PHASE FIELD APPROXIMATION OF COHESIVE FRACTURE MODELS

S. CONTI - M. FOCARDI - F. IURLANO

ABSTRACT. We obtain a cohesive fracture model as I'-limit, as € — 0, of scalar damage models
in which the elastic coefficient is computed from the damage variable v through a function f. of

the form f:(v) = min{1, E%f(v)}, with f diverging for v close to the value describing undamaged
material. The resulting fracture energy can be determined by solving a one-dimensional vectorial
optimal profile problem. It is linear in the opening s at small values of s and has a finite limit as
s — oo. If in addition the function f is allowed to depend on the parameter ¢, for specific choices
we recover in the limit Dugdale’s and Griffith’s fracture models, and models with surface energy
density having a power-law growth at small openings.

1. INTRODUCTION

Variational models in Fracture Mechanics are effectively described through functional spaces with
discontinuities. In case of antiplane shear, the corresponding energy functionals take the form

/Qh(|Vu|)dx+/J o[l )dH™" + x| Du)(Q) (1.1)

and the displacement u : 2 — R is allowed to vary in the space of functions with bounded variation
(for more details see [35, 17, 11, 29]). The key ingredients in formula (1.1) are respectively a volume
term, corresponding to the stored energy and depending on the approximate gradient Vu, a surface
term, modeling the fracture energy and depending on the opening [u] and on the jump set J,,, and a
diffuse term which can be related to micro-cracking and depends on the Cantor derivative Du. In
this setting, which is appropriate for the study of monotone deformation processes, the functional
(1.1) accounts for both stored energy and the work of dissipation.

Lower semicontinuity is a fundamental property of functionals in the calculus of variations. Prob-
lems which are not lower semicontinuous typically lack existence of minimizers and have minimizing
sequences which develop fine-scale oscillations or other microstructures. In the case of (1.1), lower
semicontinuity requires a relation between the energy densities h and g, and the constant x. Roughly
speaking, k has to agree with the slope of g at 0 and with the slope of h at 400, see [4, 13].

The most renowned example of (1.1) is the Griffith’s energy, where h is quadratic and g is constant.
The semicontinuity condition compels k to be 400, so that Du necessarily vanishes and one can
take u in the space of special functions with bounded variation. Analytically, the resulting energy
coincides with the Mumford-Shah functional for image segmentation. From a physical point of view,
the model describes a situation in which already for the smallest opening there is no interaction
between the two sides of the crack (brittle fracture, [35, 17]).

In ductile materials crack proceeds rather through the opening of a series of voids separated
by thin filaments, which produce a weak bound between the lips at moderate openings (cohesive
fracture, [11, 29, 33]). The mathematical rephrasing of the corresponding model again involves the
functional (1.1), where now h is chosen quadratic near the origin and linear at 400, g is concave,
linear near the origin, and grows from g(0) = 0 to some finite value g(+00), representing the energetic
cost of total fracture. By semicontinuity the constant k is thus finite and non-zero. A particular
example is given by the Dugdale’s energy, where the surface density is precisely g(s) := min{s, 1},
s € [0, +00). Variants of (1.1) which lack lower semicontinuity have been used to study the formation
of microcracks [27, 28].
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A large literature has been devoted to the derivation of models as (1.1) from more regular models,
like damage or phase field models, mainly within the framework of I'-convergence. These approxi-
mations can be interpreted both as microscopic physical models, so that the I'-convergence justifies
the macroscopic model (1.1), and as regularizations, therefore can be used for example in numerical
simulations.

In the first work of this sort, Ambrosio and Tortorelli [9] (see also [8]) showed that the elliptic
functional

v 2
/Q (@2 +o(e)|Vul? + % + s|w|2> do (1.2)

I-converges in L!'(Q)xL!(€) to the Mumford-Shah functional (normalizing the surface coefficient)
/ VulPdz + H ().
Q

This result was extended in many directions, for example to vector-valued functions [30, 31], to
linearized elasticity [23, 24, 39], to second-order problems [5], to vectorial problems [42], and to
models with nonlinear injectivity constraints [37]; for numerical simulations we refer to [12, 16, 15,
21, 22]. There is also a large numerical literature on the application to computer vision, see for
example [36, 10] and references therein. Discrete models for fracture were studied for example in
[19, 20].

In [2], Alicandro, Braides, and Shah propose an approximation for functionals with more general
dependence on the opening of the crack [u], including in particular the Barenblatt’s cohesive energy
(the vector-valued case has been studied in [3]). A key point here is that the regularizations they
adopt depend on |Vu| through an asymptotically linear function. In particular, their approximat-
ing functionals are not lower semicontinuous, and minimizing sequences at fixed ¢ are expected to
converge to a limit in BV x H!. This limits their usefulness as regularizations of (1.1), since any
numerical treatment of the regularized functional would need to treat directly functions with dis-
continuities, and therefore would not be much simpler than a direct simulation of (1.1). Here we
show that (1.1) can be approximated by functionals of the type (1.2), which are quadratic in the
gradients and possess a minimizer in the Sobolev space W2, The quadratic growth of the elastic
energy in Vu is also classical in damage models, see for example [34, 41] and references therein.

The only approximations with quadratic volume energy densities available so far in literature
have been obtained for energies which are linear [38] or affine in [u] [7, 26, 32], and have in common
that the profiles of u and v in the optimal-transition problem giving g(|[u]|) can be decoupled.

In this work we obtain a I'-convergence result for the Barenblatt’s cohesive energy with functionals
quadratic in |Vu|. To be precise, we study a damage model similar to those considered in [40, 41]
(cp. Remark 3.2 below), namely,

Fo(u,v) = /Q (ff(v)|Vu|2 + % +aw|2) da, (1.3)

with u,v € HY(Q), 0 < v <1 L"a.e. in Q, and F.(u,v) := oo otherwise, and show that it converges
to a cohesive fracture model like (1.1), where g is a continuous, subadditive, bounded function with
g(0) = 0, which is linear close to the origin. The potential f. : [0,1) — [0, +o00] in (1.3) is defined by

fo(2) =1 Ae% f(2), (1.4)
where f € C°([0,1), [0, +00)) is nondecreasing, f~1(0) = {0}, and it satisfies
ilgi(l —2)f(z) =4, (€ (0,+00). (1.5)
Our main result describes the asymptotic of (F;) as follows.

Theorem 1.1. Let Q C R™ be a bounded Lipschitz set, assume (1.3-1.5).
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Then, the functionals F. T-converge in L'(Q)x L' (Q) to the functional F defined by

n ‘ if v = "_a.e. in u
Flu) = /Qh(\VuDder/ g(|[u])dH ™ + € Du|(Q) ifv=1L 0, ue CBV(®)

u

+00 otherwise.

Here the volume energy density h is given by h(s) := s if s < /2 and as h(s) := s—{?/4 otherwise,
while the surface energy density g is given by

1
ols) = inf{ [ 1= SVEEIEF R bt (a,6) € 1 (0.1),
a(0) =0, a(l) =s, B(0)=p5(1) = 1} . (1.6)

Let us motivate heuristically the choice of f.. First note that the truncation by 1 in (1.4) allows
to obtain a bulk density in the limit functional which is quadratic near the origin. Indeed, when
f-(v) = 1 it is convenient to take v = 1 and the bulk contribution is exactly |Vu|?. Instead when
fe(v) <1 and v is close to 1, it is convenient to optimize the contribution of the first two terms of
(1.3) pointwise at given Vu (neglecting the contribution of the last term of (1.3)). Supposing that
f(z) = 1&, we obtain

2

Y PR I €t B
oglzlgl{g(lfz)zwu‘ + i }—Z|Vu|.

The possibility of microstructure (mixtures of the two cases) leads to the convexified bulk density

(minflel®, )",

that is, h(|¢]).

The qualitative behavior of the surface density g can be easily related to the choice of f. Obviously
one easily finds that ¢g(0) = 0, since the pair (0,1) is optimal. When s ~ 0, one still expects that
B ~ 1. In this case we neglect the contribution of the second term in (1.6) and the integral reduces
to s((1—2)f(2)).=1 = ¢s. Therefore, the growth of f near 1 is instrumental to get a linear behavior
for g near 0. When s > 0 the behavior of («, ) is close to that of an optimal pair for the Ambrosio—
Tortorelli approximation (and this is reasonable, since we expect that g(s) tends to a constant as
s — 4+00). Indeed, in this case one expects that |o/| is large, so that (1 — 3)f(8) is compelled to be
close to 0 and the first term in (1.6) can be neglected. Hence 3 agrees with a zero of f in the set
where ¢ is large (by assumption f is zero just in 0) and by the boundary conditions § ~ 1 near the
end points. This gives g(s) ~ 1, so that a sort of interpolation with the function £s obtained for small
s produces the final g. Figures 1 and 2 show the behavior of f. and g in the case f(z) = z/(1 — 2).
Figure 3 shows the optimal profiles o, 8 in (1.6) as s varies.

One crucial feature of the model we study is that the optimal profiles for the damage variable v and
the elastic displacement u cannot be determined separately. They instead arise from a joint vectorial
minimization problem which defines the cohesive energy g, specified in (1.6). This is analogous to
the case analyzed in [2, 3].

In closing this Introduction we briefly comment on the methodologies. Theorem 1.1, in the
equivalent formulation given in Theorem 3.1 below, is proved first in the one-dimensional case in
Section 5, relying on elementary arguments in which we estimate separately the diffuse and jump
contributions, and then extended to the general n-dimensional setting in Section 6. This extension
is obtained by means of several tools. A slicing technique and the above mentioned one-dimensional
result are the key for the lower bound inequality. Instead, the upper bound inequality is proved
through the direct methods of I'-convergence on SBV , i.e. abstract compactness results and integral
representation of the corresponding I'-limits. The latter methods are complemented with an ad-hoc
one-dimensional construction to match the lower bound on SBV and a relaxation procedure to prove
the result on BV. Finally, the extension to GBV is obtained via a simple truncation argument.
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fa(s) gl/2
14

FIGURE 1. Sketch of the function f.(z) for the prototypical case f(z) = z/(1 — 2).

The issues of equi-coercivity of F. and the convergence of the related minima are dealt with in
Theorem 3.3 and Corollary 3.4 below, respectively.

Qualitative properties of the surface energy density g defined in (1.6) are analyzed in Section 4.
Its monotonicity, sublinearity, boundedness and linear behavior in the origin are established in
Proposition 4.1. Proposition 4.3 characterizes g by means of an asymptotic cell formula particularly
convenient in the proof of the I'-limsup inequality. Furthermore, the dependence of g on f is analyzed
in details in Proposition 4.5. The latter results on the one hand show the variety of such a class
of functions, and on the other hand are instrumental to handle the limits of sequences in which f
depends itself on €.

In Section 7 we discuss how the phase field approximation scheme can be used to approximate
different fracture models. We first consider damage functions of the form

f<(2) :== min{1, 2 max{f(z),a-z}}

and show that if a. — oo and aesé — 0 then the a similar result holds with the limiting surface
energy g(s) = 1 A (¢s), so that (1.1) reduces to Dugdale’s fracture model (Theorem 7.1 in Section
7.1).

Secondly we consider a situation in which f diverges with exponent p > 1 close to z = 1, so that
(1.5) is replaced by

lm (1 —2)Pf(z) =~.

z—1
Also in this case the functionals I'-converge to a problem of the form of (1.1), in this case however
the fracture energy ¢ turns out to be proportional to the opening s to the power 2/(p + 1) at small
s. Correspondingly the coefficient x of the diffuse part is infinite, so that the limiting problem is
framed in the space GSBV, see Theorem 7.4 in Section 7.2.

Finally we show that if f.(z) diverges as £./(1 — z), with £, — oo, then Griffith’s fracture model
is recovered in the limit, see Theorem 7.5 in Section 7.3 below.

We finally summarize the structure of the paper. In Section 2 we introduce some notation, some
preliminaries, and the functional setting of the problem. The main result of the paper is stated in
Section 3, where we also discuss the convergence of related minimum problems and minimizers. Our
I'-convergence result relies on several properties of the surface energy density g that are established
in Section 4. The proof is then given first in the one-dimensional case in Section 5 and then in n
dimensions in Section 6. The three generalizations are discussed and proven in Section 7.

2. NOTATION AND PRELIMINARIES

Let n > 1 be a fixed integer. We denote the Lebesgue measure and the k-dimensional Hausdorff
measure in R™ by £" and H*, respectively. Given Q@ C R™ an open bounded set with Lipschitz
boundary, we define A(Q) as the set of all open subsets of .

Throughout the paper ¢ denotes a generic positive constant that can vary from line to line.
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S

FIGURE 2. Sketch of the function g(s) defined in (1.6), obtained by numerical
minimization using f(z) = z/(1 — z) (cp. Proposition 4.1 and Remark 4.2).

B
14
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FIGURE 3. Optimal profiles (a/s, 3) obtained numerically from the minimization
in the definition of g(s), see (1.6), for f(z) = z/(1 — z) and for s = 0.1,0.3,0.5,1,
and 1.5 (from top to bottom). All curves remain inside the square (0,1) x (0,1)
except for the two endpoints.

1 a/s

2.1. T- and T'-convergence. Given an open set  C R” and a sequence of functionals .7, : X x
A(2) — [0, +00], (X, d) a separable metric space, such that the set function % (u; -) is nondecreasing
on the family A(f2) of open subsets of 2, set

—+o00 k—4o00

F'(x;A) =T~ lkiminf Fr(x; A) := inf {lim inf Zp(xp; A) : 2 — 2 in X}
and analogously

F"(x; A) :=T-limsup Fy(x; A) := inf {limsup Fr(zi; A) txp — x in X}
k—-+4oco k—+oco

for every A € A(Q2). We write % (z) for F(x;0), and the same for the other functionals. The
sequence .y, I'-converges to .# (with respect to the metric d) if # = #' = #”. The functionals
F', F' are called respectively the I'-lower, I'-upper limit of the .Z}’s.

Next we recall the notion of T'-convergence, useful in particular to deal with the integral rep-
resentation of I-limits of families of integral functionals. We say that (%) T -converges to .F :
X x A(Q2) — [0, 400] if Z is the inner regular envelope of both functionals .%’ and Z”, i.e.,

F(u; A) =sup{F'(u; A'): A" € A(Q), A’ cC A} =sup{F"(u; A") : A" € A(Q), A’ CcC A},
for every (u,A) € X x A(Q2). These definitions and main results concerning the I'-convergence

technique can be found in [25, 18].

2.2. Functional setting of the problem. Our results are set in the spaces BV and SBV and in
suitable generalizations. For the definitions, the notation and the main properties of such spaces we
refer to the book [6]. We recall that SBV?2(Q) is defined by

SBV*(Q) := {u € SBV(Q) : Vu € L*(Q) and H" ' (J,,) < +00}.

A function u : @ — R belongs to GBV(Q) (respectively to GSBV(2)) if the truncations u™ :=
—MV (uA M) belong to BVj,.(2) (respectively to SBV,:(2)), for every M > 0. For fine properties
of GBV and GSBYV again we refer to [6].
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The prototype of the asymptotic result we shall prove in Sections 5, 6, and 7 concerns the
Mumford-Shah functional of image segmentation

) / |Vul*de +H""(J,) ifu € GSBV(Q),
u) = Q

MS( (2.1)

+00 otherwise in L!().

Let 1 : [0,1] — [0, 1] be any nondecreasing lower-semicontinuous function such that 1»=1(0) = 0 and
(1) = 1. Then the classical approximation by Ambrosio and Tortorelli (cp. [8, 9], and also [30])
establishes that the two-field functionals AT} : L'(Q) x L'(€) — [0, +oc]

/ (¢2<v)|w|2 + (14_7”)2 + Ek\Vv|2)dx if (u,v) € HY(Q)x H'(Q)
Q Ek

and 0 <wv <1 L™a.e. in (),

+00 otherwise

I-converge in L*(Q)x L*(Q) to

ATgp(u, v) = (2.2)

MS(u) ifv=1L"a.e. in Q,
400 otherwise,

m(u, v) = {

that is equivalent to the Mumford-Shah functional MS for minimization purposes.
We finally introduce the notation related to slicing. Fixed £ € S*71 := {£ € R" : [¢] = 1}, let
I¢ = {y ER":y - &= 0}, and for every subset A C R™ set
AL ={teR:y+tEe A} foryellf,
AS = {y e II* : A # &},
For u : © — R we define the slices u$ : Q5 — R by u$ () := u(y + t£).

Observe that if uy,u € L*(Q) and ux — u in LY(Q), then for every £ € S"~! there exists a
subsequence (ug;) such that

(Uk])§ — ug in Ll(Qf/) for H" '-ae. y € Q°.

3. THE MAIN RESULTS: APPROXIMATION, COMPACTNESS AND CONVERGENCE OF MINIMIZERS

Given a bounded open set 2 C R™ with Lipschitz boundary and an infinitesimal sequence € > 0,
we consider the sequence of functionals F: L*(2)x L*(2) — [0, +o<]

1— 2
/ (f,f(v)|Vu|2 + % + €k|Vv|2)d:E if (u,v) € HY(Q)xH'(R)
Q k
Fy(u,v) = and 0 < v <1 L"a.e. in Q, (3.1)
400 otherwise,
where )
fu(2) ==1Nef f(z), fr1) =1, (3.2)
and
f€C°(0,1),[0,+00)) is a nondecreasing function satisfying f~*(0) = {0} (3.3)
with
111{1 (1—2)f(z)=4¢, £€(0,+00). (3.4)
z—1"
In particular, the function [0,1) — (1 — 2) f(2) can be continuously extended to z = 1 with value /.
One can consider f(z) := % as prototype.

It is also useful to introduce a localized version Fy(-; A) of F, simply obtained by substituting the
domain of integration 2 with any measurable subset A of Q itself. In particular, to be consistent
with (3.1), for A = Q we shall not indicate the dependence on the domain of integration.
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Let now ®: L'(2) — [0, +00] be defined by

/ h(|Vul|)dx +/ g(|[u])dH" ™" + £|Du|(R) if u € GBV(Q),
P(u) := Q Ju
400 otherwise,
with h, g: [0, +00) — [0, +00) given by
s? if s <1/2,
his) = { bs— /4 ifs>0)2, (3.6)

and

o,B)eUs
where U :=Us(0,1) and for all T > 0

Us(0,T) == {e, € H'((0,T)) : 0 < B <1, a(0) =0, o(T) =5, B(0) = B(T) = 1}. (3.8)

At the points ¢ with 3(¢) = 1 the integrand in (3.7) reduces to £|a’|(t), in agreement with (3.4).
Note that in the one-dimensional setting the functional ® turns out to be finite on BV () (see
Proposition 5.1).
Our main result is the following.

1
o(s):= inf / 11— BV EB)P T PP dt, (3.7)
( 0

Theorem 3.1. Under the assumptions (5.1-3.8), the functionals Fy, T-converge in L*(£2)x L1(£2)
to the functional F defined by

F(u,v) := {(I)(u) ifv=1L"-a.e. inQ,

3.9
+o00  otherwise. (3:9)

Remark 3.2. The assumption that f=1(0) = 0 is not restrictive and changes only the detailed
properties of g. Indeed, standing all the other assumptions, defining X := sup{z € [0,1) : f(z) =
0} €10,1), we would get that g(s) < (1 —N\)? Als (cp. Proposition 4.1 below).

In addition, the potential (1 — 2)? in (3.1) can be replaced by any continuous, decreasing function
d:[0,1] = [0,+00) with d(1) = 0. In this case d2(z) and d=(B) appear in formulas (3.4) and
(3.7) in place of 1 — z and 1 — B respectively, and we obtain g(s) < 2f01 dz(z)dz A ls (see again
Proposition 4.1).

Furthermore, the definition of fi. in (3.2) can be given in the following more general form fi :=
Ui A E%f. Here the truncation of f is performed with any continuous nondecreasing function vy, :
[0,1] — [0,1] satisfying ¢ > ¢ > 0, and converging uniformly in a neighborhood of z = 1 to the
value 1.

In conclusion, to highlight the roles of the different terms in the approximation we discuss an
explicit ezample. Consider fi(z) := min{u,e% f(2)}, f satisfying (3.3)-(3.4), and d(z) := v*(1—2)?,
with p and v positive constants. According to the discussion above, an elementary scaling argument
yields the ensuing energy densities for the I'-limit

2.2 , 2
hyu(s) = { 'Z&:_ V207 ) (44:2) gz § ZZgZQ;: gu(s) :==vg(s) fors>0.

We next address the issue of equi-coercivity for the F}’s.
Theorem 3.3. Under the assumptions (3.1-5.8), if (ug,vx) € HY(Q)x HY(Q) is such that

sup (Fi (ug, o) + |lurl| 1 @) < +00,
k

then there exists a subsequence (uj,v;) of (ug,vx) and a function uw € GBVNLY () such that uj — u
L"-a.e. in Q and v; — 1 in L1(Q).
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We shall prove Theorem 3.1 in Sections 5 and 6, Theorem 3.3 shall be established in Section 6.

In the rest of this section instead we address the issue of convergence of minimum problems.
Minimum problems related to the functional Fj could have no solution due to a lack of coercivity.
Therefore we slightly perturb the fi’s to guarantee the existence of a minimum point for each
Fy. This together with Theorems 3.1 and 3.3 shall in turn imply the convergence of minima and
minimizers as k T oo.

Let ny, e be positive infinitesimal sequences such that n, = o(ey) and let ¢ € LI(2), with ¢ > 1.
Let us consider the sequence of functionals G}, : L(Q)x L*(2) — [0, +00] defined by

Gr(u,v) := Fi(u,v) +/ (ne|Vul* + |u — ¢|?)dx
Q
where F}, was defined in (3.1). Let now ¢: L'(Q) — [0, +00] be defined by

G (u) := ®(u) +/ lu — ¢|%dx
Q
where ® was defined in (3.5). Then, standard arguments yield the following corollary.

Corollary 3.4. For every k, let (uy,vy) € HY(Q)xHY(Q) be a minimizer of the problem

. “ ' 3.10
()€ HL(Q) x H1(Q) k(ur, vr) (3.10)

Then v, — 1 in LY(Q) and a subsequence of us, converges in LI(Q) to a minimizer u of the problem

min _ 94(u).
uweGBV(Q)

Moreover the minimum values of (3.10) tend to the minimum value of the limit problem.

4. PROPERTIES OF THE SURFACE ENERGY DENSITY

In this section we shall establish several properties of the surface energy density g defined in (3.7).
To this end we shall often exploit that, in computing g(s), s > 0, we may assume that the
admissible functions « satisfy 0 < a < s by a truncation argument (whereas 0 < 5 < 1 by definition).
Further, the integral appearing in the definition of g is invariant under reparametrizations of («, 3).

Proposition 4.1. Under the assumptions (3.2-3.4), the function g defined in (5.7-3.8) has the
following properties:
(1) g(0) =0, and g is subadditive, i.e., g(s1 + s2) < g(s1) + g(s2), for every s1,s5 € RT;
(ii) g is mondecreasing, 0 < g(s) < 1 Ads for all s € RT, and g is Lipschitz continuous with
Lipschitz constant ¢;
(iii)

lim g(s) =1; (4.1)
. g\s
= = ¢ (42)

Proof. Proof of (i). The pair (o, 8) = (0,1) is admissible for the minimum problem defining ¢(0),
so that g(0) = 0.

In order to prove that g is subadditive we fix s1, s, € RT and we consider the minimum problems
for g(s1) and g(s2), respectively. Let > 0 and let (a1, 81), (a2, 82) be admissible pairs respectively
for g(s1) and g(s2) such that for i = 1,2

1
| =B/l + P < ots) + 0. (43)

Next define o := a3 in [0,1], & := as(- — 1) + 51 in [1,2], f:= B1 in [0,1], and 8 := B2(- — 1) in
[1,2]). An immediate computation and the reparametrization property mentioned above entail the
subadditivity of g since 7 is arbitrary.
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Proof of (ii). In order to prove that g is nondecreasing we fix s1, s3 with s1 < so and 7 > 0, and
we consider (a, 3) satisfying a condition analogous to (4.3) for g(s2). Then (£«,3) is admissible
for g(s1), thus we infer

1 S
oo < [ - o (2) 2@ + 131t < g(s2) 4,

since s1/s2 < 1. As n — 0 we find g(s1) < g(s2).

Next we prove that g(s) < 1 A £s. Indeed, inequality g < 1 can be derived considering the
competitor (a, 3) given by a := 0 in (0,1/3), a := s in (2/3,1), and the linear interpolation in
(1/3,2/3), and 5 := 0 in (1/3,2/3) and the linear interpolation to the boundary data 1 in (0,1/3)
and (2/3,1). Moreover, g(s) < {s for every s > 0 since the pair (st, 1) is admissible for g(s).

The Lipschitz continuity of g is an obvious consequence of the facts that ¢ is nondecreasing,
subadditive and g(s) < £s for s > 0.

Proof of (iii). Let s, k € N, be a sequence with s, — oo and let (ag, 8x) be an admissible pair
for g(si) such that

! 1
1= By B0l + Pt < o) + - (44)

If inf (g 1) B > & for some § > 0 and for every k, then there exists a constant c¢(6) > 0 such that
F(Br)(1 = Br) > ¢(0), since f(z)(1 — z) — 0 if and only if z — 0. Therefore by (4.4) one finds

1
c(0)sk < g(sk) + o

so that g(sx) — +oo as k — o0, this contradicts the fact that g < 1. Therefore there exists a
sequence x € (0,1) such that liminfy S (z;) = 0. Since we have already shown that g < 1, we
conclude the proof of (4.1) noticing that (4.4) yields

T 1 1
(1= B < [ 1= Buligedde+ [ 11= BullGhla < gls0) + 1. (4.5)
0 T
Proof of (iv). Let sg, k € N, be an infinitesimal sequence and let (ay, 8x) be an admissible pair
for g(sy) satisfying (4.4) with si/k in place of 1/k. If there exists ¢ > 0, a not relabeled subsequence
of k, and a sequence x € [0,1] such that Sx(zx) < 1 — 4, then the same computation as in (4.5)
leads to

S
52 < g(sk) + f

As k — 400 this contradicts the fact that g(s) < £s. Therefore, 8y converges uniformly to 1 and for
any 0 > 0

(=05 < [ (1= BBl < g(s0) +F

holds for k sufficiently large, by (3.4). Formula (4.2) immediately follows dividing both sides of the
last inequality by s, taking first & — 400 and then § — 0, and using the fact that g(s) < ¢s, for

s> 0. O
Remark 4.2. We can actually show that g does not coincide with the function 1 Al s at least in the
model case f(z) = ffz by slightly refining the construction used in (ii) above. With fixed s > 0, let

A €[0,1] and set a:=0 on [0,1/3], a :=s on [1/3,2/3], and the linear interpolation of such values
on [1/3,2/3]; moreover, set By := X on [1/3,2/3] and the linear interpolation of the values 1 and
A on each interval [0,1/3] and [2/3,1] in order to match the boundary conditions. Straightforward
calculations lead to

9(s) < (1 =X+ (A =N f(N)s.
Thus, minimizing over X € [0, 1] yields in turn

(ts)

g(s) <Uls— <1Ads forallse (0,2/).
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In what follows it will be convenient to provide an alternative representation of g by means of a
cell formula more closely related to the one-dimensional version of the energies Fj'’s.
To this end we introduce the function §: [0, +00) — [0, +00) defined by

Troo (a,B)€Us

g(s) = lim inf /T P+ L2504 ) (4.6)
' 0,7 Jo 4 ’ '
where class Us(0,T') was introduced in (3.8). We note that § is well-defined as the minimum problems

appearing in its definition are decreasing with respect to T'.

Proposition 4.3. Under the assumptions (3.2-3./) one has g = §, where g was defined in (3.7-3.8)
and § in (4.6).

Proof. Let o, € Hl((O,T)), T > 0, be admissible functions in the definition of §(s). By Cauchy
inequality we obtain

(1-8)°

L= BIVR@ P+ < PO +18° + —;

and integrating

T T ‘1 _ ﬁ|2
[ n-svEEEErEas [ fomer s B e .
The first integral is one-homogeneous in the derivatives, therefore we can reparametrize from (0,7)
to (0,1). Taking the infimum over all such «, 8, and T we obtain g(s) < g(s).

To prove the converse inequality, we first show that « and £ in the infimum problem defining g
can be taken in W1*°((0,1)). Let 7 > 0 small and let o, 3 € H'((0,1)) be competitors for g(s)
such that

1
/0 11— 8| /PR 1B P dt < g(s) +n. (4.7)

By density we find two sequences a;, 8; € W*°((0,1)) (actually in C*°([0, 1])) such that o;(0) = 0,
a;(1) = s, 5;(0) = B;(1) =1, 0 < B; < 1, and converging respectively to o and  in Hl((O,l)).
Since the function (1 — 2) f(z) is uniformly continuous and 5; — f also uniformly, we deduce that

1
| =81 PEI R+ 18R de < gts) +
0

for j large, and this concludes the proof of the claim.
Let us prove now that § < g. We fix a small parameter n > 0 and consider competitors a, 8 €
W2 ((0,1)) for g(s) satisfying (4.7). We define, for ¢ € [0,1],

v+ £ o/ 2 + (87 Pt

B(t) =B A (L —n) and (1) := /0 1 ,2577

The function ¢, : [0,1] — [0, M, := 1, (1)] is bilipschitz and in particular invertible. We define
an, B € Whee((0, My)) by

a" ::ao%?l and (" ::ﬁ"ozﬂ;l.
We compute, using the definition and the change of variables & = 1, (t),

Mg - e @) - ),
/0 74 da’:—/o 1 dx—/o 4 '(/)n(t)dt

1 J—
o e a Ch HCAICIEA CDUR

1 —
< Vit [V PEE e,
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where we inserted 1, from the definition of ¢, and used v/n+ A < \/n + V/A. Analogously,
M, B _ 1 1
/ (2@ 2 +[(8")']?) da =/ (F2BMNa’ ]+ [(8)'7) —-dt
0 0 (A
1A dt
2y/n+ f2(B7) /2 + [(B7)'12
1
1 gn
< [ SRV e .
0
We extend a” and B" to (=1, M, + 1) setting &” := 0 in (—1,0), &” := s in (M,, M,, + 1), and
B the linear interpolation between 1 — 7 and 1 in each of the two intervals, so that they obey the
required boundary conditions for g in the larger interval. Collecting terms, we obtain

M, +1 _ AN2 _ _
s [ (SR P ) o

- / (F2(BM)o’? + (87 2)

< i+ 3P+ / (1— 8"/ F2(B7) [P + [(B7) Pt (4.8)

where the 3n? term comes from an explicit computation on the two boundary intervals.
It remains to replace 57 by § in the last integral. We observe that (57)" = 0 almost everywhere
on the set where 5 # " (which coincides with the set {8 > 1 —n}). Therefore

/ (1— B") /B [ + (37 Pdt = / (1— A7) F(87) |odt
{B#B1} {B

#B7}

1
<[ a-mre e [ ol
{B#87} 0
where w(n) is the continuity modulus of (1 — 2) f(z) near z = 1, and therefore
1 1
a(5) < i+ 30 4wt [ e+ [ 1= 5) P T+ e
0 0

Since the last integral is less than g(s) + 1 and 7 can be made arbitrarily small, this concludes the
proof. O

For the proof of the lower bound we also need to introduce the auxiliary functions ¢(" : [0, +00) —
[0, 4+00), for n > 0, defined by

1
g (s) = inf /0|1—/3|¢f2(/3)|a'|2+|ﬁ’|2dt, (4.9)

(.B)€U™
where
UM = {a,8€ H'((0,1)) : a(0) =0, a(1) = s, B(0) = (1) = 1 —n}.
Proposition 4.4. Under the assumptions (3.2-3./) one has
l9(s) = g ()| < 0 for all s >0,
where g was defined in (3.7-3.8) and g in (4.9).

Proof. We consider the minimum problems for g and ¢ respectively in the intervals (-1,2) and
(0,1). Let (o, 3,) be an admissible pair for g™ (s) and let o := 0 in (—1,0), o := o, in (0,1), and
a = s in (1,2); we also set 3 := 3, in (0,1) and linearly linked to 1 in (—1,0) and in (1,2). Then
an easy computation shows that

1
o) < [ 1= Bl [Pl + 15yt + o
By taking the infimum on («,,, 8,) we infer that

g9(s) < g"(s) +n*.
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Reversing the roles of g and ¢(" we conclude. (|

Finally, we study the dependence of g on the function f in detail. The results in the next
proposition provide a first insight on the class of functions g that arise as surface energy densities
in our analysis. Moreover, they will be instrumental to get in the limit different energies by slightly
changing the functionals Fj’s in (3.1) (cp. Theorems 7.1, 7.4, and 7.5 below).

Proposition 4.5. Let (fU)) be a sequence of functions satisfying (3.3) and (3.4). Denote by 4, g
the value of the limit in (3.4) and the function in (3.7) corresponding to fU), respectively. Then,
(i) if £; = € for all j, fO) > fUD and f9)(2) | 0 for all z € [0,1), then g; > gj+1 and
g;(s) 10 for all s € [0, +00);
(ii) if £; = € for all j, fO) < fUHD and fU)(z) 1+ oo for all z € (0,1), then g; < gj+1 and
g;i(s) T LA Ls for all s € [0,400);
(i11) if £; 1 oo, fO) < fUHD and fU)(2) 1 oo for all z € (0,1), then 9; < gjy1 and g;(s) —
X(0,400)(8) for all s € [0, 400).

Proof. To prove item (i) we note that the monotonicity of the sequence (fU)) and the pointwise
convergence to a continuous function on [0,1) yield that the sequence (f¥)) actually converges
uniformly on compact subsets of [0,1) to 0. Therefore, for all § € (0,1) we have for some js

max fU) <§ for all j > js.

(0,1-8]
Then, consider «;, 8; defined as follows: «;(t) := 3s(t —1/3) on [1/3,2/3], a; := 0 on [0,1/3], and
a; :=son [2/3,1]; B; :==1—3J on [1/3,2/3] and a linear interpolation between the values 1 and 1 —¢
on each interval [0,1/3] and [2/3,1]. Straightforward calculations give

g;(s) < 6% s+ 62 for all j > js,

from which the conclusion follows by passing to the limit first in j 1 +00 and finally letting § | 0.
We now turn to item (ii). We first note that the sequence (g;) is nondecreasing and that

limg;(s) <lsA1 (4.10)
J
in view of item (ii) in Proposition 4.1. Next we show the following: for all 6 > 0
lim min (1 —z)f9(z) = ¢. (4.11)
J z€[8,1]

Let z; € argmings ;)(1 — 2)fW(z), and denote by ji a subsequence such that

lim min (1 — 2) £9%) () = liminf min (1 — 2) £9)(2).
1glzren[glu( 2)f7(z) = limin zren[gll]( 2)fP(2)

Either limsupy, z;, < 1 or limsup,, z;, = 1. We exclude the former possibility: suppose that, up to
further subsequences not relabeled, limy, zj, = 2o € [0, 1), then for all i € N

lim inf(1 — 2;,) F) (25,) = (1 = zo) liminf £ (25,) > (1 = 200) f (200),
that gives a contradiction by letting i 1 co since by minimality of z;
(1—2)f9(z) <t  forallj. (4.12)
Therefore, limsup,, z;, = 1, and thus we get
limjinf(l — 2;)f9 (z) > limkinf(l — 2 ) fD(z,) = L.
Formula (4.11) follows straightforwardly by this and (4.12).
Clearly g;(0) = 0 for all j. Let then s € (0,4+00) and (a;, 5;) € Us be such that

1 ! :
s+ == [ =B U0RE gl + 5P
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There are now two possibilities: either there exists § > 0 and a subsequence jj, such that inf(o 1; 85, >
d, or infjg 17 85 — 0. In the former case the subsequence satisfies

1 ,
) + — > 1 1— (Jk) .
95.(5) + 5 2 ((min (1 - 2) [P (2) s
Taking the lim sup,, and using (4.11) we obtain

limsup g;(s) > ¥s. (4.13)
J

In the other case for every ¢ > 0 definitively it holds

1 1
5+ > [ 1= 8Bl (-5 (414)
0
Taking again the lim sup we obtain

limsup g;(s) > (1 - 5)?. (4.15)

Since ¢ was arbitrary, from (4.13) and (4.15) we obtain limsup; g;(s) > 1 A £s and, recalling (4.10)
and g; < g;j+1, conclude the proof of (ii).

Let us now prove item (iii). First we observe that g;(s) <1 for all j. To prove the lower bound,
we notice that arguing similarly as in the proof of (4.11) one obtains

lim m[gnl}(l —2)f9(2) = +oo for all § > 0. (4.16)
J  z€lo,

For any s € (0,+00) we choose (¢, 8;) € Us such that

1 ! :
o0+ == [ 1= U0PRE el + 5P

If there is § > 0 such that inf 5; > ¢ for infinitely many j then for the same indices

1 .
9;(s) + = 2 min (1~ 2)f9(2)s,

which in view of (4.16) and the bound g;(s) < 1 is impossible. Therefore inf(y 3 8; — 0, which in
view of (4.14) proves the assertion. O

Remark 4.6. The monotonicity assumption fU) < fUTY in items (ii) and (iii) above leads to
simple proofs but it is actually not needed. The same convergence results for (g;) would follow
by using the uniform convergence on compact subsets of [0,1) of (fU)). The latter property is a
consequence of the fact that each f\9) is nondecreasing and that f € C°([0,1)).

5. PROOF IN THE ONE-DIMENSIONAL CASE

Let us study first the one-dimensional case n = 1. As usual, we will prove a I'-liminf inequality
and a I'-limsup inequality. The following proposition gives the lower estimate.

Proposition 5.1 (Lower bound). Under the assumptions (5.1-5.8), for every (u,v) € L*(2)x L1(£2)
it holds
F(u,v) < F'(u,v),
where F' denotes the T-liminf of the sequence Fy, and F the functional defined in (3.9).
Proof. The conclusion is equivalent to the following fact: let (ug,vg) be a sequence such that
(ug,vr) — (u,v) in LY (Q)x L' (Q), (5.1)
sup Fy (ug, vg) < 400, (5.2)
k

then u € BV(Q), v =1 Ll-a.e. in Q, and
O (u) < liminf Fy(ug, vg). (5.3)
k—o00
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Since the left-hand side of (5.3) is o-additive and the right-hand side is o-superadditive with respect
to €, it is enough to prove the result when 2 is an interval. For the sake of convenience in what
follows we assume Q = (0, 1).

By (5.2) one deduces that v = 1 L™-a.e. in Q. Up to subsequences one can assume that the lower
limit in (5.3) is in fact a limit and that the convergences in (5.1) are also £!-a.e. in .

For the first part of the proof we will use a discretization argument, following the lines of [2]. We
fix § € (0,1) and for any N € N divide © into N intervals

: Jj—17 :
Boe (P21 0y 0 joiw
N N 'N J
Up to subsequences we can assume that . hI—sI—l inf vy, exists for every j =1,..., N. We define

Iy = {je{l,...,N}: lim inkagl—(S}.

k— o0 ].17\,

For a given j € Jy, we denote by zp and y two points in I]];, such that vg(xr) < 1 — /2 and
vg(y) — 1. Then by Cauchy’s inequality we deduce for k large (assuming for instance zj < y)

Y 1-—- Vi 2 1 (52
[ (2 e )ae > 50 - o) - (0 - ) 2 . (5.4)
Tk 45k 2 16
The previous computation entails
sup HO(Jn) < +o0,
N
so that up to subsequences we can assume Jy = {jI, ..., j]LV }, with L independent on N, and that

all sequences j /N converge. We denote by S the set of limits of these sequences,

‘N
_ _ i i
S—{tl,...,tL}— {NLHEOO N Z—l,...,L} c Q.
We claim now that there exists a modulus of continuity w, i.e., w(d) — 0 as § — 0, depending only
on f, such that for all n sufficiently small (depending on §) and k sufficiently large (depending on
7) one has

(1 —w(d)) /Q\S h(lug)da < Fio(ug, vi, 2\ Sy), (5.5)

where S, = Ulell(tl —n,t; +n). Tt suffices to prove (5.5) in the case that n is so small that the
intervals (t; — n,¢; + 1) are pairwise disjoint subsets of .
In order to prove (5.5), we observe that by definition of fj in (3.2) and by Cauchy’s inequality

we obtain

2
Fe(ug, ve; 2\ Sy) = /Q\S (fl?(”kﬂUMQ-FM)dx

4Ek
/ / (1 - vk)z
> /9\577 (\Uk|2 A (5kf2(vk)|uk|2 + T))df
> / 2 A (1= o) (o) ledy) (5.6)
Q\S,

Let us note that vy, > 1 — 9 in Q\ S, for k large. By (3.4) there exists a modulus of continuity w
such that

[(1—2)f(2) — € < Lw(d), for z>1-9. (5.7)
Therefore by (5.6) and (5.7) we obtain
Fulun 0@\ $) = (1= (0) [ kP Atluidde = (1= w@) [ hlhde. (59
a\s, o\S,

The last inequality holds true as h is the convex envelope of ¢ + t2 A ¢t. Formula (5.8) proves the
claim in (5.5).
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Notice that the boundedness assumption in (5.2) and formula (5.5) imply that

sup sup/ lup,|dz < +oc.
n o\

k n

Therefore v € BV(Q\ S,), and actually the finiteness of S ensures that v € BV (12). In addition,
the L'-lower semicontinuity of the functional ® defined in (3.5) yields

(1 —w(6)®(u; 2\ S,) < limkinf Fi(up, v 2\ Sp). (5.9)

We now estimate the energy contribution on .S;,. To this end it is not restrictive to assume that
S C J,.

Let us fix ¢ € {1,..., L'} and consider I} := (t; — 1,t; +n). We claim that

(1 —w(d))g(esssupu — esinnf u) < lkim_ii_nf Fy(ug, vg; Ifi) + O(n). (5.10)

n

Let us introduce a small parameter p > 0 and x1,x2 € Ié such that

vp(z1) = 1, vg(z2) = 1,
ug(z1) = u(z1), up(x2) = u(z2), (5.11)
u(xy) > esssupu — p, u(ze) < esslinfu + . (5.12)
Ii M

Assuming without loss of generality that z7 < zo, we define I := (x1, z2).
There are just finitely many connected components of the set

{x el:v(z)<1l—n}
where vy, achieves the value 1 — §, as a computation analogous to (5.4) easily shows (recall that

1 < ). Precisely one finds up to subsequences that the number N of these components is

C

V<m0

for some constant ¢ > 0 independent of k. Let us now estimate the functional Fj over each component

C’,z of this type, j =1,...,N. Since vy < 1 —17 in C’,z one finds for k large that fi(vg) = 5,%f(vk),
so that for j =1,..., N it follows

i 1— )2
Feuroi ) > [ (cufluif? + ST 4 el )
C]

45k
/ updr
c

> g™ ( ) >y <
k
by Cauchy’s inequality and Proposition 4.4.
Outside the selected components CY, j = 1,..., N, one has vy > 1 — 4, so that estimate (5.8)
holds with I'\ U;V:1 C’,z replacing 2\ S,. Therefore

k

/ ujdx
ci

k

) —n?, (5.13)

N
Feluwos\Jcl] > (1-w@) / () de
j=1 I\U;\Izlci‘,
e N
> (1-w(@))e uildr — (1= w(@) L1\ [ J CD)
nUY, ¢ j=1
52
> (1-w(®)| /I\UN ua]) = 5 (5.14)
i=1"k

where we have used the definition of A in (3.6) and Proposition 4.1 (ii).
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By (5.13), (5.14), and the subadditivity of g one finds

2 cn?
Fi(u, v 1) + 5 + ﬁ > (1-w(d))g ( /del” ) = (1 —w(8))g(|lur(21) — ur(22)]).
- I
By property (5.11) and by the continuity of g, as k — +oo one deduces
i int B (g, 00 1) + S+ 50— > (1 - w(®))g(u(ar) — u(ea)])
ko0 k\Uk, Vk; n 2 n (52 — 7”2 = w gljulxy u\xro .

Finally property (5.12) concludes the proof of (5.10) as u — 0.
Summing (5.9) and (5.10) for ¢ = 1,..., L and taking first  — 0 and finally § — 0 concludes the
proof. O

Proposition 5.2 (Upper bound). Under the assumptions (3.1-3.8), for every (u,v) € L*(2)x L}(Q)
it holds

F"(u,v) < F(u,v),
where F" is the T-limsup of the sequence Fy, and F the functional defined in (3.9).

Proof. Let us consider first the case when u € SBV?(Q2). By a localization argument it is not
restrictive to assume that J, = {xo} and to take zyp = 0. We also assume for a while that u only
takes the two values u®(0) in a neighborhood of 0.
With fixed n > 0, we consider 7, > 0 and ay,/, € H'((0,T,)) such that o, (0) = u™(0),
an(Ty)) = u™(0), 0 < B, < 1, B,(0) = B,(T,;) =1, and
‘1 B 6n|2

T"’?
9(|[ul(0)]) +n > /0 (fz(ﬁn)loz272 et |6;,|2) dt. (5.15)

This choice is possible in view of Proposition 4.3, up to a translation of the variable «,.
Let us define Ay, := (—=2 :Tn) ang

2 72
A
— 4+ = ifre A
up(z) = “&%+2>1m ©
U otherwise,
T T,
—+ = if A
vp(z) = & <ak 3 ) R
1 otherwise.

An easy computation shows that (uz,vy) — (u, 1) in L*(Q)x LY(Q), that ug, v, € H () for k large,
and that for the same k

Fk(ukuvkuQ\Ak)S/ v/ [*dz,
Q

1
being fr < 1. Moreover using that f; <e? f and changing the variable x with y = i + I1 one has

777
Fy(ug, vi, Ax) < g([[u](0)]) + 0,

where we have used (5.15). Therefore we find

Wmnsém%Mﬁ/@wm+mmﬁ

u

where F”' denotes the T-limsup of Fj, according to Section 2.1, and then
F"(u,1) < ®(u), (5.16)

since 7 is arbitrary.

Let us remove now the hypothesis that u is constant near 0. For a function u € SBV?(Q) with
Jy = {0}, one can consider the sequence u; := w in Q\ (=1/4,1/j), with u; := u(—1/j) in (—1/4,0)
and u; = u(1/7) in (0,1/7). Then u; — win L'(Q) and |u}| < [u/| L'-a.e. in Q, so that by the lower
semicontinuity of F”’ and by the absolute continuity of u on both sides of 0 we conclude as j — +o0
that u still satisfies (5.16).



PHASE FIELD APPROXIMATION OF COHESIVE FRACTURE MODELS 17

The extension of (5.16) to each u € SBV?(Q) with H°(J,) < 400 is immediate and finally [13,
Propositions 3.3-3.5] conclude the proof. O

6. PROOF IN THE n-DIMENSIONAL CASE

In this section we establish the I'-convergence result in the n-dimensional setting.

We recover the lower bound estimate by using a slicing technique thus reducing ourselves to
the one-dimensional setting of Proposition 5.1. Instead, the upper bound inequality follows by an
abstract approach based on integral representation results (cp. Proposition 6.4 below).

Proposition 6.1. Under the assumptions (3.1-3.8), for every (u,v) € L*(Q)x LY(Q) it holds
F(u,v) < F'(u,v),
where F' denotes the T-liminf of the sequence Fy, and F the functional defined in (3.9).

Proof. Let us assume first that v € L>(Q). We set M := ||u||p~(q). Let (ug,vx) be a sequence
such that (ug,vg) — (u,v) in LY (Q)xLY() and sup Fy(ug,vr) < +0o. Then it is straightforward
that v =1 L™-a.e. in . We are going to show that u € BV (Q2) and that

O (u) < liminf Fy(ug, vg), (6.1)
k— 400
that proves the thesis under the assumption of the boundedness of u.
Given ¢ € S"~! we consider a subsequence (u,,v,) of (uy,vs) satisfying

((u,,«)f/7 (vT)g) — (ui, 1) in Ll(Qg)xLl(Qi) for H" '-ae. y € TI¢

and realizing the lower limit in (6.1) as a limit.
By Fubini’s theorem and Fatou’s lemma one deduces that

2 (1= (vr)5)?

imin ((vr)§ ur)y
1 f/Qg (f,«(( DD V()] + =

i in +5T|V((vr)§)|2>dt < 400
Y
holds for H" '-a.e. y € Qf
The one-dimensional result Proposition 5.1 yields now that u$ € BV(£2) and that

MOVt + [ glllu§))ane + 4Deus| ) <

Q5 J

u§

2 = (v)§)*
<t [ (#0005 +

r—00

V(IR ). (62)

We first check that (6.2) implies u € BV () by estimating [o,¢ | D(u$)[(Q25)dH™~*. We first notice
that

1 l
| veiar< g [ nvesnies 72195, (63)
being h(s) > s — (%/4.
Since ¢(s)/s — £ as s — 0, with fixed n > 0 one has

g(s) > (L —mn)s for s < 4, (6.4)

for some ¢ sufficiently small.
Therefore (6.3), (6.4), and the boundedness of u entail
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1 Y4 1
D(u8)| (9 gf/ R(|V (u$)])dt + = diam Q + —— g(|[ué]])dH°
D (uy)[(8) < 5 ” (IV(ug)dt + 7 =0 Jues utien ([ugl])
2M/ . 0
+ — g(|[[us])dHC + | DCus |(Q
0® Jues s (I[ugll) |Duy |(€2y)

<crel [ mV@EDd+ [ oUu§inar® + D) |

Y “5

1 2M

where diam €2 denotes the diameter of 2 and ¢ := max{%, ﬁ diam €, =0 908

}. Integrating the last
inequality on Q¢ one deduces by (6.2)

/ \D(u§)|(§2§)d’}-{"71 < cH"HQE) + esup Fy (ug, vi)-
Q¢ k

Taking £ = ey, ..., e, one obtains u € BV ().
We now prove formula (6.1) using localization. The integration on Q¢ of the one-dimensional
estimate in (6.2) gives

[ nvu-€hda+ [ - oiaann +¢ [ Dol < it Fi ). 65)
9] Q — 100

u

where v, := d“lgizzl denotes the density of Du with respect to |[D¢u|. Let E C € be a Borel set such
that D% (F) = 0 and D*u(2\ E) = 0, and let

A= L Q\E+H" T, +|D||E\ J..
Let us consider a countable dense set D € S*~! and the functions

Ve = h(|Vu- & xave + [vu - Elg(l[ul)xs, + €y -Elxerg,,  £€D.
Then (6.5) gives (1eA)(A) < F'(u,1, A) for all open sets A C Q. Since F'(u, 1,-) is superadditive,
this implies ((supg 1¢)A)(A) < F'(u,1, A) (see [18, Lemma 15.2]) and therefore the conclusion.
In the general case, if u € L'\ L>°(Q) one considers (u}!,vy) and (uM,v), where uM := (=M v
u) AM denotes the truncation at level M € (0, +00). Since the functional Fj, decreases by truncation
and ul — uM in L'(Q2), we deduce that u™ € BV (Q) and

®(uM) <liminf F(ul!,vy) < liminf Fy,(ug, v ). (6.6)
k——+o0 k— o0
Therefore u € GBV () and (6.1) follows easily from (6.6) as M — +o0. O

To prove the limsup inequality we follow an abstract approach. We first show that the I-limit is a
Borel measure. The only relevant property to be checked is the weak subadditivity of the I'-limsup.
This is a consequence of De Giorgi’s slicing and averaging argument as shown in the following lemma.

Lemma 6.2. Let (u,v) € LY(Q)xLY(Q), let A’, A, B € A(Q) with A’ CC A, then
F"(u,1;A"UB) < F"(u,1; A) + F"'(u,1; B), (6.7)
where F"' is the T-limsup of the sequence F, defined in (3.1).

Proof. We assume that the right-hand side of (6.7) is finite, so that u € GBV(AU B) and v = 1
L™a.e. in AU B. We can reduce the problem to the case of functions u € BV N L*°(AU B). This
is a straightforward consequence of the fact that the energies F}’s, and thus the I-limsup F”, are
decreasing by truncations. Actually, thanks to L' lower semicontinuity, they are continuous under
such an operation.
Under this assumption, let (uil, vil), (uP,vE) be recovery sequences for (u,1) on A and B respec-
tively, that is:
(u, o), (P, 0F) = (u,1) in LH(Q)xL1(Q), (6.8)
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and
lim sup Fk(u?, v,‘?; A) = F"(u,1; A), limsup Fy,(u?,v2; B) = F"(u,1; B). (6.9)

k—4o00 k—+o00
Note that, again up to truncations, we may assume that
(ug, vit), (uB,vP) are bounded in L>(f). (6.10)
To simplify the calculations below we introduce the functionals Gy, : L(Q) x A(Q) — [0, +o0] given
by

Gi(v;0) = /

1— 2
<(U) + 6k|Vv|2> de, ifve H'(Q),
o 45k

400 otherwise. Notice that
Fy(u,v;0) = / fE(v)|Vul2dz + G.(v; O).
o
Let ¢ :=dist(A’,0A) > 0, and with fixed M € N, we set for all i € {1,..., M}
5
A; = {x € Q: dist(z,A") < MZ} ,

and Ag := A’. Clearly, we have A;_; CC A; C A. Denote by p; € CL(Q) a cut-off function between
Ai—l and Ai, i.e., gOi‘AFl = 1, <Pi|Af = 0, and ||V<leLoo(Q) < % Then, set

ul = g up + (1 — @i)ul, (6.11)
and
pic1vp+ (1 —pis) (v Avf)  on A
’U]zC = UkA A UkB on Al \ Az’—l (612)
i1 (i AvP)+ (1 —pip1)vf on Q\ A,
With fixed i € {2,..., M —1}, (ui,v}) € H(Q)xH'(Q2) and their energy on A'UB can be estimated
by
Fi(ul,vi; AUB) < Fp(up, v Ai_o) + Fr(ul 0P B\ Aif1) + Fr(ub, vi; BN (Ajg1\ Ais)). (6.13)

Therefore, we need to bound only the last term. To this end we further split the contributions in
each layer; in estimating each of such terms we shall repeatedly use the monotonicity of f; and the
fact that it is bounded by 1. In addition, a positive constant, which may vary from line to line, will
appear in the formulas below. Elementary computations and the definitions in (6.11) and (6.12)
give, using v,i < v,{?,

Fyo(uj, v BN (A1 \ Aig)) < / FRWDIVui P dz + Gr(vl; BN (A1 \ Ai2))
Bﬂ(Aifl\Aifg)
< o (Fuluf, ol BO (A1 \ Ag-2) + Fr(uf ,vf; B0 (A1 \ A;-2)) )

2
cM Ek A B2
52 / v — vy |” dz,
Bm(Ai_l\Ai_Q)

Fk(u}i, U;c; BN (A, \Az—l))

2, Ar B A2 Bz, AM* 4 pp AL B
¢ Jie i nvo ) [ Vg |” + [Vuy |* + 572|Uk —uy |* ) de+Gr(vi Avg's BN(A\Ai-1))
BN(AN\A; 1)

IN

c M?
< c(Fk(ug‘,v;;‘; BO(A;\ A1)+ Fio(ug ,vis Bm(Ai\Ai,l))) + s / uft —uB? da,
BN(Ai\A;_1)
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and
Fio(ujp, v B0 (Air \ Ai)) < / FR)IVE P de + Gi(vj; BN (Aiga \ A7)
BN(Ai+1\A:)

cM?e
< e (Fuluf vfs BO(Aa\ )+ Fi(uf of' Bl \A)) + <55 [ vl =of | da.
Bﬁ(Ai_'_l\A,y)

(6.14)

By adding (6.13)-(6.14), we deduce that
Fi(ul,vi; A" UB) < Fp(up,vit; A) + F(uB,v2; B)
o (Bl vl BO (A \ Aia)) + Fu(uf of s BN (Aia \ Ai2)))

M? M?¢
62 / \u,‘?—ukB|2dx—|—c 5 k/ vt — v |? dz.
0 BN(A;+1\Ai—2) o BN(Ait+1\Ai—2)

Hence, by summing up on i € {2,...,M — 1} and taking the average, for each k we may find an
index i in that range such that

Fk(uzk,v,ik;A’ UB) < Fk(u,?,v,‘f;A) + Fk(ukB,vf;B)

C
+ = (Fu(ui o B (A A) + Fuuf of i B4\ 4)))
M M
+CT lupt — uP)? dx + c ;k / luit — vP % da.
0% JBna\a) 0 BA(A\AY)

By (6.8) we deduce that (u}*,vi*) — (u,1) in L'(Q)xL'(Q), and actually in LI(Q)x L(Q) for all
q € [1,4+00) thanks to the uniform boundedness assumption in (6.10). Therefore, in view of (6.9)
and the definition of I'-limsup we infer that

F"(u,1; A’ UB) < (1 + %) (F”(u, 1;A) + F"(u, 1; B)).
The conclusion then follows by passing to the limit on M 1 co. |

We next prove that F”(u,1;-) is controlled in terms of the Mumford-Shah functional MS, whose
definition is given in (2.1). This result gives a first rough estimate for the upper bound inequality.
We shall improve on the jump part in Proposition 6.4 below and finally we shall conclude the proof
of the I'-limsup inequality using a relaxation argument.

Lemma 6.3. For all uw € L*(Q) and A € A(Q) it holds
F"(u,1; A) < MS(u; A),
where F" is the T-limsup of the sequence Fy, defined in (3.1) and MS is introduced in (2.1).
Proof. Denote by ¥ : [0,1] — [0,1] any nondecreasing lower-semicontinuous function such that

$71(0) =0, 4(1) =1 and
sup fx(2) < ¥(2) for all z € [0, 1],
k

for instance 1 = x(o,1) satisfies all the conditions written above. Consider the corresponding func-

tionals AT} : L'(€) x L'(Q) — [0, +00] defined in (2.2), and note that Fy < AT} for every k. The
upper bound inequality for (Fj) then follows at once from the classical results by Ambrosio and
Tortorelli (cp. [9], and see also [30]). O

We are now ready to prove the upper bound inequality.

Proposition 6.4. Let F be the functional introduced in (3.9). For every (u,v) € L*(Q)xL'(Q) it
holds

F" (u,v) < F(u,v),
where F"' is the T-limsup of the sequence F, defined in (3.1).
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Proof. Since L' is separable, given any subsequence (Fy,;) of (Fi) we may extract a further subse-
quence, not relabeled for convenience, I-converging to some F (see [25, Theorem 16.9]).

The functional F° (u,v;-) is by definition increasing and inner regular. Since Fy(u,v;-) is additive,
one casily deduces that F” is superadditive and from this that its inner regular envelope F' = (F')_
is superadditive (see [25, Proposition 14.18 or Proposition 16.12]).

Using Lemma 6.2 one can show that F = (F")_ is subadditive (see [25, Lemma 14.20 and the
proof of Proposition 18.4]). Therefore F is the restriction to open sets of the Borel measure

F,(u,v; E) = inf{F(u,v; A) : A€ AQ); E C A},

see [25, Theorem 14.23], in the following we identify F and F.

If u € L' () is such that MS(u; Q) < +o0, then by Lemma 6.3 we obtain F” (u, 1;-) < MS(u;-) <
+oo on all open sets, and by the regularity properties of Radon measures F” coincides with its
inner envelope. Indeed, for a given open set A and € > 0, choose open sets A’, A” and C with
A’ cc A” cC Aand A\ A’ C C such that MS(u; C) < e. Then use Lemmas 6.2 and 6.3 to estimate
F'"(u,1; A) < F"(u,1; A/UC) < F"(u,1; A”")+ MS(u; C) < F"(u,1; A”) 4. In other words, ﬁ(u, 1)
is the T-limit of Fy; for all u such that MS(u) < +oo.

For all u € SBV?2(Q) in particular the estimate in Lemma 6.3 implies that

Flu,1:0\ J,) < / Vul2dz. (6.15)
Q
We provide below for the same u the estimate
Flu1:J,) < / o|[ul]) dH" . (6.16)
Ju

Given this for granted we conclude as follows: we consider the functional F., : BV (Q2) — [0, +00]

(u) - /Q |Vul*dx +/ g(|[u]]) dH™ Y if u € SBV?(Q)
— Ju
+00 otherwise on BV ().

Feo

Further, note that by [13, Theorem 3.1 and Propositions 3.3-3.5] its relaxation w.r.to the w *-BV
topology is given on BV (Q) by F(-,1). By (6.15) and (6.16) we have that F < F,, and since F(,1)
is L'-lower semicontinuous, we infer that

F(u,1) < F(u,1) for all u € BV(Q).
We conclude that the same inequality is true for all w € GBV N LY(Q) by the usual truncation
argument. Finally, combining the latter estimate with the lower estimate of Proposition 6.1 allows
us to deduce that the I'-limit does not depend on the chosen subsequence and it is equal to F.
Hence, by Urysohn’s property the whole family (Fy) I'-converges to F' (cp. [25, Proposition 8.3]).
Let us now prove formula (6.16). To this end, fixed A > 0 we introduce the perturbed functional

Fr(u,1) = ﬁ(u,l)—k)\(/QWuFdx—k/J (1+|[u]|)d7—l"’1)

for all u € SBV?(Q). We may apply to F\ the integral representation result [14, Theorem 1] to
infer that for H* '-a.e. z € J,

m(fﬁ) :hrglisoup 6”‘1 lnf{F/\(w71,$+6Q”u(z)) Lw e SBV (w+5Qyu(z))7
w = uy on a neighborhood of = + 63Qyu(m)} , (6.17)

where
w () e ST @) i (y =z (2)) > 0
z(y) : {U (1‘) if <y - 337Vu($)> <0
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and @Q,, () denotes any cube of side 1 centered in the origin and with a face orthogonal to Uy ().
Hence, it is enough to show that for H" '-a.e. z € J,

lim sup o Ptz 1 + 8 Qua)) < (][l (@)]), (6.18)

1
510 5n71
since by taking u, itself as test function in (6.17) we get
dEx(u,1; ) . 1
— <l
Tt gy @ < lmsup s

in turn implying

ﬁ(u,l;Ju)Sﬁ(%l;Ju)SL (9(ful@)]) + X+ Al[u](=)]) dH" .

Finally, (6.16) follows at once by letting A | 0.

Formula (6.18) easily follows by repeating the one-dimensional construction of Proposition 5.2.
More precisely, assume x = 0 and v,(z) = e, for simplicity. With fixed n > 0, let T;, > 0
and oy, B, € H'((0,T;)) be such that o, (0) = u=(0), a)(T;,) = u™(0), 8,(0) = B,(T,) = 1,
u (0) < oy < ut(0), 0<ﬁ,7<1 and

ﬁ(um Liz+ 5Ql/u(a?)) + )‘(1 + |[u](m)\)7

R
( (Bl ? “'/%)+w%2)m<gUMMM)+n

4
Let A; := (-4 T" % T ), and set

Yn | Ty .
— 4+ — fy, € A;
us(y) == ‘%(mj+2) o
Uug otherwise,

Yn | Iy )
B(Jr) ify, € A;
vi(y) == n €k, 2 J

1 otherwise.
Clearly, (uj,v;) — (uo,1) in L'(Qe,) x L'(Qe,), and if Q. = Q., N (R"~! x {0}), a change of
variable yields
Fy; (w0550 Qe,,) = Fi, (uj, 05,0 Qp, x Aj)
Y v, (1=5y)? /12 n—1
<9 ; FBo)lagl® + 7=+ 18,17 ) dt < 8" (g([[u](0)]) + n).

Therefore, by the very definition of F we infer that

F(uo,1;6Qe,) < 6" (g(|[u] (0)]) + n),

and estimate (6.18) follows at once dividing by §"~!, taking the superior limit as § | 0, and finally
by letting n | 0 in the formula above. |

The proof of the compactness result Theorem 3.3 follows the lines of [26, Theorem 7.4], so we
just sketch the relevant arguments and refer to [26] for more details.

Proof of Theorem 3.3. Let us start assuming that n = 1 and M := supy, |[ug|[r~(Q) < +o0, @ =
(0,1). Repeating the proof of Theorem 5.1 one finds that vy — 1 in L*(2) and that for every § > 0
there exists a finite subset S C Q for which

u—mméwhmww<&mwmn&>

holds for n > 0 small (dependently on §) and for k large (dependently on 7), where w(§) — 0 for
d —0,and S, := UiLzl(ti —1n,t;+n). This implies that uy, is bounded in BV (2\ S,)) uniformly with
respect to k and 7. Hence up to subsequences uy, converges to a function u € BV (Q\ S,)) L!-a.e. in
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2\ S,. The boundedness hypothesis and a diagonalization argument yield that u in fact belongs to
BV (Q) and that up — u LY(Q).

For n > 1, we fix £ € S” ! and § > 0 and introduce the sequence wy, whose slices satisfy

& if A
£ ._ (uk)y ye Ag,
(wk)y ' {0 otherwise,

Ay = {y € Q¢ Fkl((uk)g, (vk)g) < M/§?},

where F}! denotes the one-dimensional counterpart of the functional Fj. Then wy is bounded in
L*(€), uy, is in a §-neighborhood of wy in L'(Q), and the n = 1 case shows that (wk)fj is pre-
compact in L'(2). Then the pre-compactness of uy in L'(Q2) is ensured by [1, Theorem 6.6] as &
varies in a basis of R™.

Finally, the unbounded case is done by truncation as in [26, Theorem 7.4]. ]

7. FURTHER RESULTS

In this section we build upon the results in Sections 3-6 to obtain in the limit different models by
slightly changing the approximating energies Fj’s. More precisely, we shall approximate a cohesive
model with the Dugdale’s surface density, a cohesive model with power-law growth at small openings,
and a model in Griffith’s brittle fracture.

This task will be accomplished by letting the function f vary as in item (ii) of Proposition 4.5 in
the first instance, as in item (iii) in the third, and suitably in the second (cp. (iii) of Proposition 7.3
below), respectively. More precisely, we consider a sequence of functions (f)) satisfying (3.3) and
(3.4) and for all j,k € N introduce the energies

. 1— 2

[ (0 r@wup + L s vep)ae it (o) e @xi@)
(4) — J)Ja k

By (. 0) = and 0 <v <1 L"a.e. in (, (7.1)

400 otherwise,

where f,ij)(z) =1A séf(j)(z).
In each of Theorems 7.1, 7.4, and 7.5 below we shall further specify the nature of the sequence

(fO).
7.1. Dugdale’s cohesive model. In order to approximate Dugdale’s model 2 : L1(Q) — [0, +]
/ h(|Vul|)dz +/ (LAL[u])dH™ ™t + €| Du|(Q) if u € GBV (),
Q Ju
D(u) ==
400 otherwise,
with h as in (3.6), we shall consider the specific choice
fI(2) = (a5 2) V f(2) (7.2)
with f satisfying (3.3) and (3.4), and
(a;) nondecreasing, a; T oo and such that a; Ej% 1 0. (7.3)

Theorem 7.1. Suppose that (f9)) is as in (7.2) and (7.3) above.

Then, the functionals F,gk) from (7.1) T-converge in L' (Q)x LY () to the functional 7 defined as
follows

+o00  otherwise.

D (u,v) = {@(u) ifv=1L"-a.e. inQ,
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Proof. The definitions in (3.1) and (7.1) give F,Ej) < F,gk) for j < k, being (f)) nondecreasing by
assumption. Hence, by Theorem 3.1 we deduce

I- limkinf F,gk)(u, v) > F9(u,v), (7.4)

where FU) is defined as F in (3.9) with f substituted by f() in formulas (3.4) and (3.6) defining
the volume density, and (3.7) defining the surface density.

In particular, being ¢; = ¢ for all j, the corresponding volume density h; equals the function
h in (3.6). Moreover, the surface energy densities g; are dominated by the constant 1, and by
item (ii) in Proposition 4.5 we have lim; g;(s) = 1 A ls for all s € [0,+00). In conclusion, if

I'-lim infy, Flgk)(u, v) < +oo, we infer that v =1 L™-a.e. in Q, u € GBV (1), and
I-lim inf FF (u,1) > P(u),

by the Dominated Convergence theorem, as j 1 oo in (7.4).
The upper bound inequality follows by arguing as in Proposition 6.4. Indeed, we first note that by
a careful inspection of the proofs, Lemmas 6.2 and 6.3 are still valid in this generalized framework.

1
More precisely, Lemma 6.2 continue to hold true as we have only used that each function fi = 1Ae} f
in (3.2) is nondecreasing and bounded by X(0,1], Properties enjoyed by f,gk) as well.
In conclusion, as a first step we establish the estimate

: 1 =
hrrélisoup FF(UI, Lz +0Q,, ) < 1ALu](z)], (7.5)

for u € SBV?(Q2) and for H" '-a.e. x € J,, where F is the T-limit of a properly chosen subsequence
(F,i]kj)) of (F,Ek)) (cp. Proposition 6.4).

Given (7.5), the derivation of the upper bound inequality in general follows exactly as in Propo-
sition 6.4.

Let us now prove (7.5) by means of a one-dimensional construction. For the sake of simplicity

we assume = = 0 and v, (z) = e,. Actually, in view of the estimate in Lemma 6.3 we need only to
discuss the case |[u](0)| < £~!. To this end, set

zji=sup{z € [0,1) : ag;z = F9 ()},

it is easy to check that z; it is actually a maximum, i.e., ax,;z; = f(j)(zj), and that z; < z;41 <1
with z; T 1. Let now
f(z)
1-— Zj ’
then T; 1 co. Define o (t) :=u~ (0) on [-T; —1, =T}], a;(¢) := [u](O)(ﬁ—&—%)—Fu’(O) on [—T;,T}],
a;(t) :==u"(0) on [T}, T; + 1], and B,(¢t) := z; on [T}, T}], B;(t) :== (1 — 2z;)(|t| — T}) + z; otherwise
in [—Tj — ].,Tj + 1]

Setting A; := (—ex, (Tj + 1), ek, (T; + 1)), we have that £*(A;) — 0 as j 1 co by (7.3). Indeed,
in view of (3.4) and the definition of z; it is easy to deduce that (1 — zj)ax;, — £ as j 1 0o, so that
er, T ~ e, aﬁj — 0 as j T oo thanks to (7.3). Therefore, if

(o7 (yn> if Yn € Aj

Tj = |[u](0)]

ui(y) = Ek;
U otherwise,
Yn .
B () ify, € A;
vi(y) =9 7 \ew, e
1 otherwise,

then (uj,v;) — (ug, 1) on LY(Qe,) x L' (Qe,,), where ug = u~ (0)x{yn <0} +ut(0)X{y,>0}-



PHASE FIELD APPROXIMATION OF COHESIVE FRACTURE MODELS 25

Moreover, if Q, = Q., N (R™! x {0}), then a change of variable yields

kj kj
F (0,050 Qe,) = FY7 (ug, 030 QL x Ay)

T; _ARN2 T;+1 _R.2
Sén_l (/_T (f2<5j)|vaj|2+ (1 46]) >dt+2/Tv (|1 4IBJ| +|6§|2) dt)

="t ((fQ(Zj)H ;(TJ)F +2T( 1 %) )+2 (1—2z) / D) I dt 4 2(1 — z) )

=5 (= O + 5 (15 ) =6 (O +o() a5t o,

Therefore, being |[u](0)| < £71, by the definition of F we infer that
F(ug, 16 Qe,) < 6" (1 A €][u] (0)]),

and estimate (7.5) follows at once. O

Remark 7.2. The analysis in the general case of a diverging sequence f®) is much more intricate
because of the combination of several effects: the speed of divergence of the f*)’s compared with the

1
scaling €7 in the definition of f]gk), and even more the behavior of each f*) close to 1. In this remark
we limit ourselves to consider those families of functions f*) satisfying item (i) in Proposition 4.5,
another instance shall be discussed in Remark 7.6 below.

Assume for example that f(z) = IZ_ZZ, and that f*) is defined as in (7.2) above, with aj = 6;%,

thus wiolating the last condition in (7.3). Then, one can show that the T'-limit is given by the
Mumford-Shah energy introduced in (2.1). Indeed, with this choice

2 0<z<1—fe
1y 1 1
) = el 1-tel Sz<(4tef)!
1 (1—}—65%)_1§z§17

so that f,gk)( ) > z for all z € [0,1], and actually (f,gk)) converges uniformly to the identity on [0, 1].
Therefore, AT{? < F(k) < ATw, with ¥ (2) = x(0,1)(2) (cp. with (2.2) for the definition of AT,?’),
and the assertion follows at once from Ambrosio and Tortorelli classical results (cp. [9], see also
[30]).

1
A similar argument works also in the regime age? 1 0o, in which

1 1
1 4 -1
(k)(z)— aRep z O§z§ak € °
k = -1
1 ak15k2 <z<1,

for k sufficiently large, so that f,gk)(z) — X(01](2) for all z € [0,1], and again we get the Mumford-

Shah energy in the I'-limit arguing as above.
Finally, note that for ay, as in (7.3), we have

kELZ nggl—&z;l
1 1
,ik)(z) =4q¢f L —éa;l <z< (1—1—56,3)*1
1
1 (I+lep) P <z2<1

so that f,gk)(z) — xq13(2) in [0,1].
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7.2. A model with power-law growth at small openings. In Theorem 7.4 below we approxi-
mate a model with sublinear surface density in the origin and quadratic growth for the volume term.
To this end, let p > 1 and consider a function ), satisfying condition (3.3) and

Zlir{lﬁ(l — 2P, (2) =7, 7€ (0,400). (7.6)

Clearly, one can take ¢,(z) := ﬁ as prototype. The surface energy density ¢, : [0, +00) —
[0,4+00) is defined as g in (3.7) by

1
0u(s) = int [ 1L B+ (.7)

(av,B)EUs S

where U has been introduced in (3.8). In this case the integral is finite only if 5 < 1 almost
everywhere on the set {& # 0}. We next prove some properties of ¥J,, in analogy to Propositions 4.1,
4.3 and 4.5. In what follows, we keep the same notation introduced there. We also note that given any
curve (a, (), the integral to be minimized in the definition of ¥, is invariant under reparametrizations

of (a, B).

Proposition 7.3. Let ¢, satisfy (3.3) and (7.6), let 9, : [0, +00) — [0, +00) be the corresponding
surface energy in (7.7). Then,

(i) 9,(0) =0, ¥, is nondecreasing, subadditive, and
0<9 (s)<1/\csﬁ, for all s >0, (7.8)
where ¢ = ¢(v,) > 0. Moreover, 9, € Ot ([0, +o0 ) and

) <

Up(s

P < 7.9
y7T < lim == (7.9)
where ¢ = c¢(p) > 0;
(i) ¥, = 19,, where
T 2
: . . 1-8)
19 =1 f 2 /2 (7 112 dt
)= fim it (%(ﬁna L8 g
(iii) the functions
FO@) = 22 Ay (2), (7.10)
satisfy (3.3) and (3.4). If g; denotes the corresponding surface energy in (3.7), then g; <
gj+1 and
lim g;(s) =9Up(s) foralls>0. (7.11)

]—)OO

Proof. We prove (i). The facts that J,(0) = 0 and that 1, is nondecreasing follow easily from the
definition. The subadditivity follows as in Proposition 4.1(i). Moreover, 0 < ¥, < 1 arguing as in
(ii) of Proposition 4.1.

To show (7.8) and the upper bound in (7.9), let s, A > 0 and consider o := 0in [0,1/3], @ := s in
[2/3,1] and set « to be the linear interpolation of the values 0 and s on [1/3,2/3]; By :=1— (A s)ﬁ
in [1/3,2/3] and set § to be the linear interpolation of that value to 1 on [0,1/3]U[2/3,1].

Then, clearly (a, 8)) € Us and a simple computation shows that

1
ﬂp<s>s/0 1= B\ Je2 Bl 2+ By2 dt = (As) 7T 4, (1= (As)7T) s+ (As)7T. (T.12)

By taking A = 1, since (1 — 2)Pt),(2) < ¢ for some constant ¢ = ¢(t,) > 0 and for all z € [0, 1], we
deduce that
2
Dy(s) < (c+1) 571
from which inequality (7.8) follows as 0 <9, < 1.
The Hélder continuity of ¥, then follows easily from (7.8) and its subadditivity and monotonicity.
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Further, by (7.12) we infer

0
lim sup 2 (28)
sl0 Ssp+L

p—1 2
Sy AT PR £ AP

minimizing the latter inequality over A € (0, 00) yields the upper bound in (7.9).

We now prove the lower bound in (7.9). Let s — 0, s > 0, and up to subsequences let the
liminf in (7.9) be a limit. Let ay, 8x be competitors for ¥, (sx) such that

1
|1 Bl B0l 15 dt < () + 5
0
If, after taking a subsequence, there is a sequence z; € [0, 1] such that

L= B;(a) = (ys;) 7 for all j,
then ,
Op(s5) + 85> (1= By(25))* > (ys5) 7. (7.13)
Otherwise, for all k large enough
1= B < (ys1,)77
must hold uniformly, so that Sx — 1 uniformly and by (7.6) for any € > 0
(1 — Br)P¥p(Br) > v — € uniformly, for k large enough.
Therefore

1 1 1— P —
O(sn) 4 su = [ 800 - polaglie > [ PEES B e > TS,

Since € was arbitrary this and (7.13) give the lower bound in (7.9).
Finally we prove that the limit in (7.9) exists. We fix a sequence s; | 0 and choose «a;, 8; € Us;
such that

1
1
| =B R @l B it < 0,5 + 550D

By the computation above we obtain 5; — 1 uniformly. For k& > j we define ay, 8, € Us, b

1/(p+1)
Sk) p+ (17ﬂ])

Sk —
—aj and B, =1— <—
s; 7 O s
After a straightforward computation, using these test functions in the definition of ¥,(sy) leads to

J J
z/<p+1> Up(z)(A = 2)"
9 < (= 1-— 2( 24+ |52 dt P i< z,2 <1},
p(Sk)_(S] [/ | 53|\/¢ (Bj)]a > + |55 ] {wp(z’)(l—z’)P min 3; < z,2' < 1}
Since 8; — 1 uniformly as j — oo, and ¥, (2)(1 — 2)P has a finite limit as z — 1, the sup converges
to 1 as j — oo. Therefore we obtain that for every € > 0 if j is sufficiently large, then

Up(sk) Up(s5)

52/(p+1) - 2/(p-i-l)
k J

[

1
<(l+¢) —|—f forall k> 7.
This implies that the sequence converges. Since the decreasing sequence s; was arbitrary, the limit
n (7.9) exists.

To establish (i), we note first that by Cauchy inequality 9, < @p. In order to prove the con-
verse inequality, we first claim that o and § in the infimum problem defining ¥, can be taken in
Wh°((0,1)). Let n > 0 small and let o, 3 € H*((1/3,2/3)) be competitors for ¥, (s) such that

2/3
[ 1 81 R 5 < i) + (714)
1/3

We define "(t) := B(t) A (1 —n) in [1/3,2/3]. Since (1 — 2z)P,(2) has a finite nonzero limit at 1,
there is a function w, with w(n) — 0 as n — 0, such that

(1= 2P, (2') < (1 +w®)(1 — 2)Pehy(2) for all z,2" € [1 —n,1). (7.15)
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In particular, if 1 —n < B(t) < 1, then

mp(1—=n) <0 P(L+w(n) (L = B)P4p(B() < (1+wn) (L —B)¢y(B(1)) - (7.16)
We observe that 87 =1 —n and (")’ = 0 almost everywhere on the set {8 # 3”7} and compute

1— 3" 2 /12 N2dt = 1— " dt
[, A E @R = [ e

< (1+w(n) / (- Byp(Blaldt,  (7.17)

{B#p"}
so that by (7.14) it follows

2/3
//3 11— 7] M2 + (Y2 dt < 9, (5) + 71+ () + o).

By density we are able to find two sequences «;, 3] € Whee((1/3,2/3)) (actually in C>°([1/3,2/3]))
such that a;(1/3) = 0, @;(2/3) = s, 8](1/3) = B](2/3) =1 -1, 0 < 3 <1 -1, and converging
respectively to a and 37 in H'((1/3,2/3)). Since the function (1 — 2)P¢,(2) is uniformly continuous
in [0,1 — 7] and since 6]7»’ — B" also uniformly, we deduce that for j large it holds

2/3
[, 1= RGP Gt < ) + 20 la) + )

Finally we extend a; and 8] in [0,1] defining o := 0 in [0,1/3], a; := s in [2/3,1], and B] as a
linear interpolation of the values 1 — 7 and 1. Now o; and ,8;7 are competitors for J,(s) and for j
large they satisfy

1
| 1= B S EDIal B Pt < 0,(0) + 20+ o) + )+

and this concludes the proof of the claim.
Let us prove now that 9,(s) < ¥,(s). We argue exactly as in Proposition 4.3 until estimate (4.8).

In doing this we point out that f, g and g have to be substituted by 1, ¥, and 191,, respectively.
By keeping the same notation introduced there, we repeat the computations in (7.15)-(7.17) and
we conclude that

y(s) < Vi 3+ (L) [ (1= 9)\ 038 P + 9.

Since the last integral is less than ¥,(s) + n and n can be made arbitrarily small the inequality

J, < ¥, follows at once.

We now prove (iii). It is easy to check that f) < fU+D and that fO)(z) — 4,(2) for all
z € [0,1). Hence, the sequence (g;) is nondecreasing and g;(s) < ¥,(s) for all s > 0. To prove (7.11 )
with fixed s € (0,+00), consider o, B; € W'>°((1/3,2/3)) such that ;(1/3) = 0, ;(2/3) =
Bi(1/3) = 5;(2/3) = 1, and

2/3 1
| =B O eR + B e < 05+ (7.18)
1/3 j

Let n > 0 and assume first that inf 5;, < n for a subsequence j; 1T co. In this case, (7.18) yields

1 2/3 , )
g9+ == [ =gz (-,
Jk 1/3

so that lim; g;(s) = limg, g5, (s) > 1 > 9,(s), which provides the conclusion.
Assume now that for all j’s sufficiently large inf 3; > 7, and note that fU) = ¥ on [n,1 —n] for
all j > j, > 0. As we have already noticed in (7.16), if 8;(t) > 1 — 1 we have

(1= 8O0 (B (0) = Ty (1 =), (7.19)
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for some modulus of continuity w of (1 — 2)P¢,(z) in 1. Moreover, setting ¢;(n) = j% A,
then

3B;(t) > J(L=n) = cj(mnbp(l —n). (7.20)

Note that ¢;(n) — 1 as j 1 oo. Therefore, to compute the integral in (7.18) we separate the

contributions on the sets {8; <1—n}, {8; > 1—n}N{f7 =¢,}, and {B; > 1 —n} N {fY9) <,}

to get
2/3

5+ = (5507 A o) /1/3 1 B Sl + (5],

where we have used (7.19), (7.20), and the fact that fU) = ¢, on [n,1 —n]. As before, we have
employed the notation 6]7 = B3; A (1 —n). Extending now «; and 557 to the interval (0,1) as in the

previous step, the energy increases by n%. Hence, for all j sufficiently large it holds
1

—.2(7/\0-77)19 s) — 1),

j 1+W(77) J()(p() )

and letting first j 1 co and then 7 | 0 we conclude (7.11). |

g;(s) +

The functionals F, ,Ek) corresponding to the sequence (f)) in (7.10) of Proposition 7.3 provide an
approximation of ®, : L'(Q) — [0, +o00c] defined by

/|Vu|2dx+/ Ip(|[W]])dH™ ! if u e GSBV(Q),
O, (u) =4 T

400 otherwise,
with 9, is defined in formula (7.7).

Theorem 7.4. Suppose that (f9)) is as in (7.10) above.
Then, the functionals F,Ek) defined in (7.1) T'-converge in L*(Q)x L' (2) to ®,, where

~ o ifv=1L"-a.e. inQ
<I>p(u7v)::{ p(u)  ifv L"-a.e. in €,

+00 otherwise.

Proof. By monotonicity of the sequence (f,gj)) we have that F,gk) > F,Sj) for £ > j, so that by
Theorem 3.1 if I'-lim infy, F,gk)(u, v) < 400 then u € GBV(Q), v =1 L"-a.e. on Q and for all j € N

F-lirr%cian,Ek)(u,l) ZF-liinF,Sj)(uJ):/hj(|Vu|)d;v+/ g, (|[u])dH" " + §| DCul(Q),
Q u
where h; and g; are defined, respectively, by (3.6) and (3.7) with 9 in place of f. By letting
7 T oo, we get that
hi(s)1s%,  and gj(s) 1 9,(s) forall s> 0.

Indeed, the former convergence follows from the explicit formula h;(s) = s? for s € [0,5/2] and
hj(s) = js — j%/4 for s € [j/2,+00), while the latter in view of (iii) in Proposition 7.3. Therefore,
by Beppo-Levi’s theorem we conclude that v € GSBV () with

T- limkinf Flgk)(u7 1) > E)p(u, 1).

To prove the upper bound inequality we note that Lemma 6.2 and 6.3 still hold true in this setting
1
as there we have only used that each function fi = 1 Ae? f in (3.2) is nondecreasing and bounded

by 1 from above, properties enjoyed by f,gk) as well (cp. also Theorem 7.1).
Hence, we may argue again as in Proposition 6.4 and reduce ourselves to prove the estimate

~

. 1
hr?isoup FF(UI, Lz+06Q,, ) < 9p(|[u](x)]), (7.21)
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for u € SBV?(Q) and for H" l-a.e. x € J,, where F is the T-limit of a properly chosen subsequence
(F,Sjkf)) of (F,gk)) Given (7.21), we deduce the upper bound estimate as follows: we employ first [13,
Propositions 3.3-3.5] to get the estimate F(-,1) < ®,(-,1) on the full SBV space, by relaxing the
functional @, : BV (Q2) — [0, +00]
/ |Vu|*dz +/ 9p(|[u](z)]) dH" ™ if u € SBV2(Q)

Q Ju

+o0 otherwise on BV (Q2),

D (u) :=

w.r.to the weak-+-BV topology on BV({). This implies F(-,1) < ®, on BV (). We get the
required estimate on the whole GSBV N L'(Q) by the usual truncation argument. We then argue

as in Proposition 6.4 to show that the whole family (F,Sk)) I-converges to ®,.
The proof of (7.21) is identical to the proof of (6.18) in Proposition 6.4 and therefore not repeated.
]

7.3. Griffith’s brittle fracture. Finally, we show how to approximate the Mumford-Shah func-
tional by means of any sequence ( fu )) satisfying item (iii) in Proposition 4.5. Thus, we recover the
original approximation scheme of Ambrosio and Tortorelli [8, 9] (see also [30]).

Theorem 7.5. Suppose that (f)) satisfies f) < fU+D ¢; 1 oo and f9)(2) 1 oo pointwise in (0, 1).
Then, the functionals F,gk) [-converge in L' (Q)x LY (Q) to the functional MS defined as follows

]\713‘(%@) = {MS(U) ifv=1L"-a.e. in $,

+00 otherwise.

Proof. Asin the proof of Theorem 7.1 we first note that F,Ej) < F,Ek) for j < k. Thus, by Theorem 3.1
we deduce

I- limkinf F,gk)(u, v) > FO)(u,v), (7.22)

where F') is defined as F' in (3.9) with f substituted by fU) in formulas (3.6) defining h;, and (3.7)
defining g;. In particular, the corresponding volume density is given by

52 s <
hy(s) = o

l;s— s>

4

oSS S

)

where £ is the value of the limit in (3.4) and it satisfies £; 1 oco. Thus h;(s) < s? and lim; h;(s) = s*
for all s € [0,+00). Moreover, the surface energy densities g; are dominated by the constant
1, and by item (iii) in Proposition 4.5 we have lim; g;(s) = X(0,400)(s) for all s € [0,+00). In
conclusion, if I'- lim infy, F,Ek)(u, v) < +00, by letting j 1 oo in (7.22) we infer that v = 1 L™-a.e. in §,
u € GSBV () and by the Beppo-Levi’s theorem we get

I- limkinf F,gk)(u7 v) > MS(u).

Finally, we establish the limsup inequality. Set ¢ := x(o,1), we observe once more that F) ,Ek) < AT,?’

for every k, where AT,:/’ has been defined in (2.2). Therefore the conclusion follows by the Ambrosio
and Tortorelli result [9] (see also [30]). O

Remark 7.6. In Remark 7.2 we have shown that both the divergence of the fr’s and the scaling with
5,% in the definition of flgk) are influencing the asymptotic behavior of the related sequence (F,gk))
Here, we show that also the sequence of values of the limits in 1 of the functions (1 — z)f*)(z),
i.e. U, is playing a role. In particular, we highlight that the pointwise limit of (f,gk)) alone does not
determine the asymptotics of (F,ik')).
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Indeed, if f*)(2) := a1, where a1 0o, then

S

1
2 _z
akels 11—z

1
0<z<(1+age?)?
1z = 2
1 (14 are}?)

<<,

T l= o~

and by letting k T oo we infer that

1
X{l}(z) Zf akz-:,i J, 0
1
f,ik)(Z) 975 AL dfagel — v € (0,+00)

1
Xoa](2) if axel T oo,

Hence, by taking also into account the examples in Remark 7.2, we have built two sequences of
functions both converging to x (1} but giving rise in the I'-limit on one hand to the Dugdale’s cohesive
energy and on the other hand to a Griffith’s type energy. In the first example £y, are constant, in the
second Ly, diverge.

ACKNOWLEDGMENTS

Part of this work was conceived when M. Focardi was visiting the University of Bonn in winter
2014. He would like to thank the Institute for Applied Mathematics for the hospitality and the
stimulating scientific atmosphere provided during his stay.

M. Focardi and F. Iurlano are grateful to Gianni Dal Maso for stimulating discussions and for
many insightful remarks. They are members of the Gruppo Nazionale per I’Analisi Matematica,
la Probabilita e le loro Applicazioni (GNAMPA) of the Istituto Nazionale di Alta Matematica
(INdAM).

F. Iurlano was funded under a postdoctoral fellowship by the Hausdorff Center for Mathematics.

REFERENCES

[1] G. ALBERTI, G. BOUCHITTE, AND P. SEPPECHER, Phase transition with the line-tension effect, Arch. Rational
Mech. Anal., 144 (1998), pp. 1-46.
[2] R. ALICANDRO, A. BRAIDES, AND J. SHAH, Free-discontinuity problems via functionals involving the L'-norm of
the gradient and their approzimations, Interfaces Free Bound., 1 (1999), pp. 17-37.
[3] R. ALICANDRO AND M. FOCARDI, Variational approximation of free-discontinuity energies with linear growth,
Commun. Contemp. Math., 4 (2002), pp. 685-723.
[4] L. AMBROSIO, A compactness theorem for a new class of functions of bounded variation, Boll. Un. Mat. Ital. B
(7), 3 (1989), pp. 857-881.
[5] L. AMBROSIO, L. FAINA, AND R. MARcH, Variational approzimation of a second order free discontinuity problem
in computer vision, STAM J. Math. Anal., 32 (2001), pp. 1171-1197.
[6] L. AMBROSIO, N. Fusco, AND D. PALLARA, Functions of bounded variation and free discontinuity problems,
Oxford Mathematical Monographs, The Clarendon Press Oxford University Press, New York, 2000.
[7] L. AMBROSIO, A. LEMENANT, AND G. ROYER-CARFAGNI, A variational model for plastic slip and its reqularization
via I'-convergence, J. Elasticity, 110 (2013), pp. 201-235.
[8] L. AMBROSIO AND V. M. TORTORELLI, Approzimation of functionals depending on jumps by elliptic functionals
via I'-convergence, Comm. Pure Appl. Math., 43 (1990), pp. 999-1036.
[9] L. AMBROSIO AND V. M. TORTORELLI, On the approzimation of free discontinuity problems, Boll. Un. Mat. Ital.
B (7), 6 (1992), pp. 105-123.
[10] L. BAR, N. SOCHEN, AND N. KIRYATI, Image deblurring in the presence of impulsive noise, Int. J. Comput. Vis.,
70 (2006), pp. 279-298.
[11] G. I. BARENBLATT, The mathematical theory of equilibrium cracks in brittle fracture, in Advances in Applied
Mechanics, Vol. 7, Academic Press, New York, 1962, pp. 55-129.
[12] G. BELLETTINI AND A. CoscCIA, Discrete approzimation of a free discontinuity problem, Numer. Funct. Anal.
Optim., 15 (1994), pp. 201-224.
[13] G. BOUCHITTE, A. BRAIDES, AND G. BUTTAZZO, Relazation results for some free discontinuity problems, J. Reine
Angew. Math., 458 (1995), pp. 1-18.
[14] G. BoucHITTE, I. FONSECA, G. LEONI, AND L. MASCARENHAS, A global method for relazation in WLP and in
SBVy, Arch. Ration. Mech. Anal., 165 (2002), pp. 187-242.
[15] B. BOURDIN, Numerical implementation of the variational formulation for quasi-static brittle fracture, Interfaces
Free Bound., 9 (2007), pp. 411-430.



32

S. CONTI, M. FOCARDI, AND F. IURLANO

[16] B. BOURDIN, G. A. FRANCFORT, AND J.-J. MARIGO, Numerical experiments in revisited brittle fracture, J. Mech.

Phys. Solids, 48 (2000), pp. 797-826.

[17] B. BOURDIN, G. A. FRANCFORT, AND J.-J. MARIGO, The variational approach to fracture, J. Elasticity, 91 (2008),

pp. 5-148.

[18] A. BRAIDES, I'-convergence for beginners, vol. 22 of Oxford Lecture Series in Mathematics and its Applications,

Oxford University Press, Oxford, 2002.

[19] A. BRAIDES, G. DAL Maso, AND A. GARRONI, Variational formulation of softening phenomena in fracture

mechanics: the one-dimensional case, Arch. Ration. Mech. Anal., 146 (1999), pp. 23-58.

[20] A. BRAIDES AND M. S. GELLIL, From discrete systems to continuous variational problems: an introduction, in

Topics on concentration phenomena and problems with multiple scales, vol. 2 of Lect. Notes Unione Mat. Ital.,
Springer, Berlin, 2006, pp. 3—77.

[21] S. BURKE, C. ORTNER, AND E. SULI, An adaptive finite element approzimation of a variational model of brittle

(22]

fracture, STAM J. Numer. Anal., 48 (2010), pp. 980-1012.
, An adaptive finite element approzimation of a generalized Ambrosio-Tortorelli functional, Math. Models
Methods Appl. Sci., 23 (2013), pp. 1663-1697.

[23] A. CHAMBOLLE, An approzimation result for special functions with bounded deformation, J. Math. Pures Appl.

[24]

(9), 83 (2004), pp. 929-954.
, Addendum to: “An approzimation result for special functions with bounded deformation” [J. Math. Pures
Appl. (9) 83 (2004), no. 7, 929-954; mr2074682], J. Math. Pures Appl. (9), 84 (2005), pp. 137-145.

[25] G. DAL MaAso, An introduction to I'-convergence, Progress in Nonlinear Differential Equations and their Appli-

cations, 8, Birkhduser Boston Inc., Boston, MA, 1993.

[26] G. DAL MAso AND F. IURLANO, Fracture models as I'-limits of damage models, Commun. Pure Appl. Anal., 12

(2013), pp. 1657-1686.

[27] G. DEL PIERO AND L. TRUSKINOVSKY, A one-dimensional model for localized and distributed failure, J. Phys. IV,

28]

8 (1998), pp. 95-102.
, Macro- and micro-cracking in one-dimensional elasticity, Int. J. Sol. Struct., 38 (2001), pp. 1135-1148.

[29] D. DUGDALE, Yielding of steel sheets containing slits, J. Mech. Phys. Solids, 8 (1960), pp. 100-108.
[30] M. FOoCARDI, On the variational approzimation of free-discontinuity problems in the vectorial case, Math. Models

(31]

Methods Appl. Sci., 11 (2001), pp. 663-684.
, Variational Approximation of Vectorial Free Discontinuity Problems: the Discrete and Continuous Case,
PhD thesis, Scuola Normale Superiore, Pisa, 2002.

[32] M. FOCARDI AND F. IURLANO, Asymptotic analysis of Ambrosio-Tortorelli energies in linearized elasticity, SIAM

J. Math. Anal., 46 (2014), pp. 2936-2955.

[33] L. Fokoua, S. CoNTI, AND M. ORTIZ, Optimal scaling laws for ductile fracture derived from strain-gradient

microplasticity, J. Mech. Phys. Solids, 62 (2014), pp. 295-311.

[34] G. A. FRANCFORT AND J.-J. MARIGO, Stable damage evolution in a brittle continuous medium, European J.

(35]

Mech. A Solids, 12 (1993), pp. 149-189.
, Revisiting brittle fracture as an energy minimization problem, J. Mech. Phys. Solids, 46 (1998), pp. 1319—

1342.

[36] N. Fusco, An overview of the Mumford-Shah problem, Milan J. Math., 71 (2003), pp. 95-119.
[37] D. HENAO, C. MORA-CORRAL, AND X. XU, I'-convergence approzimation of fracture and cavitation in nonlinear

elasticity, Archive for Rational Mechanics and Analysis, (2014), pp. 1-67.

[38] F. IURLANO, Fracture and plastic models as I'-limits of damage models under different regimes, Adv. Calc. Var.,

(39]

6 (2013), pp. 165-189.
, A density result for GSBD and its application to the approximation of brittle fracture energies, Calc.
Var. Partial Differential Equations, 51 (2014), pp. 315-342.

[40] K. Puam AND J.-J. MARIGO, Approche variationnelle de l’endommagement : I. Les concepts fondamentauz,

[41]

Comptes Rendus Mécanique, 338 (2010), pp. 191-198.
, Approche variationnelle de ’endommagement : 1I. Les modéles a gradient, Comptes Rendus Mécanique,
338 (2010), pp. 199-206.

[42] J. SHAH, Curve evolution and segmentation functionals: application to color images, in Proceedings IEEE ICIP,

1996.

UNIVERSITAT BONN
E-mail address: sergio.conti@uni-bonn.de
E-mail address: iurlano@iam.uni-bonn.de

UNIVERSITA DI FIRENZE
E-mail address: focardi@math.unifi.it

TAM, UNIVERSITAT BONN, ENDENICHER ALLEE 60, 53115 — BONN, GERMANY

TAM anD HCM, UNIVERSITAT BONN, ENDENICHER ALLEE 60, 53115 — BONN, GERMANY



PHASE FIELD APPROXIMATION OF COHESIVE FRACTURE MODELS

DIMAI “U. DINI”, UNIVERSITA DEGLI STUDI DI FIRENZE, VIALE MORGAGNI 67/A, 50134 — FIRENZE, ITALY

33



	1. Introduction
	2. Notation and preliminaries
	2.1. Gamma- and Gamma bar-convergence
	2.2. Functional setting of the problem

	3. The main results: approximation, compactness and convergence of minimizers
	4. Properties of the surface energy density
	5. Proof in the one-dimensional case
	6. Proof in the n-dimensional case
	7. Further results
	7.1. Dugdale's cohesive model
	7.2. A model with power-law growth at small openings
	7.3. Griffith's brittle fracture

	Acknowledgments
	References

