r = 'ivr;thus vi;r 2 W 1;�;1o �
;RN � for every i provided r is big enough. Indeed, vi;r 2W 1;1o �
;RN � by the very de�nition, moreover applying twi
e (2.2) and by the
hoi
e of 'i we getZ
� (jDvi;r j) dx � Z
 � (� jDurj) dx+�� �p��1 jAoj�Ln (
) + Z
��h+1k p�p��1 jvrj� dx:The assertion follows from (3.6) and Theorem 2.4, sin
e the 
ompa
tness of theembedding W 1L� �
;RN �! L� �
;RN � implies vr ! 0 s�L� �
;RN � and thusby Lemma 2.3 for every � > 0 there holdslimr!+1Z
� (� jvrj) dx = 0:By Step 1 we dedu
eF (u;
) � F (u+ vi;r ;
) = Z
 f (Ao +Dvi;r) dx= Z
i�1 f (Dur) dx+ Z
in
i�1 f (Ao +Dvi;r) dx+ Z
n
i f (Ao) dx� Z
 f (Dur) dx+ Z
in
i�1 f (Ao +Dvi;r) dx+ f (Ao)Ln (
n
o) : (3.7)



LOWER SEMICONTINUITY OF QUASI-CONVEX... 11Choosing 1 < � < �, by (3.6) and (2.2) we havesupr Z
� (� jDvrj) dx� supr Z
 � (� jDurj) dx+�� ����� jAoj�Ln (
) � 
1 < +1;therefore there exists 1 � j � h su
h thatsupr Z
jn
j�1 � (� jDvrj) dx � 
1h : (3.8)Now we estimate the integrals in (3.7) for su
h j. By applying (2.2) and by (3.8)we get Z
jn
j�1 f (Ao +Dvj;r) dx� 
 Z
jn
j�1 (1 + � (jAoj+ j'j j jDvr j+ jD'j j jvrj)) dx� 
2Ln (
n
o) + 
3h + 
4 Z
��h+1k �p��1 jvrj� dx: (3.9)So by (3.9), (3.7) be
omesF (u;
) � F (ur;
) + 
3h + 
4 Z
��h+1k �p��1 jvrj� dx+ 
5Ln (
n
o) ;the assertion then follows passing to the limit for r ! +1, Ln (
n
o) ! 0 andh! +1:Step 3: Let us remove assumption (3.6). Given (ur) 2W 1;�;1 �
;RN � satisfying(1.6) 
onsider a subsequen
e, not relabelled for 
onvenien
e, su
h thatlimr!+1 Z
 � (jDurj) dx = lim infr!+1 Z
� (jDurj) dx: (3.10)Fix � > 1, then de�ne ur;� = 1�ur and u� = 1�u:Noti
e that (ur;�), u� 2 W 1;�;� �
;RN �, ur;� ! u� s � L1lo
 �
;RN � and (Dur;�)satis�es 
ondition (3.6), hen
e by Step2 we getF (u�;
) � lim infr!+1 F (ur;�;
) : (3.11)Sin
e by (3.3) of Lemma 3.1 for every r and for Ln a.e. x 2 
 there holdsf (Dur;� (x)) � 1�Nn f (Dur (x)) + 
 �1� 1�Nn � (1 + � (jDur (x)j)) ; (3.12)integrating the inequality above and setting k = supr R
� (jDurj) dx, with k < +1by (3.10), we getF (ur;�;
) � 1�NnF (ur;
) + 
 �1� 1�Nn � (k + Ln (
)) : (3.13)Then, by passing to the inferior limit in (3.13), we get by (3.11)F (u�;
) � 1�Nn lim infr!+1 F (ur;
) + 
 �1� 1�Nn � (k + Ln (
)) : (3.14)



12 M. FOCARDI AND E. MASCOLOEventually, sin
e u� ! u s�W 1L� �
;RN � and sin
e F (�;
) is sequentially lowersemi
ontinuous in that 
onvergen
e by a simple appli
ation of Fatou's lemma, thereholds F (u;
) � lim inf�!1+ F (u�;
) � lim infr!+1 F (ur;
)passing to the inferior limit for �! 1+ on both sides of (3.14). �The proof of Theorem 3.2 now follows using the Fonse
a-M�uller's blow-up te
h-nique [FoMu℄ (see also [FoMa℄,[FoM℄).Proof.(Theorem 3.2) Given (ur) 2W 1;�;1L� �
;RN � satisfying 
ondition (1.6) weget lim infr!+1 F (ur;
) < +1:Moreover, 
ondition (1.6), Theorem 2.4 and Theorem 2.7 assure that ur ! u s �L� �
;RN �, and by extra
ting subsequen
es, not relabelled for 
onvenien
e, wehave that lim infr!+1 F (ur;
) = limr!+1F (ur;
) :Moreover, we 
an assume the existen
e of �, � positive and �nite Radon measuressu
h that � = limr!+1Lnbf (Dur) ; � = limr!+1Lnb� (jDurj) ; (3.15)where, given any mesurable fun
tion g : 
! [0;+1) the measure Lnbg is de�nedon Borel sets of 
 by (Lnbg) (E) = ZE g (x) dx;and the limits in (3.15) are to be intended in the sense of measures, i.e., for every' 2 C0
 �
;RN � there holdslimr!+1 Z
 'f (Dur) dx = Z
 'd�; limr!+1Z
 '� (jDurj) dx = Z
 'd�:We are going to show that for Ln a.e. x 2 
 there holdsd�dLn (x) = lim"!0+ � �B(x;")�Ln �B(x;")� � f (Du (x)) : (3.16)Indeed, if (3.16) holds, we have that for any ' 2 C0
 �
;RN � su
h that 0 � ' � 1limr!+1F (ur;
) � limr!+1Z
 'f (Dur) dx = Z
 'd� � Z
 'f (Du) dx;thus the lower semi
ontinuity inequality follows letting ' in
rease to 1 and applyingLevi's theorem.To prove (3.16) we re
all that there exists a set 
o � 
 su
h that Ln (
n
o) = 0,and that if x 2 
o the quantitiesd�dLn (x) ; d�dLn (x) are �nite (3.17)



LOWER SEMICONTINUITY OF QUASI-CONVEX... 13and lim"!0+ 1"n+1 ZB(x;") ju (y)� u (x)�Du (x) (y � x)j dy = 0: (3.18)Let xo 2 
o and let "k ! 0+ be su
h that � ��B(xo;"k)� = 0, � ��B(xo;"k)� = 0 forevery k, then, setting B = B(0;1) and !n = Ln (B), we getlimk!+1 � �B(xo;"k)�Ln �B(xo;"k)� = limk!+1 limr!+1 ZB(xo;"k) f (Dur) dx= limk!+1 limr!+1 1!n ZB f (Dur;k) dx,where for every y 2 Bur;k (y) = 1"k (ur (xo + "ky)� u (xo)) :Noti
e that (ur;k) 2 W 1;�;1 �B;RN � and (� (jDur;kj)) is L1 �B;RN � norm bounded.Indeed, by the 
hoi
e of xo we havelimk!+1 limr!+1ZB � (jDur;kj) dx= limk!+1 limr!+1 1"nk ZB(xo;"k) � (jDurj) dx = !n d�dLn (xo) < +1: (3.19)By taking into a

ount the 
onvergen
e ur ! u s � L� �
;RN � and (3.18) forx = xo and setting uo(x) = Du (xo)x, we getlimk!+1 limr!+1 kur;k � uokL1(B;RN) = 0:Thus (ur;k) has a subsequen
e vk = urk;k whi
h is s � L1 �B;RN � 
onverging tothe aÆne fun
tion uo. Eventually, sin
e by (3.19) (vk) satis�es (1.6), by Lemma3.3 inequality (3.16) follows, i.e.,d�dLn (xo) = limk!+1 1!n ZB f (Dvk) dx � f (Du (xo)) : �The previous theorem 
an be applied to solve Diri
hlet's boundary value prob-lems.Corollary 3.4. Let 
 � Rn be a bounded and open set, let f : RNn ! R be aquasi-
onvex fun
tion satisfying for every A 2 RNn
 (� (jAj)� 1) � f (A) � 
 (1 + � (jAj)) ; (3.20)with 
 a positive 
onstant and � a N-fun
tion. Let F (�;
) be de�ned as in (1.1),uo 2 W 1;�;1 �
;RN �, set V = uo +W 1;1o �
;RN �, then the minimum problemm = infV F (�;
) (3.21)has solution.Proof. Assumption uo 2 W 1;�;1 �
;RN � and the growth 
ondition (3.20) assurethat �1 < m < +1. Let (vr) � V be a minimizing sequen
e for F (�;
) on V ,i.e., limr!+1F (vr;
) = m;



14 M. FOCARDI AND E. MASCOLOthen (3.20) implies supr Z
� (jDvrj) dx < +1: (3.22)Let ur = vr � uo, then by (2.2), (3.22) implies ur 2W 1;�; 12o �
;RN � andsupr Z
 � �12 jDurj� dx � Z
� (jDuoj) dx+ supr Z
 � (jDvrj) dx: (3.23)Poin
ar�e inequality yields supr kurkW 1;1(
;RN) < +1;thus, (3.23), Dunford-Pettis' theorem and Relli
h-Kondrakov's theorem imply theexisten
e of u 2 W 1;1 �
;RN � and a subsequen
e of (ur), not relabelled for 
onve-nien
e, su
h that ur ! u w �W 1;1 �
;RN � and s� L1 �
;RN � :Then u 2W 1;1o �
;RN �, and (uo + u) 2 V \W 1;�;1 �
;RN � sin
e by (3.22)Z
 � (jD (uo + u)j) dx � limr!+1 Z
� (jDvrj) dx < +1:Eventually, by applying Theorem 3.2, (uo + u) is a minimizer for F (�;
) on V . �Remark 3.5. The assumption uo 2 W 1;�;1 �
;RN � is ne
essary for the problemto be well posed if we want uo itself to be in the 
ompeting 
lass V and the fun
tionalF (�;
) to be �nite a priori in at least one point.Remark 3.6. We point out that sin
e the 
onvergen
e introdu
ed in (1.6) implies�w� W 1L� �
;RN � 
onvergen
e, and minimizing sequen
es for problem (3.24) be-low satisfy (1.6) be
ause of (3.20), Theorem 3.2 applies also to solveinf �F (�;
) : u 2 uo +W 1oL� �
;RN �	 : (3.24)Remark 3.7. In our general setting we avoid to 
onsider the minimum probleminf �F (�;
) : u 2 uo +W 1;�;1o �
;RN �	 ; (3.25)sin
e, if � =2 42, 
ondition (1.6) is not suÆ
ient to ensure the weak � 
losure ofW 1;�;1o �
;RN �. Indeed, from the proof of Corollary 3.4 we 
an only dedu
e thatthe minimizers belong to the 
lass uo +W 1;�; 12o �
;RN �.Anyhow, we emphasize that the set where we 
onsider the minimum problem isthe domain of the fun
tional.Remark 3.8. In 
ase � 2 42 all the minimum problems (3.21), (3.24), (3.25)redu
e to the same sin
e in that 
ase �w� W 1L� �
;RN � 
onvergen
e is equivalentto the 
onvergen
e introdu
ed in (1.6), 
fr. Lemma 2.2, and W 1;�;1o �
;RN � �W 1oL� �
;RN � �W 1oE� �
;RN � (see [Fog℄,[Go3℄).4. Quasi-
onvex fun
tions with non-standard growth.In this se
tion we exhibit some quasi-
onvex fun
tions satisfying 
onditions (1.7),(1.8) with the N-fun
tion � not ne
essarily belonging to 42: A
tually, 
on
erning
ondition (1.8), we are not able to deal with the general 
ase but we produ
e



LOWER SEMICONTINUITY OF QUASI-CONVEX... 15su
h quasi-
onvex fun
tions if the dominating N-fun
tion � satis�es a sort of sub-additivity 
ondition at in�nity, i.e., there exists ro > 0 su
h thatC� (ro) = lim supt!+1 � (t+ ro)� (t) + � (ro) < +1: (4.1)When (4.1) holds, it is easy to prove that C�(r) < +1 for every r > 0 and that themap C� : [0;+1)! [0;+1) is non-de
reasing and lower bounded by C�(0) = 1.Noti
e that by (2.2) and (2.4) � 2 42 implies C�(r) � 1, but 42 N-fun
tionsare not the only ones satisfying (4.1). Indeed, 
onsider the N-fun
tions �0 (t) = tln tand ��(t) = exp �t�� � 1, 0 < � � 1, then �0,�� =2 42, but an easy 
omputationyields C�0(r) � 1, C�� (r) � 1, 0 < � < 1, and C�1 (r) = exp(r).Moreover, we remark that (4.1) is not ful�lled if the exponential growth is toofast, e.g. C�� (r) � +1 for any � > 1:We now 
onstru
t a N-fun
tion satisfying (4.1) with polynomial growth and notbelonging to 
lass 42: A �rst example of this kind was produ
ed by Krasnosel'skijand Ruti
kii (see [KR, p.29℄,[RR, p.27℄).Fix a > 1 and 1 < q < p, de�ne the fun
tion 'q;p : [0;+1)! [0;+1) as'q;p (s) = 8<: qsq�1 0 � s � 1psp�1 1 � s � a�i s 2 [ai; ai+1℄ (4.2)where �i and ai are de�ned re
ursively by: a0 = a and for i � 0�i = pap�1i = qaq�1i+1 : (4.3)Then de�ne �q;p : [0;+1)! [0;+1) by�q;p (t) = Z t0 'q;p (s) ds; (4.4)we 
laim that �q;p is a N-fun
tion satisfying the desired properties.By their very de�nition the sequen
es (ai), (�i) and � �i�i�1� are in
reasinglydiverging to +1. Moreover, by dire
t 
omputation if i is large enough we have�q;p (2ai) � �1 + �i�i�1 ��q;p (ai) : (4.5)Indeed, sin
e 2ai � ai+1 for i suÆ
iently large, by de�nition (4.4) we get�q;p (2ai) = �q;p (ai) + ai�i; (4.6)so that (4.5) holds if and only if 1�i�1�q;p (ai) � ai: (4.7)Noti
e that sin
e (�i) is in
reasing and diverging to +1, from (4.2) there follows�q;p (ai) � �q;p (a0) + �i�1 (ai � a0) ; (4.8)and thus (4.7) follows for i suÆ
iently large.A similar 
omputation holds true for the 
omplementary N-fun
tion 	q;p of �q;p,so that neither �q;p nor 	q;p belong to 
lass 42.Noti
e that �q;p has q; p growth, i.e., there exist 
i > 0, 1 � i � 4, su
h that
1tq � 
2 � �q;p (t) � 
3tp + 
4:



16 M. FOCARDI AND E. MASCOLOMoreover, these are the best powers to estimate �q;p, i.e., if r 2 (q; p) thenlim inft!+1 �q;p (t)tr = 0; lim supt!+1 �q;p (t)tr = +1:Indeed, by (4.8) there follows0 � lim inft!+1 �q;p (t)tr � lim infi!+1 �q;p (ai)ari� lim infi!+1 ��q;p (a0)ari + �i�1 (ai � a0)ari � = q lim infi!+1 aq�ri = 0:Now let bi = rr�1ai, then bi 2 (ai; ai+1) andlim supt!+1 �q;p (t)tr � lim supi!+1 �q;p (bi)bri� 1bri Z biai 'q;p (s) ds = p(r�1)r�1rr lim supi!+1 ap�ri = +1:Eventually, an easy 
omputation shows that 
hoosing 1 < q < p � q + 1, �q;psatis�es also (4.1).In the sequel, given f : RNn ! R we denote by Qf the quasi-
onvex envelope off , i.e., the greatest quasi-
onvex fun
tion less or equal to f , whi
h turns out to bede�ned by Qf = sup fg � f : q quasi-
onvexg :Following Zhang [Z℄, assume we are given a quasi-
onvex fun
tion f for whi
h thesub-level set K� = �A 2 MN�n : f (A) � �	is 
ompa
t and non 
onvex for some � 2 R, then in Theorem 1.1 of the samepaper it is proven that the quasi-
onvex envelope of the distan
e fun
tion from K�,Qd (�;K�), satis�es Qd (A;K�) = 0, A 2 K�:Therefore, the fun
tion fq :MN�n ! [0;+1) de�ned byfq (A) = max f[d (A; 
oK�)℄q ; Qd (A;K�)g ;where 
oK� is the 
onvex hull of K�, is quasi-
onvex, non 
onvex and satis�es
1 jAjq � 
2 � fq (A) � 
3 jAjq + 
4for some positive 
onstants 
i, 1 � i � 4, and for every A 2MN�n:We want to generalize that 
onstru
tion using N-fun
tions as well as powers.First noti
e that given any N-fun
tion �, the fun
tiong� (A) = � (Qd (A;K�)) (4.9)is quasi-
onvex, non 
onvex and it satis�es (1.7) provided 0 2 K�.Thus, as we will see in the sequel, assumption (4.1) on � plays a 
ru
ial role if wewant to 
onstru
t a quasi-
onvex fun
tion satisfying the more restri
tive 
ondition(1.8). Now let � be a N-fun
tion satisfying (4.1) and de�nef� (A) = max f� (d (A; 
oK�)) ;Qd (A;K�)g ; (4.10)



LOWER SEMICONTINUITY OF QUASI-CONVEX... 17then f� turns out to be quasi-
onvex and non 
onvex sin
e f� (A) � 0 if and onlyif A 2 K�.Let us prove that there exist positive 
onstants 
i, 1 � i � 4, su
h that for everyA 2MN�n there holds
1� (jAj)� 
2 � f� (A) � 
3� (jAj) + 
4: (4.11)Noti
e that (4.11) is equivalent to proving0 < lim infjAj!+1 f�(A)� (jAj) � lim supjAj!+1 f� (A)� (jAj) < +1: (4.12)Let B (0; R) � K�, then, by the very de�nition of f�, we getlim infjAj!+1 f�(A)� (jAj) � lim infjAj!+1 � (d (A; 
oK�))� (jAj)� lim infjAj!+1 � (max fjAj �R; 0g)� (jAj) = 1C� (R) > 0:Finally, to prove (4.12) noti
e that sin
e K� is bounded for every A 2MN�n thereholds Qd (A;K�)� diamK� � d (A; 
oK�) � Qd (A;K�) ;so that for jAj suÆ
iently large we havef� (A) = � (d (A; 
oK�)) :Thus, sin
e the map d (�; 
oK�) is Lips
hitz 
ontinuous with Lips
hitz 
onstant 1,we get by 
ondition (4.1)lim supjAj!+1 f�(A)� (jAj)� lim supjAj!+1 � (jAj+ d (0; 
oK�))� (jAj) = C� (d (0; 
oK�)) < +1:In order to provide an expli
it example of su
h a 
onstru
tion 
onsider A;B 2MN�n su
h that rank (A�B) � 2 and set K = fA;Bg. Then K is 
ompa
t andnot 
onvex. Moreover, it is well known (see [Z℄) that there exists a non negativefun
tion with sub-quadrati
 growth whose zero set is K.In the sequel we will 
onstru
t quasi-
onvex fun
tions with su
h a 
hoi
e of Kfollowing the previous s
heme. Let gq;p be de�ned by (4.9), where �q;p is de�nedby (4.2) with 1 < q < p, then gq;p is a quasi-
onvex, non 
onvex fun
tion.Consider the fun
tionalGq;p (u;
) = Z
 gq;p (Du (x)) dx;then Theorem 3.2 assures the lower semi
ontinuity of Gq;p (�;
) in a di�erent topol-ogy with respe
t to all the results provided by 
lassi
al Sobolev spa
es (see all thereferen
es in the Introdu
tion).Now let f�� be de�ned by (4.10), where �� (t) = exp �t�� � 1 for any 0 < � �1, thus f�� is quasi-
onvex and non 
onvex but we do not know whether it ispoly
onvex or not. Consider the fun
tionalF� (u;
) = Z
 f�� (Du (x)) dx;
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ontinuity with respe
t to 
onvergen
e in-trodu
ed in (1.6) and Corollary 3.4 applies to �nding minimizers for an exponentialgrowth type Diri
hlet's boundary value problem.Referen
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