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Abstract. The main goal of this paper is a compactness result for families
of functions in the space SBV (Special functions of Bounded Variation)
defined on periodically perforated domains. Given an open and bounded
set @ C R™, and an open, connected, and (—1/2,1/2)"-periodic set P C R"™,
consider for any € > 0 the perforated domain Q. := QNeP. Let (us) C
SBVP(Q.), p > 1, be such that [o, [Vue|” dz+H"""(Su. NQe) + [[tell 1o ()
is bounded. Then, we prove that, up to a subsequence, there exists u €
GSBVP N LP(Q) satistying lim, ||u — u5||L1(Q£) =0.

Our analysis avoids the use of any extension procedure in SBV, weakens
the hypothesis on P to minimal ones and simplifies the proof of the re-
sults recently obtained in [19, 15]. Among the arguments we introduce, we
provide a localized version of the Poincaré-Wirtinger inequality in SBV.
As an application we study the asymptotic behavior of a brittle porous
material represented by the perforated domain €2..

Finally, we slightly extend the well known homogenization theorem for
Sobolev energies on perforated domains.
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1. INTRODUCTION

A new technique for the homogenization of Neumann problems in periodic perforated
domains in the class SBV is the main subject of this paper.

Such a problem arises in a variational model for brittle porous media, as recently studied
n [19]. The model is obtained as the homogenization limit of hyperelastic brittle bodies
Q. whose material parts are the intersection of an open set  C R? and of the e-scaled
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copy P of a Q-periodic, connected, open set P C R?, with Q = (—1/2,1/2)? denoting
the unit cube. The perforation is represented by R? \ eP.

In the case of antiplane shear, ). := Q N eP is a section of the reference configuration
of the cylindrical body €. x R. According to the weak formulation of Griffith’s theory of
brittle fracture introduced by Ambrosio and Braides [5], it is assumed that the (component
in the direction perpendicular to €. of the) displacement u belongs to the class SBV ()
of Special functions with Bounded Variation. By adopting this functional framework the
crack site is identified by the set S, of (approximate) discontinuities of w, which is an
H! rectifiable set. The orientation of the crack is then described by the normal v, to
Su. Under suitable boundary conditions, the equilibrium configurations of the system are
reached by minimizing the sum of the elastic energy stored in the uncracked part of the
body, and the surface energy dissipated to enlarge the crack. To take into account possible
inhomogeneities and anisotropies of the material the total energy then takes the form:

Fe(u) := /QE f (E,Vu(:v)) dz + /Surmgg <§,l/u(£l?)) dH?, (1.1)

where f : R?2 x R? — [0,+0c0) and g : R? x S! — [0, +00) are Carathéodory integrands,
Q-periodic in the first variable and satisfying suitable growth assumptions (see Section 4).

In this variational framework the asymptotic analysis as ¢ — 0" of the energies F. can
be performed in terms of I'-convergence (for its definition and basic properties we refer
to [9]). Indeed, when suitable boundary conditions are imposed, the minimizers of F.
converge to those of the related minimum problem for the I'-limit.

Due to the presence of the holes, a major difficult task that arises is to characterize the
domain of the possible I'-limits, or better to study the compactness properties of families
(ue) with equibounded energies, i.e., sup, Fe(u:) < 00.

From a mathematical point of view this question is interesting not only in the 2-
dimensional setting mentioned so far. Hence, in the following we turn to the more general
n-dimensional setting; relevant quantities are then supposed to be redefined accordingly.

Due to the assumptions on the densities f and g above (see Section 4 for the details)
the sequence (u.) is bounded in SBVP(Q.), p € (1,400), that is

sup (/ |Vu(z)|Pdz + H" (S, N Q€)> < oo.

€ €

With an additional bound on ||uc|| . (q.), in [19] it has been proved that suitable L> exten-
sions of u. to all of  converge (up to subsequences) in L!(Q) to functions in SBVP(1).
The method introduced in [19] consists of two main steps: first, construct BV exten-
sions (7%.) having L' limit v in BV(£), and then upgrade the regularity of the limit to
SBVP(). This upgrade is achieved in dimension two via a careful truncation argument
(see [19, Lemma 4.2 and Theorem 4.1] and the comments before Proposition 2), and it
is obtained in higher dimensions thanks to a slicing technique. The previous approach
can be carried out only under the restriction @ \ P CC @, i.e., the reference hole @ \ P is
far from the boundary of Q. Indeed, the idea in [19] is to perform in an annulus around
each perforation a careful truncation so that the truncated function v. has on such annuli
oscillation controlled in terms of the LP norm of Vu. (see [19, Subsection 4.2]). In view
of this Poincaré-Wirtinger type inequality, an SBV?P extension 0. of v. to the whole €2,
with controlled energies, is obtained by means of a standard cut-off technique. Finally, the
compactness criterion in SBVP implies that (7.) still converges to uw and u € SBVP(Q).
Such result has been subsequently proved in [15] under the only assumption that P is
connected and Lipschitz by using a different technique: the construction of a family of
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equibounded extension operators from SBVP N L>(Q.) to SBVP N L*(Q) (see [15, The-
orem 1.3]). The construction is carried out first by extending w. in a small neighborhood
of QN J(eP), on which the function is regularized afterwards thanks to a powerful tool
to investigate the regularity properties of local minimizers of free-discontinuity problems:
the so called density lower bound or elimination property of the jump set (see [6, Theorem
7.21]). Such regularity result shows that in case the proportion of the jump set of a local
minimizer in a ball is below a dimensional threshold, there is actually no jump in the con-
centric ball with half radius. The extension procedure is completed to all €2 by applying
the techniques developed for the Sobolev case in [1, Theorem 2.1] to the regularization of
ue around Q N J(eP).

The main goal of this paper is to give an alternative and more elementary approach to
the SBVP compactness issue mentioned above. We do not try to fill the holes of €. to
obtain an SBVP extension of u. to all €2, but rather we use u. as a frame to create new
functions v, in SBVP(Q) having the same asymptotic behavior. For that, we need just to
require that P is connected.

Assuming [|u || »(q.) equibounded, a brief outline is as follows: first, we define a suitable
LP extension . of u. to all Q and we show that (i) is strongly convergent in L'(f2) to
some function u. In this part our approach follows that by Allaire and Murat [3] relying
on the M. Riesz-Fréchet-Kolmogorov compactness criterion.

As a second step, with fixed a ball B, C @ \ P, we modify u. to make it constant in
each ball (B,)! := ¢(B, +1), i € Z", included in Q. To this aim, the main ingredient is
Proposition 2, a localized version of the Poincaré-Wirtinger type inequality in SBV by
De Giorgi, Carriero and Leaci (see [16, Theorem 3.1] and [6, Theorem 4.14]). The latter
result is the starting point of the regularity topics for free-discontinuity problems quoted
before. We think that Proposition 2 may be of some interest in itself.

The oscillation of the constant values of u. on the balls (B,)¢ can be essentially estimated
in term of the LP norm of Vu,, being P connected and H" (S, N€.) bounded. Finally,
we employ a linear interpolation argument to construct functions v, in SBVP () having
the same constant values of u. on the balls (B,)%, the same L!(2) limit u, and bounded
energies on ). The classical compactness criterion in SBV? then implies that u is in
GSBVP(Q).

A more detailed description of our strategy is postponed to Section 2 after the statement
of the compactness result Theorem 1.

In view of the compactness properties established in Theorem 1 we can determine the
I-limit Fom of (Fz) with respect to the strong LP topology. In particular, we show that
the proof of [19, Theorem 5.1] can be suitably modified to work also in the case under
scrutiny. In addition, we change some arguments originally employed in [19, Proposition
5.3] to avoid the extension results [1, Theorem 2.1}, and to make the proof self-contained.
Moreover, we fix a technical difficulty overlooked in [19, Step 2 of Proposition 5.3] and
related to a truncation technique contained in [22, Lemma 2.1].

As a byproduct, we derive an alternative proof of the classical homogenization result
for energies defined on Sobolev spaces in perforated domains, i.e., F. in (1.1) restricted
to WHP(Q.). Our result is stated under assumptions slightly weaker than those in [1,
Theorems 3.1 and 3.6] (see also [11, Theorem 3.1]), and avoids the use of any extension
procedure in WP (see Theorems 2 and 5). In the linear case, following the oscillating
test functions method by Tartar (see [26]), different approaches to this issue have been
developed; we quote the one exploiting the M. Riesz-Fréchet-Kolmogorov compactness
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criterion (see [3]), the one introducing an appropriate notion of H-convergence specific for
perforated domains (see [14]), and the spectral approach (see [13]).

The paper is organized as follows: Sections 2 is devoted to the compactness property
of sequences with equibounded energies, we prove that their limit are GSBV functions.
In Section 3 we adapt the classical Lipschitz approximation of SBV function to the case
of perforated domains. In doing that we deal with fine truncation procedures via the
maximal operator. Finally, we apply the conclusions of the previous sections to prove the
quoted homogenization result in Section 4. In the Appendix we collect some basic results,
but maybe less known, employed in what follows.

To conclude the introduction let us recall the principal notation and the functional
framework which will be employed throughout the whole paper.

Standard notation is used for the Lebesgue n-dimensional measure £, for the Hausdorff
(n — 1)-dimensional measure H"~! in R", for Lebesgue and Sobolev spaces. The average
of a function u in LY(U) is indicated by uy. Moreover, given a vector h € R™, we indicate
by 75, the traslation operator: 73 (u)(x) := u(x + h).

Q = (—1/2,1/2)" denotes the unit cube in R™ centered in the origin, and Q := (0,1)"
its translated copy. B(z) denotes the open ball of radius r centered in z. If 2 = 0, we
simply write B,.. The set E denotes the canonical base of R".

In the whole paper we fix Q2 and P open not empty subsets of R™ such that §2 is bounded
and

P is Q)-periodic and connected.

In Section 3 we assume in addition P Lipschitz.

Given any set U C R", for every i € Z" and € > 0 we set U! := ¢(U +i). Eventually,
we define Q. := QNeP.

As already mentioned the functional setting of our analysis is that of special functions
with bounded variation on €2, in short SBV (€2). We consider also the larger family of the
generalized special functions with bounded variation on 2, GSBV(2), which is made of
all the measurable functions u : 2 — R whose truncation u A j V —j belongs to SBV ()
for every j € N. In particular, we are involved with the subspaces

SBVP(Q) := {u € SBV(Q) : Vu € LP(Q) and H""!(S,) < +oo},
GSBV?(Q) == {u € GSBV(Q) : Vu € LP() and H""(S,) < +o0},

where p € (1,400). We refer to the book [6] for the related theory and relevant results.

2. SBVP COMPACTNESS

This section is devoted to our main result.
Without loss of generality we assume the origin 0 to belong to P, this is clearly true up
to a translation. Then, we fix some r > 0 for which By, C QN P.

Theorem 1. Let e, — 07 and let (uy) be a sequence in SBVP(S), ) such that

sup /
k Q.

(Jukl” + |Vug|P)dz + H" (S, N Qak)> < 400. (2.1)

k
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Consider the following LP extension of ug to all Q):

ug(z) if v € Qg
g (z) = 7{3 \ ug(z)dz  if x € (Q\ P)L, and (By)L, C Qe (2.2)
r)ey
0 elsewhere in €.

Then there exists u € GSBVPNLP(Q) such that (up to a subsequence not relabeled) iy, — u
strongly in L'(Q). Moreover, there is a constant ¢ = c(n,p, P) such that

/ |Vul? doe < climinf/ |Vug|P de,
Q BooJog (2.3)
H (S, NQ) < clim inf H" (S, N Q).

Finally, if sup, HukHLoo(st) < 400, then u € SBVP N L>®(Q) and u — u strongly in
LP(Q).

For the proof of Theorem 1 we need several ingredients, subsumed in the following
lemmata.

e Lemma 1, a well known trick that allows to modify a sequence keeping the L'
limit.

e Lemma 2, a cut-off argument that allows to modify (uy), keeping condition (2.1),
into a new sequence (wy) C SBVP({,, ) assuming constant values on the balls
(Br)f:]C and not changing the boundary values on (B4r)2k. The localized version of
the Poincaré-Wirtinger type inequality in SBV contained in Proposition 2 below
is instrumental to prove Lemma 2.

e Lemma 3 establishes a delicate estimate of the oscillation of the mean values of a
function in SBV(E) in two disjoint balls included in a connected domain E, when
the jump set is too small to isolate these balls from the rest of the domain.

e Lemma 4 is a simple interpolation argument employed to obtain from (wy) a
piecewise affine sequence (v;) C SBVP(Q) taking the same constant values on the
balls of radius 7 centered on vertices of Q;, mentioned before.

Given Lemmata 1-4 for granted the proof of Theorem 1 can be summarized as follows.
Consider (uy) and (wg), with Wy defined as in (2.2) with wy in place of ug, then both
sequences turn out to converge (up to subsequences) in L'(£2) in view of the M.Riesz-
Fréchet-Kolmogorov compactness criterion. In addition, because of Lemma 1 the two
sequences have the same limit. To upgrade the regularity of such limit, we prove that (vy)
is weakly pre-compact in GSBVP N LP(Q2). This follows from the estimates in Lemma 3
and Lemma 4 which imply that the v;’s have equi-bounded energy on the whole of Q. A
further application of Lemma 1 shows that (ay) and (vg) converge to the same limits.
To begin with we state an elementary result in functional analysis.

Lemma 1. Let (Uy) be a sequence of Borel sets in Q such that xy, — 0, 6 € (0,1], weak*
in L(Q). Given two sequences (uy) and (vg) such that uy — u, vy — v strongly in L*(9),
and

up =vr L" a.e on Uy,

thenu =v L™ a.e. on €.
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Next we recall the Poincaré-Wirtinger type inequality in SBV proved by De Giorgi,
Carriero and Leaci (see [16, Theorem 3.1 and Remark 3.3]). To this aim we need some
further notation. Let u € SBV (B4,) be such that

(27H 1S, )V Y < £™(Byy) /2, (2.4)

with + the isoperimetric constant, and n > 2; and define
7_:=inf {t € [—o0,+00] : L"({x € By : u(z) < t}) > (277—["*1(5’“))"/(”*1)},
7y :=inf {t € [—o0,+00] : L"({x € By : u(z) > t}) < (277{"—1(5“))”/(”—1)}_

Take note that the smallness assumption (2.4) on the jump set of u implies that 7— <
m < 74 for any median m in By, of u. Finally, the very definitions of 71 give

Lr({x € By = u(z) < t}) < (2yH"1(S,)Y ™Y forall t < 7, (2.5)

and

L({z € By - u(x) > t}) < (2yH" 1S )Y D forall t > 7. (2.6)
The statement below shows that under condition (2.4), the truncation u A 74 V 7_ of a
function v in SBVP(By,) has mean oscillation from any median of u controlled only in
terms of the LP norm of the gradient part of the total variation measure.

Proposition 1. Let u € SBVP(By,) be satisfying assumption (2.4), for any median m of
u it holds

2vq(n — 1)
n

1,11
[(w ATy V7o) =ml L) < (L™(Bar)) a7 | Vull o (54,9

for any q € [1,np/(n —p)] if p € [1,n), and q € [1,4+0) if p € [n,+0).

Below we prove an enhanced version of Proposition 1 in which we confine the previous
truncation argument inside a ball B,, ¢ € (2r,3r), not to change the boundary values of
the given function u. Clearly, new discontinuities may arise on 0B, in this procedure; the
main issue is that we are able to control their measure through the measure of the jump
set of the original function w.

In the 2-dimensional case a different truncation technique has been performed in [19,
Lemmata 4.1, 4.2, and Theorem 4.1] (see also [7, Lemma 3.3] for related results). In that
setting a capacitary argument shows that actually no new jump arises when truncating,
provided the starting function has discontinuity set of sufficiently small measure. Such
a result is of genuine 2-dimensional nature (see [19, Remark 4.3]). In addition, it seems
difficult to employ the same arguments introduced in [19] in higher dimensions. Thus, we
infer an analogous conclusion by exploiting directly Proposition 1 (see [19, Subsection 4.2]
for a more detailed comparison of the two truncation methods).

Proposition 2. Let u € SBVP(By,) be satisfying (2.4), then there exists o € (2r,3r) such
that the function

(2.7)
uNTVT1_  on B,

By \ B
Y {u on Bay \ B,
belongs to SBVP(By,). In addition,
(i) for any median m of u and for any q € [1,np/(n —p)] if p € [1,n), q € [1,+00) if
p € [n,+00) it holds

1

2vq(n — 1 n 1,1 1
o = mlliay < 220D (2B |Vl (2.9
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(i) for some dimensional constant ¢1(n) > 1
HYL(S,) < er(n)H"H(S,).

Proof. We suppose the function u to coincide with its precise representative which is
specified H" ! a.e. in By, (see [6, Remark 3.79 and Corollary 3.80]). Take also note that,
being L*(S,) = 0, for £L! a.e. p € (0,4r) we have

H" (S, NOB,) = 0. (2.9)

In particular, for all such p’s H" ™! a.e. point z € 0B, is a point of approximate continuity
for u, with value given by u(x) according to our convention.

We use the coarea formula for Lipschitz functions [6, Theorem 2.93] and the mean value
theorem to infer the existence of p € (2r,3r) for which (2.9) holds true and such that

H" ' ({x € 0B, : u(z) < 7_ or u(x) > 714})

1 3r
< ;/ H" ! ({x € 0B, : u(z) < 7— or u(z) >74})dp
2r
1 (2.5),(2.6) 9
< ;E"({ﬂ: € By u(z) <7—or u(z) >14}) < ;(277—["—1(5“))”/("—1)
(2.4) n 1/n n 1/n
< %(%) 29H™(S,) = 167 (@) HH(S). (2.10)

To prove that the function v in (2.7) is in SBV (By,) it suffices to notice that
v=uxg,\B, t (uATLVT)XB,

and each summand regarded as extended to 0 on EQ and on By, \ B,, respectively, is
SBV (By,) regular (see for instance [6, Theorem 3.87, Corollary 3.89]). In addition, we
have

Dv = Dul_ (Byy \ B,) + (text — (WA T4 V7 )ing) Vop, H" 'L OB, + D(uA 14 V 7_) L B,,

with the boundary of the ball B, oriented by the exterior normal vyp,, and with the
exterior trace with respect to vgp, labeled by the subscript ext and the interior one by
the subscript int.

By (2.9) it follows that Uext(7) = uint(z) = u(x) for H" ! a.e. x € B, (see [6, Remark
3.79]), and since (u A 74 V 7 )int () = tint(z) A 74 V 7— for H" ! a.e. x € OB, we have

Sy € Sy U{z € 0B, : u(z) < 71— or u(z) > 14}

up to a set of null H"~! measure. Thus, v € SBVP?(By,), and item (ii) is a consequence
of (2.10) by taking the constant ¢;(n) := 1 + 16y(£"(By)/2)Y/™.

To conclude, notice that item (i) follows straightforward from Proposition 1 and the
very definition of v. O

Remark 1. Take note that if H"1(S,) =0 then 7 = —cc0 and 7, = +o0; in particular
Proposition 1 and Proposition 2 boil down to the classical Poincaré-Wirtinger inequality
in the Sobolev space WP,

Thanks to Proposition 2 we are able to modify a function u in SBVP?(By,) satisfying
(2.4) into a new function w in the same class, constant on B,, and with gradient and
surface energies controlled (separately) in terms of the same quantities of w.

Lemma 2. Let w € SBVP N LP(By,) be satisfying (2.4). Then there exists w € SBVP N
LP(By,) such that
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(i) w is constant on B,;
i

(ii) w =u on By, \ By, for some p € (2r,3r);

(iv vaHLP(B4T R™) < e HVUHLP (Bar,R7)7
(V Hn 1( )SclHn I(Su),'

where ¢y is the dimensional constant in Proposition 2 and ca = ca(n,p).

)
)
(i) [[wllzo(py,) < €2 llullpo(py,);
)
)

Proof. Consider the function v provided by Proposition 2, given a radial cut-off ¢ €
Col(B4r, [0,1]) such that ¢|p,. =0, ¢|B4T\Bgr =1, and HngHLOO(B%Rn) < 2/r set

w(x) = ¢(x)[v(z) —m] +m,
with m any median of u. The function w clearly satisfies (i), (ii) with o € (2r,3r) the
radius in Proposition 2, and (v).
Furthermore, to infer (iv) we note that Vw = ¢Vv + (v — m)V¢, thus by (2.8) with
q=p we get
”vw”LP(BM,]R") < HVUHLP(BM,R”) +[I(v = m)V(b”LP(BM,R”)
< HVU||LP(B4T,W) + ||v¢||L°°(B4T,R") v — mHLP(BQT\BT)

Hp(n = 1) (£"(By))'"
n T

Finally, to infer (iii) it suffices to take into account that any median m in By, of u
satisfies by its very definition |m| < 2|u|p,,, and thus the conclusion follows,

lwlTo s,y < Imlp/B 1= o(@)]de + [[v]|7,p,.) < @7+ D) llullf, g,
2r

< HVU||LP(B4T,R71) + ‘|VUHLP(B4T,R") :

0

The next result gives an estimate on the oscillation of the mean values on disjoint balls
of functions in SBV provided the jump set is small enough.

This argument is the counterpart in the SBV framework of [3, Lemma 2.2], where the
classical Poincaré-Wirtinger inequality is used to control the oscillation of the mean values
of Sobolev functions on adjacent cubes.

Lemma 3. Let E C R"™ be a connected open set and let B,(x) and B,(y) be two well
separated balls included in EE. Then there exist two positive constants cg an cq, intrinsically

depending only on E, v, © and y, with the following property: for each € > 0 and for each
u € SBV (¢E) such that H"~1(S,) < c3&™ L, there holds

|u€Br(:v) - uz—:Br(y)‘ <y 517” [|Du| (€(BT($) U Br(y))) + HVUHLl(EE,R")]' (2'11)

Proof. Let 6 € (0,1/(y/n)) and let e be the n-th unit vector in E. Define the open rectangle
Rs:=(—0/2,6/2)""1 x (—6/2,3+§/2) and the open set As := By U (B; + 3e) U Rs. Since
E is connected and B, (z), B,(y) are well separated, we can find a 4, an open set A C F
and a bi-Lipschitz application ¢ : As — A such that, up to a roto-traslation, ¢|p, (resp.,
®|B,+3¢) is a homothety on B, (z) (resp., Br(y)). A pictorial idea is given in Figure 1.
Consider the pullback function w(z) := u(ep(x)), then w belongs to SBV (As) with

Vw(z) = eVu(ep(z))Vp(z) L"aeon As, Sy, = () 1(Sy)
(see [6, Theorem 3.16 and Exercise 4.5]). Hence, we choose c3 in such a way that

HYL(Sy) < 6 1/24f HPL(S,) < eze™ L.
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Ii
.

F1GURE 1. The sets A and Ag, both in dark gray.

To show (2.11) we argue by a slicing procedure. To this aim we suppose w coinciding
with its precise representative defined as in [6, Remark 3.79 and Corollary 3.80]; and we
introduce the notation

Z'={2 € (=6/2,6/2)" 1 : (¢ x (=6/2,34+6/2)) NS, =D},
Z=7"%x(-6/2,6/2), T,:={( 2,+X):Xe(0,3)},
writing z € R™ as (2/,2,) € R"™! x R. Take note that we have £"1(Z') > 6"~1/2 since
H"1(S,) < §"1/2. Moreover, by [6, Theorems 3.28, 3.107 and 3.108], for L' a.e.

2" € Z' the function w(z’,-) is absolutely continuous with derivative given by 9., w(z’,-).
Then, for z € Z

lw(z) — w(z + 3e)| < / 0., w(2', t)] dt
T:
and so, by integrating we infer
[[w — TBe(w)HLl(Z) < ”vaLl(R(g,]R") : (2.12)

By taking into account that £"~!(Z’) > §"~!/2, by using the Poincaré-Wirtinger inequal-
ity in BV(Q) in Proposition 5, and inequality (2.12) we get
5n71
2

lwp, — wp,13¢| < |lwp, — T3e(w) By [l 12
<|lw —wg, HLl(Z) + [Jw — 7'3e(w)HL1(Z) + |73 (w) = T3e(w) B, HLI(Z)
<ca[|Dw| (Br) + [[Vwl| 1 g, gny + [Dw| (B1 + 3e)].

Eventually, going back from w to u through (¢¢)~! we obtain (2.11). O

In the sequel an elementary linear interpolation argument is repeatedly employed to
construct a Sobolev function on a neighborhood of a cube with energy controlled in terms
of the oscillation of the values on the vertices of the cube and on the size of the cube itself.
Thus, in Lemma 4 below any extension of a given function is always meant to be obtained
via a linear interpolation argument.
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Lemma 4. Let r € (0,1/2) and let py,...,pan be the vertices of € Q. We define U :=
(U?; Qcr(pi))°, where the superscript ©© denotes the convex hull and Q.. (p;) is the cube
of size er centered in p;. Moreover, given ay,...,asn € R, we define O := max{|a; — a;| :
i,j=1,...2"}. Then there exists a function v € WYP(U) such that v = a; in Qer(pi),

/ |Vol|P dz < e(n,p,r)OPe™ P, (2.13)
U

and
[ bl ds < clo.pr ) (minfaip + 0 ) e (2.14)
U i

Moreover, the values of v along any (n — 1)-dimensional face of €Q depend only on the
values assumed in the vertices belonging to that face.

Proof. Obviously, we start by defining v = a; in Q. (p;). Let L be an edge of vertices
pi and pj. We can extend v to S(L) := (Qer(pi) U Qor(p;))®° interpolating the values
on the two cubes Q.. (p;) and Q..(p;). Hence, we have the straightforward estimate
|Vv| = |aj — a;] /(e —er) <20/e, and then

/ |VolP do < 2PT1OPyn—len—r
S(L)

since L(S(L)) < 2r™1en,

Let now F be a (n—1)-dimensional face of edges L1, ..., Ly,, where m = 2""2(n—1). We
can extend v from (J"; S(L;) to (U7~ S(L;))® so to have the LP control of the gradient
as in (2.13). This intermediate step ensures that the values of v along a face F' depend
only on the values assumed in the vertices of the face. It is skipped out in the case n = 2.
Finally, we complete the Sobolev extension to all of U.

To conclude we prove (2.14). Suppose |a1| = min; |a;|, and apply the Poincaré-Wirtinger
inequality in WP (see [24, Lemma 1.1.11]) to get

o1y < 277 (|a1|p5"(U) +jv - ”er(m)”iP(U))

< c(n,p,r, Q) <|a1|p‘cn(U) + eP HVIUHIEP(U,R”))

which yields the conclusion if combined with (2.13) and by taking into account that
LMU) = (1+ 2r)"e™. O

We are now ready to prove the SBVP compactness result.

Proof of Theorem 1. Let us first note that the sequence (@) is bounded in LP(Q2) by its
very definition and (2.1). Hence, it converges weakly to some function u in LP(£2) up to a
subsequence not relabeled for convenience. In the sequel we will show that actually ()
converges strongly in L(Q), and that u belongs to GSBVP N LP().

To this aim we initially suppose that P has the cone property with respect to an open
cone C. Under this assumption we claim that there exists an open, bounded and connected
set F having the cone property and such that

PN3QCECP.

For, let F' be the union of P N 3Q with each congruent copy of C' included in P and with
vertex in PN3Q. Such a set has the cone property with respect to some cone included in C.
Then, being bounded, F' can be decomposed into a finite number of open sets F1, ..., F,
each star-shaped with respect to some open ball (see [24, Sezione 1.1.9, Lemma 1]). In
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particular, the sets Fi,...,F,, are connected; joining those sets with (finite) chains of
congruent copies of C' included in P, gives the set E. A

In the following we will often implicitely use that the sets El, overlap only a finite
number of times independently from ¢ and €;. Throughout steps 1 and 2 below ¢ will
denote a positive constant depending (at most) on n,p,r and E which may vary from line
to line, unless otherwise stated.
Step 1. We show that (i) is strongly convergent in L'().

To this aim we introduce the sets of indexes

Iy={i€Z": E., CQ}, Jy:={i€Z': QNE. # 0},

and the auxiliary piecewise constant functions

up(x)dr  ifxeQl,ic I,
Cr(z) == Y{Bn;k *
0 elsewhere in ).

We claim that the sequence ((3) is pre-compact in L'(Q2). According to the M.Riesz-
Fréchet-Kolmogorov compactness criterion (see Theorem IV.25 [12]), being ({j) bounded
in LP(Q), it suffices to check that

I o =0 2.15
|hl\r—r>1081]ip”7—h(<k) Ckllzra) (2.15)

for every open subset A C Q. Given this choice, let h € R™ be such that |h| < d(A, Q°).
Notice that for k > k(h) the translates A 4+ h' are included in U;¢ IkEgk for every h' € R™
with |h'| < |h|.

Let us first assume that h = se, e € E, and without loss of generality suppose s €
[0,400). We distinguish two cases: either s € [0,ex] or s > ;. In the former we split
(@nN P)ék, i € Iy, into the subsets

Uie, ={z € (QﬁP);C D xtse € (QﬁP)ék}, Vie, =1z € (QﬁP);C i z+se ¢ (QﬂP)ék}.
By the very definition of (j, it follows for x € U, .,

|Tse(Ck)(x) — C(z)| = 0. (2.16)
Furthermore, for any i € Iy both the balls (Br)ik and (Br)ijc‘e are contained in Ej.k

1> 15
Then, we can apply Proposition 5 on Eék with respect to (Br)ik and (Br)i:e to obtain for

g

T < ‘/i,Ek
e LB |Gk (@) = Tse(Cr)(@)] = [IGr(x) — Cr(z +exe)lla () a17)
) 2.17
Sl = Ge@) g ) + luw = Ge(@ +ere)l ag ) < cenlDurl (EL,)-

Notice that L*(Vi,) < e}~ s, by integrating |y, — 7se((x)| over (QﬂP)ék and by summing
up on i € I, we infer from (2.16) and (2.17), that

[7se(Ck) — CkllLr(ay < es[Dug| (e,,)- (2.18)

Let us now assume that s > eg, and rewrite s = mey + s’ with s’ € [0,&;) and m € N.
Then, since 7j, o Ty = T 41, the argument leading to (2.18) yields

m—1
I7se(Ck) = Cellrrcay < D Imrayepe(Cr) = Trepe (Gl L2 ()
r=0

+ HTse(Ck) - Tmske(gk)HLl(A) < C(mgk + 5,) |Duk| (QEk)v
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from which in turn we deduce that (2.18) holds true also in case s > ¢.
Let now h be any vector in R™ with |h| < dist(A, ), by varying one coordinate per
time and fixing all the others, we deduce from (2.18)

170(Ck) = CrllLr(ay < e[h]|Dug|(€e,), (2.19)

with ¢ a positive constant depending neither on h nor on A. From (2.1) and (2.19) we get
(2.15), i.e., ((x) is pre-compact in L*(Q).
Let us prove that (i) is pre-compact in L!(Q), too. By Proposition 5 we have

o= Gl <3 [ = fw)dgldote  lulda
Ez, (Br)g, Uiea\r, (BE, NQ2)

i€},
ScskZ\Duk](Egk)—i-c/ lug| dz

icly, Uie g \I, (Eékﬂﬂ)

—1

‘ p=1
< cep [ Dug| () + ¢ (L"(Uiesn (B, N Q) P llurll oo, ) -
Then, since limg £™(Use s\ 1, (EZL,NQ)) = 0, by (2.1) it follows that limy, ||ax, — Gl 1) = 0.

Step 2. We prove that the strong L! limit u of (7) belongs to GSBV? N LP(Q).

Let Hy :={i € Iy : H" 1(Sy, NEL) < dep '}, with 6 = &(n,r, E) > 0 small enough in
order to apply both Lemmata 2 and 3. Take note that the number of elements in Iy \ Hy, is
bounded by 6~ tel =" H"~1(S,, NCY,), then by (2.1) we infer limy, L™ (Uje g\ i, (EL, NQ)) =
0. In each E;k,
vertices of the cube Qék by exploiting Lemma 2, and define the function wy accordingly.
Then, by construction w; assumes constant values on the concentric balls of radius reg
(see Figure 2).

In view of items (iii)-(v) in Lemma 2, we get for each i € Hy,

/ |wg|P dz < c/ |ug|P dx, /
E Bi E

€k €k
H" N (Sw, NEL) < cH" Sy, NEL),
so that (wy) still satisfies the energy bound (2.1).

Let wy, be the LP extension of wy to all of Q defined in (2.2), with wy in place of u.
Repeating the argument employed for (iix), we have that (i) is pre-compact in L'(€2).
Moreover, since 7y and @y, coincide (at least) on the set Ujep, (B4r)2]c \ (Bgr)ék, Lemma 1
entails that they have the same cluster points.

Next we modify (wy) in order to get a sequence (vg) pre-compact in GSBVP(Q). First,
we apply Lemma 4 in each cube ng, 1 € Hp, by using the constant values of wj on the
balls of radius re; and centered in the vertices of such cubes and define v; accordingly.
Eventually, we set vy equal to 0 on Q\ Ujcp, Qék. A pictorial idea of the construction of
the function vy is given in Figure 3.

Given any open set A C 2 we claim that (vg) is bounded in GSBVP N LP(A). By
applying estimate (2.11) in Lemma 3 between the balls of radius rey centered in the
vertices of Q! | i € Hj,, we bound the oscillation O,i of the values of wy, in such vertices as

G

1 € Hp, we modify u; on all the balls of radius 4re; centered in the

|VwglP de < c/ |Vug|P d,
' EL, (2.20)

%
€k

X2
€L

|Vwk|dx)p < cegn/’ |Vwg [P dx.
E

7 7
€k €k



HOMOGENIZATION OF THE NEUMANN PROBLEM ON PERFORATED DOMAINS

13

FIGURE 2. We have colored in black the balls of radius 4re centered in
the vertices of the cubes Q. , i € Hy, and in dark gray the intersection of
such cubes with (., .

7
€L

FI1GURE 3. Accordingly to the previous picture, the function vy, is obtained
by applying Lemma 4 in each cube belonging to the dark gray zone and it
is equal to zero in the light gray one (the remaining part of the domain ).
This last part vanishes as ¢, — 0T.
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By combining such an estimate with (2.13)-(2.14) and (2.20) we get for every i € Hy,

J

Then, by summing up on ¢ € Hy,

/ o |P do < c/ (Ju|” 4+ |VuglP)dz and / |Vog|P de < c/ |V |P da.
Q Q Q Q

Moreover, if k is large enough the only discontinuities of vy in A are along the (n—1)-
dimensional faces of the cubes Q¢ for i € I \ Hyj. Then,
H" (S, NA) < cH" 1Sy, NQ,).

Hence, by (2.1), we use the GSBVP compactness theorem (see [6, Theorem 4.36]) to
infer that (vi) converges in L'(A) (up to a subsequence not relabeled for convenience) to
some v € GSBVP N LP(A), with

‘Uk\pdeC/_ (\uk\pﬂvw‘p)dag and / \Vvk]pdmgc/_ IV |? da.
E? i Eék

@
€k €k €k

/ |[VolPde < ¢ liminf/ |Vug|P de < 400,
A ko Ja.,

HY (S, NA) <e lim inf H" (S, NQ,) < +o0.

Observing that @ and vy coincide (at least) on the set Ujcp, ((Br)L, N QL,), by Lemma 1
we have that u = v L™ a.e. in A. By the arbitrariness of A in the inequalities above and
since the constant ¢ is independent from A, we conclude that u belongs to GSBV?(Q)
and estimates (2.3) are verified.

Step 3. We eliminate the cone condition requirement on P.

Let t € (0,1) and let P’ be an open, Q-periodic and connected set having the cone
property and such that By, € P* C P and £"(Q N (P \ P')) < t. Such a set P’ can be
assembled simply by merging open balls included in P (see also Lemma 8).

Let @ be defined as in (2.2), with P instead of P and Q! := QN eP? instead of (..
By the previous part of the proof, we know that (up to a subsequence) (@}) converges
strongly in L'(£2) to some u € GSBVP? N LP(Q). By Lemma 1 the limit u, and then the
subsequence, is not depending on ¢t. Moreover,

-1
/ iy — | da < / (Jur] + |k ) do < et JJugll oo, )
Q Qe (P\P?)

with the constant ¢ independent from ¢. Being t arbitrary, we deduce that () converges
strongly in L'(Q) to u. Moreover, since Qék C Q.,, inequalities (2.3) are true in this
setting, too.

Finally, the sequence (ug) is bounded in L*(2) if supy, ”uk”Lw(st) < 400, therefore
u € SBVPNL*(Q) and 4y — w strongly in LP(Q). O

In the framework of Sobolev spaces the previous approach greatly simplifies and essen-
tially reduces to [3, Lemma 2.3|, though some changes are needed since we prove it under
weaker assumptions and give a slightly different conclusion.

Theorem 2. Let ¢, — 0 and let (uy) be a sequence in WhP(Q., ) such that

sup ”ugk”wl,p(ﬂsk) < +o00.
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Defined (uy) as in Theorem 1, then (up to a subsequence not relabeled) ty — u strongly
in L' (), for some u € Wl’p(Q) Moreover, there is a constant ¢ = ¢(n,p, P) such that

/ |Vul? doe < climkinf/ |Vug|P dz.
Q L

In addition, if P has the cone property, then @y — wu strongly in L} ().

Proof. Fist we prove that the sequence (@) is pre-compact in L7 () when P has the
cone property. This can be done as in Step 1 of Theorem 1 by estimating the LP moduli
of continuity of ({;) on each open subset A C Q. In doing that we use the analogue of
Proposition 5 in Sobolev spaces (see for instance [24, Lemma 1.1.11]) to infer

170 (C) = Ckll o) < eIl IVurll oo, gy - (2.21)

Being (¢;) bounded in LP(Q), (¢;) converges (up to subsequences) strongly in L} ()
to some u € LP(Q2). In addition, by passing to the infimum limit in (2.21), since c is
depending neither on h nor on A, we get

|7 () — ul[Lp(ay < chl limkinf HVukHLp(QEkRn) ;

from which we infer that u is actually in WP(Q) with (see Proposition 1X.3 [12])

HVUHLP(Q,W) < Chmkinf ||Vuk||Lp(st JR7) -

Eventually, by [24, Lemma 1.1.11] we have

p
ik = Gl < S0 / w o w)dy) ds
i€y (Br)e, (2.22)
< Cek Z ||vuk||Lp Ei R") < 05k HvukHLp Qe R)

1€y,

and thus we infer the convergence of (i) to u in Lf (€2).

Finally, since (@) is bounded in LP(§2), the pre-compacteness in Lf (€2) implies that in
LY(). The eliminatition of the cone condition requirement on P can be done as in Step 3
of Theorem 1. O

Corollary 1. Assume Q Lipschitz and P with the cone property. Let g, — 07 and let

(up) C WHP(Q.,) be a sequence such that supy, Vel o, gny < +00 and u = u® in
Ek7

o0 N 9Q., for a certain u® € WIP(Q). Defined (i) as in Theorem 1, then (up to a

subsequence not relabeled) iy — u strongly in LP(Q), for some u € WYP(Q) such that
u=u’ in 9.

Proof. Without loss of generality we can assume u° = 0. Then, the extension by zero of
ug to all e, P belongs to WP(g,P). Now we argue as in [3, Lemma A.4] to show that
(ug) is bounded in LP (e, P). For, let h € R™ be such that (h+ Q)N Q= O, and let ' be
a bounded, open set with (h + Q) U Q « Q. With the role of 2, A in Theorem 2 played
by @', Q here, respectively, (2.22) yields

lur oo,y < NSk = urll o, ) + ISkl oa., ) < cer HvukHLp(ggk,Rn) + Gkl o, ) -

To bound the last term take note that {y = 0 on h 4+ € by the choice of h € R", then
(2.21) implies

HCkHLP(Qek) = [|7n(Ck) — CchLp(ng) < c[h| HVUkHLp(Q;k,Rn) :
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By collecting the last two inequalities, we infer that (uy) is bounded in LP(€,, ) and then in
L?(gP). By applying Theorem 2 in some open and bounded set compactly containing ',
we obtain that up to a subsequence (i) converges strongly in LP(€') to some u € WP (€Y).
Since @ = 0 in Q, \ ©, by Lemma 1 it follows that « =0 in Q" \ Q. O

3. LUSIN TYPE APPROXIMATION

In order to identify the volume energy density of the I'-limit in the homogenization result,
we decompose a given sequence into SBVP().) in the sum of a function in SBVP?(Q)
and a sequence in W1 >°(R") keeping the energy bounds on ). and the same L'(£2) limit.
To do that we follow a by now classical strategy based on maximal function estimates
and Lipschitz extension techniques developed in [4]. A similar approach has been used
in [19, Step 2 of Proposition 5.3] in the setting of perforated domains. Despite the result
there is correct, a technical difficulty has been overlooked. The argument in [19, Step 2
of Proposition 5.3] hinges on [22, Lemma 2.1], in which the same result for the case of
non-perforated domains, i.e., sequences in SBV(2), had been previously shown.

The straightforward application of [22, Lemma 2.1] in the framework of perforated
domains €. as done in [19, Step 2 of Proposition 5.3] is actually forbidden since a constant
in [22, Lemma 2.1] turns out to depend on the geometry of the reference domain 2. Indeed,
an extension of the functions involved in [22, Lemma 2.1] to all R” keeping the vanishing
condition of the measure of their jump sets is not explicitely stated there, but mandatory
to apply [18, Theorem 2 in Section 6.6.2]. It is then clear that a control of the behavior
of those constants in the setting of perforated domains is required.

In the sequel, we clarify the stage providing full proofs, though some arguments are well
known in literature.

First, let us fix some notation. Given a positive and finite measure Radon p in R", we
denote by M (1) the maximal function of u:

M(3)(a) o= sup EZH

We simply write M (w) when p = w L™ for some w € LY(R").
If A is an open set, the zero extension of the measure p out of A is denoted by px 4.

Lemma 5. Let R be a open rectangle in R™ and let ¢ : R — A be a bi-Lipschitz transfor-
mation. Then, there exists a positive constant ¢ depending on n and on the product of the
Lipschitz constants of ¢ and ¢~ such that for every u € BV (A) it holds

u(z) — u(y)| < cle —y| [M(|Du| xa)(x) + M(|Dul x4)(y)] (3.1)
for L™ a.e. x,y € A.

Proof. Step 1. Assume initially that ¢ is the identity, that is R = A.
Let r > 0 and let x € A be a Lebesgue point for u. By Proposition 4,

/ lu(z) — uBr(w)ﬂA{ dz < ¢(n)r|Du| (By(x) N A).
B, (z)NA

By the definition of M (|Du|x4), then it follows that

1

L7 (B, (x)) /Br(m)ﬂA [u(z) = up, @)nal dz < e(m)rM(|Dul x4) ().
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Since A is a rectangle, L"(B_r_(x) N A) > ¢(n)L™"(B= (z)). Therefore

ok+1 - ok

UB , ()nA — UB_, (m)ﬂA‘S ][ |u(z) —up, (@)naldz
2k 2k+1 B_r_(z)NA 2k

ok+1
c(n) / c(n)r
S B u(z) —UB ., (x dz < M(|Du| xa)(z).
B @) o, opal ") ™ g 00alde < M (DU ))
2

2

Since x is a Lebesgue point, we have

u(@) = lim up, @) = lin up, @

and then

[u@) =g, @ral = s s~ | < emrM(Dulxa)@).  (32)
k=0

Consider now two distinct Lebesgue points z,y € A and set r = |z — y|. Since A is a
rectangle, L (B, (z) N By(y) N A) > ¢(n)L™(By(x)). Therefore

|uB, ()4 — UB, na| < ][ <\U(Z) —up, @)nal + [u(z) - uBr(y)ﬂADdZ

50 ol
S S B U —UB, (x dz + ——"—— uU—up, dz (
BB Joona " PO B BB a0

< c(n)r[M(|Dul xa)(z) + (M(|Du| x4)(y)].

Gathering (3.2) and (3.3) through the triangular inequality we get (3.1).

r(2)NBr(y)NA

3.3)

Step 2. In order to raise the result obtained in the previous step to the general case, we
consider the pullback w(z) := u(¢(z)). Denote by [ and I’ the Lipschitz constants of ¢
and ¢!, respectively. By [6, Theorem 3.16] w belongs to BV (R) with

|Dw| (U) < (I)"" 93" [Dul (U) (3.4)
for any Borel set U C R, where (;5#;1 | Du| is the push-forward of the measure | Du| through
¢~ L. Since ¢(B,(2)) C Bu(é(2)), by (3.4) it follows

|Dw| (B,(2) N R) < (I')" " [Dul (¢(B,(2) N R)) < (I')"~" [Dul (Bu(4(2)) N A),
and thus, by taking into account that qﬁ_l(Br/l/(qS(z))) C B,(z), a change of variables
implies
M(|Dw| xr)(z) < 1**(1')** " M (| Dul x4)(¢(2))-
Finally, by Step 1 and since ¢ enjoys the Lusin (N) property, we infer for £ a.e. z, y € A
u(z) = u(y)| = [w(¢™ (x)) —w(o™ (y))|
<c¢(n) o~ (@) — ¢~ (y)| [M(IDw|xr)(¢™ " (2)) + M(|Dw| xr)(¢ " (v))]
< c(n)(U')*" |z — y| [M(|Dul xa)(z) + (M(|Dul x4)(y)]-
]

The result in the sequel is instrumental in order to apply the previous lemma in our
framework.
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Lemma 6. Assume that P is Lipschitz reqular. Given x,y € P, there exist an open
rectangle R, an open set A C P containing x and y, and a bi-Lipschitz transformation
¢ : R — A such that both ¢ and ¢~' have Lipschitz constants dominated by a constant
c=c(n,P).

Proof. For each x € PN Q we choose an open rectangle R,(x), centered in x and with
diameter r = r(z), as follows

e if z € P, we require only that R,(z) C P;

e if x € OP, then we choose R, (z) in such a way that there exist a Lipschitz function
fr 2 (0,1)"1 — (0,1) and an affine transformation ¢, : Q — R,.(x) such that,
writing 2z € Q as (2/,2,) € (0,1)""! x (0,1),

R (x)NP =9, ({z2€Q: z, < fu(2)}).
This is possible since P is a Lipschitz domain.

Now we extract from {R,(z) : = € PN Q} a finite subcovering {R,(zx) : k=1,...,m}
of PN(Q. Let 6 > 0 be such that, if x € PNQ, then Bs(x) C R,(x)) for some k €
{1,...,m}. Thank to the periodicity of P, the thesis is right away proved when |z —y|< ¢.

Instead, if |z — y|> 0 we proceed as follow. As before, for each x € PN Q@ we choose
an open rectangle R,.(x), this time with the additional constraint r < §/2, and extract a
finite subcovering {R,(zx) : k=1,...,m'} of PN Q.

Let k,j € {1,...,m'} and ¢,j € Z™ be such that z € R,(x +1) and y € R,(z; +h). To
complete the proof it is sufficient to find an open rectangle R C R™, an open set A C P
including PNR, (z+i) and PNR,(x;+h), and a bi-Lipschitz application ¢ : R — A in such
a way that the Lipschitz constants of ¢ and ¢! do not depend on i and h. By translating
and rotating the coordinate system, we can assume ¢ = 0 and h = (hy,...,h,) € N™.

FIGURE 4

We examine first the case h = 0. Since the constraint r < §/2 implies that R, (xj) and
R, (xj) are well separated, we can build an open set U C R" and a bi-Lipschitz application
¢ (0,1)"1 x (=2,1) — U such that ¢((0,1)"~! x [=1,0]) € P, and [ 1)n-1x(—2,_1)
and [(g 1)n-1x(0,1) are affine transformations on R,(zx) and R, (z;), respectively. Setting
A := PNU, we define ¢ according to the following four cases:

e x,x; € P. Since R, (xy), R, (z;) C P, we take ¢ = 1
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e 7, € P and z; € OP. If n > 3, by rotating f,, around the axis z, = 1/2, we can
assume that ¢z, = 9[(g,1yn~1x(0,1) (this is always the case if n = 2). Then, the map

o) i {¢(z) if z € (0,1)" x (=2,0],
' V(2 fo; (2)2n)) if 2 € (0, )"t x (0,1),

is what we are looking for (see Figure 4);
e 2, € OP and z; € P, or o3, x; € OP. We argue similarly to the previous case.

To conclude we examine the case |h| := h; + ...+ h, > 1. We remark that the
construction of the set U cannot be made arbitrarily since we need to control the Lipschitz
constants of ¢ and ¢~ 1.

Let eq,. .., e, be the unit vectors of the canonical base E of R", and let R,.(zs) C PNQ

be an open rectangle, not necessarily in the extracted subcovering, well separated from
both R,(x)) and R,(z;). We write

Yy-1=2k, Yo=Ts, Y1 :$s+el, <eey Yny :iEs—i—hlel, Yhi+1 :$s+h161+82, ey
Yhi+he = Ts + h1e1 + hoea, ..., Yin| = Ts + h, Yjn|+1 = Tj + h.

.

l‘j+h

CANNANA

+ Y NN NS N

Ls

FIGURE 5

We can build an open set U C R™ (see Figure 5) and a bi-Lipschitz application 9 :
(0,1)""! x (=2,2|h| +3) — U such that
e ((0,1)" ! x [-1,2]h| +2]) C P;
® P|(0,1)n—1x(2t,2043) joins Rp(yr) with Ry (y41) for t = —1,...,[h| (this is possible
thanks to the choice of x4 since the relevant rectangles are well separated);

® Y|o,1yn1x(~2,—1) (T€D-; ¥](0,1)n—1x(2|h|+2,2/n|+3)) 13 an affine transformation onto
R, (wy) (vesp., Rr(zj + h));
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® P|(0,1)n-1x(2t,2042) = Toter (Yl 0,1)7-1x(0,2)), for t =1,...,h1 — 1, we argue similarly
on the branches in the remaining directions es, ... ,e,.

The last (periodicity) condition ensures that the Lipschitz constants of 1) and ¢! are not
depending on how large h1,...,h, are.

Eventually, we set A := PN U and conveniently modify ¢ on (0,1)"~! x (=2, —1) and
on (0,1)"! x (2|h| +2,2|h| + 3) arguing as in the case i = h = 0 in order to get ¢. [

Remark 2. In Lemma 6 the constant c is invariant by rescaling: ¢(n, P) = ¢(n,eP) for
any € > 0.

The following estimate of the oscillation of a function u € BV (eP) in terms of the
maximal function of Du is the key of our approximation result.
Theorem 3. Assume that P is Lipschitz reqular, there ezists a constant ¢ = c¢(n, P) with

the following property: for each € > 0 and for each u € BV (eP),

u(z) — u(y)| < clz —y| [M(|Du| x-p)(z) + M(|Du| xp)(y)] (3.5)
for L™ a.e. x,y € eP.

Proof. 1t is a straightforward consequence of Lemma 5, Lemma 6 and Remark 2. U

We are now ready to prove a decomposition result for sequence in SBV in the framework
of periodically perforated domains. In doing that we have been inspired by [21, Theorem
6.3], [6, Theorem 5.36] and [20, Lemma 1.2].

Proposition 3. Assume that P is Lipschitz reqular. Let g — 07 and let (ug) be a
sequence in L' () such that u, — u strongly in L' () to some u € SBVP(Q), uglo., €

SBVP(Q,,) and
sup /
k ( Qe

Then, there exist a subsequence kj — 400 and a sequence (w;) C WH(Q) such that
w; — 0 strongly in L>(Q), w; = 0 on a neighborhood of 052, (XQEkvij) is p-equiintegrable
J

|Vaug|? dz +H" (S, N ng)> < +o0. (3.6)

k

and
lijm Lr{zx e Qekj :ug(w) # u(z) +wji(x)}) = 0. (3.7)

Proof. We divide the proof into several steps.

Step 1. By truncating (ux — u) we find (9;) C L'(R™) N SBVP(g, P) with gradients
bounded in LP(g; P,R™), with singular part of the distributional derivative vanishing on
e, P, converging to 0 in L*>°(R™) and satisfying (3.7).

For each 6 > 0 consider the function ug 5 := (up —u) V (—0) A . Noting that uy 5(z) =
ug(z) — u(x) if |ug(x) — u(z)] < 0 we have
1
LM'({x € Q: ups(z) # up(z) —u(z)}) < 5 /Q |ug — u| de.

Since uy, — u strongly in L!(Q), we can choose 6, — 07 such that the function ¢} := UL, 5,
satisfies limy L ({z € Q : (k(x) # ug(z) — u(z)}) = 0. Clearly, x — 0 strongly in L>°()
since ||| o0 () < Ok, and moreover (ilo., € SBVP((L,) with

/ |V (k|Pdr < / |V (ur, —u)|Pdx, S¢, € Sy, USy.

Ley, Ley,



HOMOGENIZATION OF THE NEUMANN PROBLEM ON PERFORATED DOMAINS 21

Finally, (3.6) yields
lim [ D*C| (2s,) < lim H" (S, US,) NQ,) = 0.

We extend (. out of © via a cut-off argument. To this aim for each 1 > 0 consider
an open set Q7 @ Q in such a way that £*(Q\ Q") — 0 as  — 0%, and a function
¢ € CH(€2,]0,1]) such that ¢, =1 in Q7. Let (4, = ©y(k, then St € S, and

/ |V Choy|P d < 2P </ IV Ckl” daz + L7™(Q) [V} 0 g ey 55;).
Qe Q.
As ¢ — 0 strongly in L°(Q) we can choose 7, — 07 such that the functions defined by
Vg i= (i Q and ¥y, := 0 in R™ \ Q belong to SBVP (g, P), with

sup/ |V de < 4o00.
Jj JepP
Furthermore, (Jy) satisfies by construction limy £"({x € Q: (x(z) # Jx(z)}) = 0 and

Step 2. We truncate ¥, via the maximal function, getting a sequence (vy) C W1(R?)
with gradients bounded in LP (g P,R™) and satisfying (3.7).

Let A\ = |D819k|ﬁ (exP), then A\ — 400 as k — +oo. Inequality (3.5) shows that
the restriction of ¥y to Uy := {z € e, P : M(|DVg| xe,p)(z) < A} is a Lipschitz function
with Lipschitz constant dominated from above by 2¢(n, P)\;. Let v be an extension of
U|y, to R™ with the same Lipschitz constant. Chebyshev inequality and [25, Theorem
1(c)] give for every A >0

1

£z € el Mu)(@) > ) < 55 [ MP (1) () d
{z€er P+ M(px)(z)>A}
c(n,p) (3.8)
g#ﬁ/ VP (2)da,
A Jireen P s [VO,|(2)>A)
where we have used the short hand notation py = |V3i| xc,p. Moreover, a Besicovitch
type covering argument gives
c(n
Lz € exP - M(D*0gl xepp)(@) > M) < 2 D20y (e P). (3.9)

A
Equality |DIg| = |[VIk| L™ + |D*Vy| yields that the set (e, P) \ Uy is included in
{x € e P+ M(|VUg| xepp)(x) > Ne/2} U{x € e P 2 M(|D*Uk| xc,p)(z) > Ai/2},
thus gathering (3.8) and (3.9) with A = \;/2 we get limy £"((exP) \ Ux) = 0 and

sup [ (Vo de < [sup [ VO dn + (26, PIN)LY(61P) \ U]
< (1+ ¢(n,p, P))sup/ |VIg|P dx + c(n,p, P) < +o0.
k EkP

Step 3. We truncate suitably (vi) to get a p-equiintegrable (sub)sequence on €., satis-
fying (3.7).

By using again [25, Theorem 1(c)], from estimate (3.10) we infer that the sequence
I, == MP(|Vug| xe,p) is bounded in L'(R"™). Therefore, by Lemma 7, there exists a
subsequence (lx;) such that (I, A jP) is equiintegrable.
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Arguing as in the previous step, we can find a Lipschitz function w; coinciding with Uk
on Vj:={x €ep,P: M(|Vuy, ]X%jp)(x) < j} and having Lipschitz constant smaller than

2¢(n, P)j. Moreover, lim; L"((eg, P) \ V;) = 0 and therefore
lijmﬁn({x €ep, P ooy, (z) # wi(w)}) < L"((ex; P) \ (Ur; UV})) = 0.

In addition, for L™ a.e. x € V; we have

Vs (@)] = Vo, ()] < MV [xey, £ @) = M (Vo [xey, 2)2) A
and for L™ a.e. x € (e, P)\'V;

[Vw;(2)] < e(n, P)j = c(n, P)[M(|Vvr,[xe,, ) (@) A ],

from which we conclude that |Vwj| Xey, P 18 p-equiintegrable.

Eventually, we truncate w; between oy, and —dx; and apply again the cut-off procedure
performed in Step 1 in order to get a sequence satisfying all the required properties. [

4. HOMOGENIZATION

We give an application of the results in the previous sections to prove the homogenization
of non equi-coercive energies in SBV? and in WP,

We follow the approach by [19], extending the results there to the case in which P
is only assumed connected (see also [15]). A major technical difference is that we avoid
the use of any extension result in Sobolev spaces on perforated domains, which was an
instrumental tool to identify the density fom in [19, Proposition 5.1]. Thus, in the sequel
we indicate how the arguments of [19] must be appropriately restated and provide full
proofs only when our strategy departs from the original one.

Furthermore, as a consequence of this, we are able to give a new proof of the classical
homogenization theorem for degenerate energies on WP, too.

Let us first set some notation. Given ¢ > 0, let Wpléf(Q N eP) be the family of the
Q-periodic functions in Wli)’f(sP) whose restriction to @ N eP belongs to W1P(Q N eP).
Moreover, given v € S!, we denote by Q¥ any unit cube centered at the origin with one face
orthogonal to v and by SBVj 1(Q” NeP) the family of functions w € SBV (Q" NeP) such
that Vw = 0 L™ a.e. in Q¥ NeP, with w(x) = 1, 0 on a neighborhood of 0Q" N{x-v > 0},
0Q" N {zx - v < 0}, respectively.

Let p € (1,400) and consider a Carathéodory function f : R™ x R™ — [0,400) and a
Borel function g : R” x S*~! — [0, +00). We suppose that f satisfies

(f1) f(-, &) is @-periodic for every & € R",
(f2) there exist two constants ¢, co > 0 such that for every (z,&) € R” x R”

algl? < fz,8) < (1 +[E7),

and that ¢ satisfies

(g1) g(-,v) is Q-periodic for every v € S"71,
(g2) g(x,—v) = g(x,v) for every (z,v) € R" x S*~1,
(g3) there exist two constants cs, ¢4 > 0 such that for every (z,v) € R™ x g1

c3 < gz, v) < ¢y
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Then we introduce the family of functionals F. : LP(Q2) — [0, 4o00] defined by

x T
~ Vu dm+/ v ) dHY ulg, € SBVP(Q,),
+00 otherwise in LP(£2).
Its asymptotic behavior is described by the following theorem.

Theorem 4. The family (F:) T'(LP(Q))-converges to the functional Fpopm, : LP(2) — [0, 0]
given by

) . /thom(vu) dx +/ Ghom (Vu) dHnil u e GSBVP(Q),

fhom(u . Su
+o0 otherwise in LP(2),
where the bulk energy density from : R™ — [0,+00) is given by
) =int { [ 706+ Tu)dosw e W)}, (1.2
QnpP
and the surface energy density ghom : S"~! — [0, 400) is given by
Jhom (V) :== lim inf{ / g (E,Vw) dH™ 1w e SBV1(QV N EP)}. (4.3)
e—0* SwNeP €

Furthermore, with ca the constant in (f2), ¢4 the constant in (g2) and some constants
ch, ¢5 >0, it hold

ALEP <from(&) <2 L™(PNQ)(1+|EP)  for every &€ € R™,

(4.4)
& <ghom(V) < s LM(P N Q) for every v e S"L,

Proof. The starting point of our analysis are the local methods of I'-convergence. For every
open subset A of Q let F.(u, A) be defined as F.(u) in (4.1), with Q replaced by A. Then,
for any sequence (ej,) there exists a subsequence (g;,) for which (7, (-, A)) I'-converges
to a functional F(-, A) for every A, and such that for every u € SBVP N LP(A)

F(u,A) = / fo(Vu)dx —i—/ go(ut —u~, v)dH"
A SuNA
for some functions fy : R® — [0, 400] and go : R x S*~! — [0, +00]. The former inte-
gral representation result is based on an adaptation of [8, Theorem 1] performed in [19,
Propositions 5.1 and 5.2].

If we show that for any sequence (gi) the functions fo and gg above are given by from
and gpom, respectively, then Urysohn property will entail the conclusion. To simplify the
notation in the sequel we suppose that the sequence (F;, (-, A)) is converging itself.

In this respect, let us point out that the limit in (4.3) defining gpopm, exists by reproducing
the proof of [10, Proposition 2.2] (see [19, Lemma 5.1] in case g = 1). In addition, equality
Jhom = go can be obtained arguing as in [19, Proposition 5.4] (the latter is actually proven
under the assumption g = 1).

To conclude we are left with showing equality from = fo.

Step 1: fO < fhom-
With fixed § > 0, there exists wg € Wz}e’?(Q N P) such that

f(z,&+ Vwo(x)) dr < from () + 0.
QNP



24 M. BARCHIESI & M. FOCARDI

We regard wy as extended to the whole of R™ by setting it equal to 0 in R™ \ P. Define
wi () == epwo(w/ey), then wy € LP(Q), wi|gne,p € WHP(Q NexP), and (wy) converges
to 0 in LP(Q) as k — +oo. Furthermore, setting vi(x) := & -  + wi(x), a simple change
of variables and the periodicity assumption (f1) yield

Fer(vi, Q) < e (1+ [e'])" f (. + Vwg()) da,
QNP

with [-] denoting the integer part of the relevant quantity. Then
fol€) = F(& - 2,Q) < liminf 7, (g, @) < from(§) +9,

and by taking the limit as 6 — 07 we conclude fo(€) < from(€).

Step 2: fhom < fO-

In this step our arguments differ mostly with respect to those of [19, Step 2 of Propo-
sition 5.3] in which the extension result for Sobolev functions on perforated domains
contained in [1, Theorem 2.1] has been employed in case P is Lipschitz regular. Instead,
we take advantage of the decomposition result proved in Proposition 3 to deal with such
a case. Following [19, Step 3 of Proposition 5.3] an approximation argument is exploited
to recover the general case.

Let us first write fjo, in an equivalent way. By [2, Statement II1.7], for each £ > 0 and

w € Wpk(Q NeP) we have
co (T : co (% 1,p
f <—,§+Vw)dac2mf f (—,§+Vw+Vv>dm:veW0’(QﬂaP)
QneP € QneP €
:inf{/ f(f,5+vu)+w)dx: veWS’p(QﬂeP)}
QNeP €

> inf{/ f <§,£—|—Vu> do:u€ W;g’ﬁ(Qmep)},
QNeP

with f denoting the convex envelope of f. Then, by taking also into account that f° < f,
by [9, Proposition 19.6 and Remark 19.2] the limits below exist and

From(€) = inf { [ (2.6 + Vw)da s w € WE(Q N P)}
QnP

~ lim inf{/ feo <§,§+ Vw) dz: we W;g,z(QmaP)} (4.5)
QneP

e—0t

= lim inf{/ f<§,§+Vw> dx : weWpléf(QﬁsP)}.
e—0t QOEP e
Now we perform the approximation procedure. Let (P™) be a sequence of open, Q-
periodic, connected and Lipschitz sets such that P™ C P™*! and U,,P™ = P as in
Lemma 8, and define f}? ~as from in (4.2) with P replaced by P™, then we claim that

sup f/irém = fhom- (46)
m

Clearly f;" =< bl < fy o by definition; to prove the opposite inequality we denote by

hom
E™, m € N, an open, bounded, and connected set having the cone property such that

QN P™ C E™ C P™ (see the beginning of the proof of Theorem 1).
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For every m € N let w,,, € Wpléf(Q N P™) be such that mePl wmdr = 0 and

/ £ (2,6 + V) do < f7 (6) + .
QNPm™ m

Since for every fixed M € N

sup 1 (x, € + Vwy,) dx < sup fi},, (&) + 1,
m>M JQNPM m

the sequence (wy,)m>r is bounded in WHP(EM) by the Poincaré-Wirtinger inequality in

Sobolev spaces ([24, Lemma 1.1.11]). Then, a diagonal argument implies the existence of

a subsequence (my) such that the sequence (wyy,, ) is weakly convergent in Wir(Q N PM)

to some function w, for every M € N. Since

1
/ 1 (z, &+ Vw) dr < liminf/ [ (2, &+ Vwy, ) dx < sup fir,.(§) + —,
QNPM k QNPM m M
by letting M — +o0, we infer that w € L] (Q N P), Vw € LP(Q N P,R") and
/ f(x, &+ Vw)dx < sup f1",.(€). (4.7)
QNP m

In particular, it is easy to check that the truncated functions v; := w A j V —j, extended
by @Q-periodicity, belong to Wpléf (Q N P) and for every M € N

fhom(g) < fco(é- + ij)dac
QNP

/ €+ Vw)de + (14 [€7)L"((Q N P)\ {[w] > j})
(@NP)\{lw[>7}

< /QmPfCO(£ + Vw)dac —|—C2(1 + |£|p) (En((QﬂPM) \ {|w| > ]}) —|—En(Q n (P \ PM))) .
Since w € L(Q N PY), we have £((Q 1 PY)\ {Juw] 2 j}) — 0 as j — +o00, so that

fram(€ < [ JUE+ Vw)de+ o1+ EFLYQN (PAPY)) (4.8)
n
Gathering (4.7) and (4.8), we obtain (4.6) as M — +o0.
With the help of (4.6) we are able to show that from(€) < fo(§). With fixed m € N,
denote by F!" the functionals defined as F. with P replaced by P™. Consider a sequence
(ug) C LP(Q) converging to & - x in LP((Q)) and such that

fol€) = F(§ - 2,Q) = lim F. (un, Q).

By Proposition 3, there exist a subsequence (k;) and a sequence (w;) C WH*(Q) such
that w; — 0 strongly in L*°(Q), w; = 0 on a neighborhood of 9@, (Xngkjpmij‘) is p-
equiintegrable and lim; £"(U;) = 0, where U; := {z € QNeg,P™ : uy,(z) # &-x+w;(v)}.

Then, by extending w; to R™ by Q-periodicity and by the characterization in (4.5) for
[, we get

i (€) < Timsup FL (€ -+ w;, Q) < Hinsup £, (, Q)

+ co limsup/ | (1 +1€E+ ij|p) dz < fo(§),

J U]
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being F! < fgkj. Taking the supremum in m, by (4.6) we conclude.
J

Eventually, in order to show (4.4) it suffices to take into account (f2) and (g2), and the
lower semicontinuity estimates in (2.3), the growth conditions from above being trivially
satisfied.

Finally, as a consequence of Theorem 1, we have I'-lim F.(u) = 400 whenever u ¢
GSBVPN LP(Q)). Moreover, the coerciveness conditions established in (4.4) and a by now
standard argument (see [10, Lemma 3.5]) imply the continuity of Fj.,, along truncations,
so that the integral representation can be extended to GSBVP N LP(f2). g

Remark 3. If P is Lipschitz regular the proof of inequality from < fo above greatly
simplifies since we can skip the approximation argument. In addition, in such a case it
also follows that

Thom(&) = inf{ fx, 6+ Vw)de:we Wz}e’?O(Q)} .

QNP
Arguing as in Theorem 4 we deduce the classical homogenization theorem for degenerate
energies on Sobolev spaces. This method is alternative to that employed by [1] relying

on an extension result. In what follows we denote by &. : LP(2) — [0, +00] the family of
functionals defined by

f 1,p
/f(E,Vu)dac ula, € WHP(Q,),

€

+o0 otherwise in LP ().

Theorem 5. The family (E:) T'(LP(Q2))-converges to the functional Epop, : LP(2) — [0, 0]
given by

Ee(u) == (4.9)

/ Trom(Vu)dr u € WHP(Q),
ghom(u) = Q

+o0 otherwise in LP(2),
with from : R™ — [0, +00) defined in (4.2).

Proof. For every open subset A of €, define &.(u, A) as & (u) in (4.9), with Q replaced
by A. Then the local methods of I'-convergence and the integral representation result
in [8, Theorem 2] give that for any sequence (gj) there exists a subsequence (gj,) for
which (&, (-, 4)) I-converges to a functional £(-, A) for every A, and such that for every

u € WHP(A)
E(u, A) = /Afo(Vu)dx

for some Borel function fy : R™ — [0,400]. To deduce that fy = from we argue as in
Theorem 4. Finally, T-lim & (u) = +o0o whenever u ¢ WP(Q) by Theorem 2. O

Remark 4. The I'-convergence statements in Theorems 4 and 5 are compatible with the
addition of Dirichlet boundary conditions on the fix boundary 9Q N 9€)., provided 2 is
assumed to be Lipschitz regular and the boundary datum g is the trace of a function in
WP M L®(Q) in the first case, and W1P(Q) in the second (compare with [19, Theorems
6.1 and 7.1] and [3, Lemmata A.3, A.4]).

In the SBV setting the asymptotics of the related minimum problems is easily deduced
if the functionals involved are decreasing under truncations. For, in such a case a sequence
(ue) of minimizers can always be truncated to have equi-bounded norms in L*°(€2.). Thus,
by Theorem 1 it converges strongly in LP(€2) to some function v € SBVP N L (), which
turns out to be the related solution for the minimum problem of the I'-limit.
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Instead, in the Sobolev framework we need to suppose that P enjoys the cone property
in order to apply Corollary 1.

Eventually, in the Sobolev case one can also consider the addition of Neumann boundary
conditions (see [1, Theorem 3.1] and [9, Proposition 19.10]). Take note that despite the
I'-convergence statement holds only supposing P connected, to guarantee that the limit of
the minimizers is a solution of the minimum problem for the I'-limit, we need to assume
that P has the cone property in order to apply the last part of Theorem 2.

APPENDIX A

We quote some results which were instrumental in the arguments above and maybe less
known. First, we state two Poincaré-Wirtinger type inequalities in BV which are usually
stated in the Sobolev space setting. Their extensions follows easily since Wh! is dense in
BV with respect to the strict convergence, i.e., the convergence of the functions in L' and
of the total variation measures.

Proposition 4. There exists a constant ¢ = ¢(n) such that for every open, bounded and
convex set £ C R"™

/ |u(z) — ug| de < ¢ diam(FE) |Du| (E),
E
for every uw € BV (E).

Proposition 5. Let E C R" be a bounded, connected and open set having the cone prop-
erty. Given an open ball B C E, there is a constant ¢ = ¢(B, E) such that

/ |u(z) —up| dz < ¢|Du| (E),
E
for every uw € BV (E).

For the proofs in the Sobolev space setting see [23, Theorem 12.30] for the first, and
[24, Lemma 1.1.11] for the latter.

Take also note that the constant ¢ in Proposition 5 scales linearly: ¢(eB,eFE) = ec¢(B, E)
for every € > 0.

Then we quote a truncation result. It is a slightly strengthened statement of Chacon’s
biting lemma. Several versions are known in literature (see [20, Lemma 1.2]) we recall
here the one proved in [17, Lemma A.2].

Lemma 7. Let (I;) C LY(Q) be bounded, then for every positive increasing sequence
t; T +oo there exists a subsequence (lx;) such that (I, Nt;V —t;) is equi-integrable.

Finally, we state an approximation lemma exploited in Theorem 4.

Lemma 8. Let P C R" be a connected, QQ-periodic open set. Then there exists a sequence
of smooth sets (P™) C R™ enjoying the same properties, and such that P™ C P™t!
U P™ = P.

Proof. If P = R"™ there is nothing to prove. Thus, we may assume that P° # ¢ and 0 € P
without loss of generality. Then, being P Q-periodic, all the vertices p;, 1 < i < 2", of the
unit cube @ belong to P; in addition the distance function dist(-, P¢) is @Q-periodic, too.

By taking into account that P is open and arcwise connected for any two vertices p;,
p; with [p; — p;| = 1 there exists a continuous curve ~; ; : [0,1] — P with ~; ;(0) = p; and
’Yi,j(l) =DPj- Let

S = Ui<j'7i,j([07 1]), S = Uzezn(z + S),
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then dist(S, P¢) > 0 being S and P both @Q-periodic.

Consider the connected component A™ of the set D™ := {x € R™ : dist(x, P°) > 27"},
m € N sufficiently big, containing S. By construction, A™ C A™*! and U,,A™ C P. On
the other hand for any point x € P there exists a continuous curve v, : [0,1] — P joining z
itself and a vertex p of Q). Hence, 75([0,1]) € D™ for m € N satisfying dist(v,([0, 1]), P¢) >
27 and since p € S N~,([0,1]) by connectedness 7,([0,1]) € A™. Hence, U,,A™ = P.

To conclude we regularize dist(-, P¢) in order to get smooth open sets as in the statement.
To this aim, consider a kernel ¢ € C2°(By, [0,+00)) with [[¢||f1(gn) = 1 and define the
mollified functions dj(z) := (dist(-, P¢) * k"p(k-))(x). Take note that dj, is Q-periodic for
all k€ N.

Sard’s theorem implies that for every k € N the boundary of the sets Dy, := {x € R" :
di(z) > 2™ —n} is a (n — 1)-dimensional manifold of class C* if n € I,,,, with I,,, a set
of full £! measure in (272 2=(m+1)) By uniform convergence of (d) to dist(-, P¢) on
R"™ we can find a diverging sequence (k) such that

Hdkm — dist(-,PC)HLoo(Rn) + Hdkm — dkm+1 HLOO(Rn) < 2—(m+2).
(m+2)

To conclude let (7,,) be a decreasing sequence, with 7, € I, and 1, — D1 < 27 ,

then D™ C Dy n. € Dppiy gmer - Denote by P™ the connected component of Dy, ..

containing A™, the family (P"") satisfies by construction all the requirements of the state-
ment. U
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