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Abstract

Linear multistep methods (LMMs) are extensively used for the numerical approximation of initial value problems
(IVPs) for ODE. However, they are not commonly used to approximate continuous boundary value problems
(BVPs), except in connection with the shooting method.

Recently, boundary value methods (BVMs) have been considered for the approximation of IVPs. We show that
many of these methods can also be conveniently used to approximate with high accuracy continuous BVPs.

1. Introduction

In this paper we shall analyze the use of LMMs for the numerical approximation of
continuous BVPs. The ILLMMs are not commonly used for approximating continuous BVPs,
except in connection with the shooting method, where the continuous BVP is transformed into
an IVP. This is in contrast with their extensive usage to approximate continuous IVPs. In fact,
the most efficient codes for BVPs rely on one-step collocation schemes [4—6)].

In the last few years LMMs have been used as boundary value methods (BVMs) for the
approximation of continuous IVPs [1-3,7-11,13]. These methods replace the given continuous
IVP by a suitable discrete BVP. In Section 2 the basic theoretical results on BVMs are briefly
presented. In Section 3 we propose to use some BVMs to obtain high-order accuracy
approximations of continuous boundary value problems. This is obtained by slightly modifying
their use for IVPs. Thus, the same BVMs (and the same codes) can be used, with minor
changes, to accurately solve both initial and boundary value problems. Their implementation is
discussed in Section 4, where some numerical tests are also presented.
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2. Boundary value methods

In this section we briefly recall the basic results on BVMs [3,9,10]. Let us first consider the
IVP

y'=f(t,y), t€la,b], y(a)=y,, (1)
By considering the partition
) ' b—a
t,=a+ih, i=0,...,.N+k,—1, h=N+k2—l’

one can consider the k-step LMM
k k
Zaiyn+i=hZBifn+i’ (2)
i=0 i=0

to approximate the solution of problem (1) over the considered partition. As usual, y,,; and
fn+: denote the approximations to y(¢,.;) and f(z,,,, y(¢,.;), respectively. It is known that
the discrete problem (2) needs k independent conditions to be imposed, in order to get the
discrete solution. The most commonly used way of imposing such conditions is to fix the values
of the discrete solution at the first k& grid points, that is one fixes the values y,,..., y,_;. The
continuous problem (1) provides only the first of these values (that is the initial condition y,),
while the remaining ones must be obtained by other means. In other words, the continuous IVP
is approximated by means of a discrete IVP. The methods obtained in this way will be called
initial value methods (IVMs). This approach is very simple, but suffers of heavy limitations,
summarized by the two well-known Dahlquist barriers.

An alternative approach has been considered, where the k conditions needed by the
difference equation (2) are imposed by fixing the values

YOw"syk]"l’ yN""’yN+k2‘1’ (3)

where k, and k, are two integers, k, + k, = k. In this way, one fixes the first &, and the final
k, values of the discrete solution. This means that the continuous IVP is now approximated by
means of a discrete BVP. The methods obtained in this way have been called boundary value
methods (BVMs). If the values (3) are fixed, we say that scheme (2) is used with (k,, k,)-
boundary conditions [9,10].-As before, only the value y, is provided by the continuous problem,
while the remaining values must be obtained in some way.

The definition of 0-stability and absolute stability for IVMs are now generalized to BVMs by
introducing the following two kinds of polynomials.

Definition 1. A polynomial p(z) of degree k =k, + k, is said to be an S, , -polynomial if its
roots are such that

lz) <1zl < 0 <z I <1<z gl < - <zl
while it is called an N, , -polynomial if

lz) < lzpl < o0 <z | <1<z gl < o0 <zl

where the roots of unit modulus are assumed to be simple.
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We observe that for k; =k and k, =0, N, , -polynomials reduce to Von Neumann polyno-
mials while Sk k,-polynomials reduce to Schur polynomials. Now we can give the following
definitions for BVMs [9,10].

Definition 2. BVM (2) used with (k,, k,)-boundary conditions is said to be 0 x ~stable, if the
polynomial

k
p(z)= Y a2’
i=0

is an Ny «,-polynomial. It is said to be (k,, k,)-absolutely stable for a given g€ C if the
polynomial

k
m(z,9) = X (a; - qB;)2' (4)
i=0
is an S, , -polynomial. The region
Dy 4, = {q €C: m(z, q) is an Sk1k2-polynomial}

is called the region of (k,, k,)-absolute stability of the method. Finally, the method is said to be
A i, stable if C"C Dy, , where C™ is the left half complex plane.

The given definitions reduce to the well-known ones for IVMs when k, =k and k, = 0. This
means that the class of the BVMs contains the [IVMs as a subclass.

For the moment we shall neglect the problem of finding the unknown values in (3). This
problem will be considered in Section 4.

The advantage of the BVMs over the IVMs is that now there are no more barriers
concerning the order of 0, , -stable and A, -stable methods. In fact there are 0, «,-stable and
Ak1 x,-stable methods of order up to 2k [1,10] for every odd value of k.

3. Use of the BVMs for approximating continuous BVPs

Since the BVMs consists in approximating a continuous initial value problem by means of a
discrete boundary value one, they are natural candidates to approximate continuous boundary
value problems, with some slight modification. For simplicity, we shall consider only two-point
BVPs, but the generalization to multipoint BVPs is straightforward.

Then, let us consider the scalar problem,

y'=dy,  byy(0)+b,y(T)=n, (5)
whose solution is given by:
n
t)y=eM—o.
y( ) € b1+b2eAT (6)



82 L. Brugnano, D. Trigiante / Applied Numerical Mathematics 18 (1995) 79-94

Unlike the case of IVPs, where one usually assumes R(A) <0, here R(A) may be either
positive or negative. This because in a general well-conditioned BVP both increasing and
decreasing modes must be present (dichotomy) [6,12].

Now, let us consider the approximation provided by a k-step LMM:

k
Y (a;,—aB)y,.i=0, n=0,...,N-k,—1, (7)
i=0

where, as usual, g = hA, and the stepsize is h =T/(N +k,— 1), k; + k, = k. The k conditions

needed by the discrete scheme are now given by fixing the following k& — 1 values of the discrete
solution

y]y--'ayk]—ly yNa"'7yN+k2—1’ (8)
while the remaining condition is obtained by the continuous problem:
b1y0+b2y1v+k2—1=77- 9)

In analogy with the case of the methods for IVPs, we shall say that scheme (7) is used with
(k,, k,)-boundary conditions. We shall study the solution of the discrete problem (7)—(9) under
some assumptions on the roots of the characteristic polynomial associated with (7).

Theorem 3. Let z,,..., z, be the roots of the stability polynomial (4) associated with the difference
equation (7), which we shall assume ordered by increasing moduli:
lz)l < -+ <zl (10)
Moreover, assume that
(1) it holds that
|Zk1—1| <|Zk1| <|zkl+l|’ |zk,—1| <1<|2k1+1|; (11)

(2) z,_ is the principal root of the method, whose order is p > 1;
(3) the additional values in (8) are O(h?) approximations of the corresponding values
y(t), . ¥ _), Yy, ..., y(ty .y, 1) of the continuous solution.
It follows that, forn=k,,..., N —1, one has y, =y(t,) + O(h?).

Proof. Let us suppose the roots {z;} to be distinct, for simplicity. Then the discrete solution of
(7) is given by

Y =c; 2i +e!Djc, + e{Dfc;, (12)
where
Z4 Zk]+1
Di = ’ Df= . s
g, -1 Z
T T
ei=(1,...,1)k1_1, ef=(1,...,1)k2,

T
Ci=(C1,...,Ck1_1) N cf=(ck1+l""’ck) .
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The constants ¢, , ¢; and ¢; are determined by imposing the conditions (8) and (9):

| Gk np
G Cl = y] 2

where p = (b, + b,z Nt~ 1)~1

T T
1 s; s¢
G=|Wk-1%kp Ukl—lDi Vkl»lDf ,
N N N
Wi Zk, U, D; Vi, Dt

Si =p(b11kl_1 + sziIV+k2_1)ei’ sf =p(b11k2 + szt{\l+k2‘1)ef,

1 1 1 1
2] k-1 Zk+1 Zk
U= b V= ;
j-1 j—1 j—1 j—1
Z3 Zk -1 Zk, +1 Zk

i-1\T
wj=(1, Zpseoes 2k ) ,

T T
Yi= (Voo Y,—1) s Ye=(Yns--s YNtky-1) -

We observe that all the leading principal submatrices of the matrix G can be proved to be
nonsingular, under the assumptions (11) (the long proof of this result can be found in [10]).
Therefore, we can consider the following block LU factorization of G,

1 1 sT sf
G = | Wk-1%k, I P B, B,|
N
Wi, 2k, H I, C

where [, _, and I, are the identity matrices of size k; — 1 and k,, respectively,
B, = Ukl—lDi _Zklwk1~1s;r’ B, = VkrlDf _Zk,”’kl—lsz,
H= (UkzD,-N —z}c‘iwkzsiT)Bl_l = O( B N),
C=V, D~-z'w, sl —HB,= (sz —Zpwy sf + O( |24, /24,41 IN))DfN,
then one obtains:
1+z, 5By 'wy _; +u"C ' u'C'H—s!B[! —u’C!
G'=| BiYB,Cw-zw_) Bl +B,C'H) -BI'B,C'|
—-C ' -C'H c!
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where
u'=s{ ~s/B['B,, v=zw, —z, Hw _,.
It follows that
Cp = (1 +2z, 5By W,y + uTC_lv)np +(u"C'H —sIB{ )y, — (u"C ")y,
=np+ (“TC_IH—siTBl_I)(.Vi —MPZ Wi, 1) ~ "TC_I(J’f - npzlzwkz)’
¢ =Bfl((Bzc_1V _zklwk,—1)77p + (Ik1—1 +Bzc_1H).V1 ‘Bzc_l)’f)

=Bl‘1((1kl_1 +BZC‘1H)(yi —NPZ Wi, 1) —B;,,C‘l(yf - npz}xwkz)),
¢;=C ™ '(y;~vmp — Hy,)
= C"((yf— npziw,,) — H(y - npzklwkl_l))-

Now if 2, is the root which approximates the exponential, and the discrete scheme has order
> 1, then it follows that z;, =e?+ O(h” *1) and, therefore, one obtains

(yi_npzklwk,—l) =O0(h"), (yf“TIszlwkz) = O(h?),

provided that y;, and y, are at least O(h?) accurate. From these relations and the relations (6)
and (12) finally it follows that

=npzi, + O(h?) =y(1,) + O(h?),

that is, the discrete solution approximates the continuous solution with a global error O(4”).
O

We can conclude that a BVM with (k,, k,)-boundary conditions can be used to approximate
the solution of the BVP (5), provided that the root z, of the characteristic polynomial
associated with the difference equation is the one which approximates the exponential. For this
reason it is obvious that the natural candidates to approximate continuous BVPs are the BVMs
having D, , =C~. There are many such methods; in particular, we consider the class of the
extended trapezozdal rules (ETRs) [3,10] and the top order methods (TOMs) [1,10]. Let us briefly
recall these methods.

ETRs are methods with k = 2 — 1 steps having the form:

v—1
yn_yn—l=h Z ﬁi+ufn+i? n=V”"’N_1‘ (13)

i=-v
The coefficients are determined so that the scheme has order & + 1. Its use is with (v, v — 1)-
boundary conditions. The TOM with the same number of steps,
v—1

v—1
Z ai+vyn+i=h Z Bivofnsri» n=v,...,N—1, (14)

i=-vp i=—v

has order 2k. This method must also be used with (v, v — 1)-boundary conditions.
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4. Implementation of the methods and numerical examples

In this section we shall study the implementation of the above-mentioned BVMs. In fact, if
the formula (13) or (14) is used with (v, v — 1)-boundary conditions and a stepsize A =(b —a)/
(N + v — 2) to approximate the BVP

y'=f(t,y), t€la,b], g(y(a), y(b))=n, (15)
then the following values of the discrete solution,

Yoeeos Yo 15 YNo-o s YNwv—2> (16)

must be imposed along with the boundary condition

8(Y0rYnsv_2) =7- (17)

Moreover, in order to have a solution with accuracy O(h?), if p is the order of the used method
(main method), the approximations (16) need to be at least O(h?) accurate. If these values are
known, then scheme (13) or (14), used for n =v,..., N — 1, along with the boundary condition
(17), provides a set of N —v + 1 equations in the N — v + 1 unknowns

YO7va'~’yN—]a

so that the problem can be solved. However, since the 2v — 2 values (16) are usually not
available, we must treat them as unknowns, by adding a set of 2» — 2 equations independent of
the previously considered ones. This is done by considering a set of additional methods, whose
order must be at least p — 1, that is with an O(A?) truncation error, if p is the order of the
chosen main method.

4.1. Use of the ETRs

If one use scheme (13) for n =v,..., N — 1, the following v — 1 equations:
2v—2
yr_yr41=h ZBi,r,f[’ r"_‘l’...,V—l’ (18)

i=0

are used to implicitly impose the first v — 1 values in (16). In order to preserve the global order
k +1 of the main method, the coefficients {B;,} are chosen by requiring those equations to
have a truncation error O(h**1!). The final v — 1 values are implicitly imposed by using the
following additional equations:
N+v—2
V,=Vo1=h X Biinve-1,fin r=N,.. N+v-2, (19)
i=N-v+1

where the coefficients { B, .} are chosen again by imposing the truncation error of each equation
to be O(h**1).

Example 1. The trapezoidal rule, which is the simplest ETR, does not need additional
equations, since it requires only the boundary condition.
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The ETR of order 4,
Yn _yn—l = %h(_fn—2+ 13fn—1 + 13fn _fn+1)’ n =2""’N_ 1’

requires the two additional equations:
Yi=Yo= %h(Sfo +8f1—12)s
YNTIN T 11_2h(—f1v—2 +8fn_1+5fn).

They are obtained from the reverse Adams formula [2,10] and the Adams—Moulton formula of
order 3, respectively.
The ETR of order 6,

1
Yn = Yn1 = mh(llfn—fl - 93fn——2 + 802fn—1 + 802fn - 93fn+l + 11fn+2)’

n=3,...,N—1,
requires the four additional equations:

1
Yi—Yo= 7—20h(251f0 + 646 f, — 264f, + 106f, — 19f,),

1

1
YN = INa T %h(nf/v—3 —T4fn_, +456fy_ +346fy — 19fy. 1),

1
YN+17INT %h(_ 19fN—3 + 1O6fN—2 - 264]01\1—1 + 646f1v + 251fN+1)'

4.2. Use of the TOMs

If one uses scheme (14) for n + v,..., N — 1, then there are essentially two ways of choosing
the additional methods to impose the additional k — 1= 2v — 2 conditions needed by the
discrete problem. The first way is the use of different methods of order at least 2k — 1 (to
preserve the order 2k of the main method) to derive each equation, as it has been done for the
ETRs. Alternatively one may consider a fixed method of order 2k — 1 used on different grid
points. Each way has it own advantages and drawbacks. Let us examine the two cases.

In the first case, one may use the following Adams-type methods

2%k-2

y,—~Y,_1=h Z Bi,fi,» r=1,...,v—1, (20)
i=0

to obtain the initial additional equations and
2k-2

V,=Voo1=h Y Bifverv-2-i» T=N,..,N+v—2, (21)
i=0
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to obtain the final additional ones. For every value of r, the coefficients {8;,} are chosen in
order for the formula to have order 2k — 1.

In the second case, one fixes two methods of order 2k — 1 which are used on different grid
points, one to obtain the initial additional equations, the other for the final ones. A good
candidate is obtained by deriving a method of order 2k — 1 having the same number k of steps
of the used TOM.

An advantage of the latter approach over the former one is its compactness, due to the fact
that the used additional method has the smallest number of steps. On the other hand, in
general the last approach produces much more ill-conditioned linear systems, when solving the
complete set of equations, with respect to those produced by using the first approach. This last
feature is more evident for v > 2.

Example 2. The TOM of order 2, that is the trapezoidal rule, does not require additional
equations, as we have already seen in the previous example.
The TOM of order 6,
1 1 1
%ynﬁ-l +yn _yn~1 - %yn—Z =h(§ n+1 +fn +fn71 + 9 nvZ)’ h= 2”"’N_ 1?
requires two addition equations. They are conveniently obtained by using the second of the
previously mentioned possibilities:
120_58)’3 ty,— %Y1 - %Y():h(%fs + %fz +fi+ _?SEfo),
3 3 25 5 3 1
;_7)’1\/ + IYN-1 T YN-2 " 108YN-3= h(?EfN +ivoitafvoat ﬁfN—3)’

obtained by two methods of order 5.
The TOM of order 10

137 13 2 2 13 137
3000772 " g1 T 3V T g Yn1 T G Yn2 T 300 Y3

1 1 1
——foat s T L ¥ =Syt — =3,...,N—
(100fn+2 4fn+1 fn fn—l 4fn—2 100fn—3 ’ N 3’ ’N l’ (22)

needs four additional equations that can be obtained by using four additional Adams-type
methods of order 9 like (20) and (21):

33953 156437 645607 1573169
=y "=h(_ 36288007 % * 181220077~ 18144007 * 1814200
31457 2797679 2302297 2233547 1070017
B 22680f at 1814400f 3 1814400f 2t 1814400f 1 3628800f 0)’ (23)
7297 34453 147143 377521
Y= h =h(3628800f8_ 181440077 181440075 ~ 18143005
8233 876271 1622393 687797 33953
* 226807~ Te14a00”* T 181440072 T 18142007 ~ 36288007 0)’ (24)
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and
7297 34453 147143
yN-_yN‘l==h(3628800fh_7__1814400f&*6+_1814400f&_5
377521 8233 876271
181440077+ T 22680753~ 131440072
1622393 687797 33953
+1814400fN‘1+1814400fN_"3628800f}V+‘)’ (25)
33953 156437 645607
YN+1 "IN = h( - mﬂv—v + mﬁv_ﬁ - mfzv~5
1573169 31457 2797679 2302297
* 181440075+~ 226807 %3 * T812400/¥-2 1814200 M-
2233547 1070017
+'1814400f”'+ 3628800f”+1)‘ (26)

Alternatively, one can use only two methods of order 9, but on different grid points:
49 N 29 13 1 85 533
—_— —_— + —_— —_ —_——_— S
4800077 T 172874 T 432”3 T 48727 345671 T 2160007

= (Zm—ofr+5+£zfr+4+%f,+3+%f”2+—,§%fr“+ﬁf,), r=0,1, (27)
and
533 85 1 13 29 49
21600077 T 345671 T 4872 432737 172874~ 480007
1 7 1 5 1 1
~h 00 g1 g2 aahs* Tl t gt (28)

r=N,N+1.
It is evident that the second way is more compact than the first one. However, as said before,
the linear systems obtained when solving Egs. (22), (17), (23)-(26) are generally much more
better conditioned than those resulting from the solution of Egs. (22), (17), (27)-(28).

4.3. Numerical examples

In the following some numerical examples are provided. They are obtained by approximating
continuous BVPs with the ETR of order 4 and the TOM of order 6 examined in Examples 1
and 2.

Example 3. Consider the problem [6]
W' —4u=16t+ 1212 - 4¢*, 0<r<1, (29)
u(0)=u'(1)=0,
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z.s}#
’3<\) o1 02 03 o4 05 06 07 08 09 1
t
Fig. 1. Solution of problem (29).
Table 1
Maximum errors for various stepsizes (problem (29))
h ETR of order 4 TOM of order 6
lellw rate lelle
0.25 2.628e-3 — 1.776e-15
0.125 1.955e-4 3.75 1.776e-15
0.0625 1.359e-5 3.85 1.332e-15
0.03125 8.989¢-7 3.92 2.664e-15
0.015625 5.785¢-8 3.96 6.661e-15

whose solution u(t) =t*— 4t is plotted in Fig. 1. In Table 1 the maximum errors are reported
for various stepsizes, by using the above mentioned methods.

In the case of the TOM of order 6, the errors are of the order of the machine precision and,
therefore, they are essentially due to round-off errors more than to the truncation errors. For
this reason, in this case it is not possible to compute the rate of convergence.

Example 4. Consider the problem [6]
(") =1, 1<t<2,
u(l)y=u"(1)=u(2)=u"(2) =0,

whose solution u(¢) = (10 log(2) — 3)(1 — ) + 2(¢~' + (3 + t)log(¢) — ¢t) is plotted in Fig. 2. In
Table 2 the maximum errors are reported for various stepsizes.

(30)

Example 5. Consider the singular perturbation problem [4]

eu’ + ' = —ew? cos(mwt) —wt sin(wt), —1<r<1, (31)
u(—1)= -2, u(l)=0,
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t
Fig. 2. Solution of problem (30).
Table 2
Maximum errors for various stepsizes (problem (30))
h ETR of order 4 TOM of order 6
llelle rate llellw rate
0.25 1.092e-04 — 2.014e-04 —
0.125 1.004e-05 3.44 2.014e-06 6.64
0.0625 1.290e-06 2.96 5.917e-08 5.09
0.03125 1.133e-07 351 1.392e-09 541
0.015625 8.387e-09 3.76 2.710e-11 5.68
0.0078125 5.705e-10 3.88 4.740e-13 5.84
0.00390625 3.720e-11 3.94 7.957e-15 5.90
’ T
st !
!
|
05 1
_ |
% 0
05
RS
|
1.5)
|
27 08 05 04 02 0 02z 04 06 08 1

t

Fig. 3. Solution of problem (31).
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Table 3
Maximum errors for various step sizes (problem (31))
h ETR of order 4 TOM of order 6

el rate lell«
0.01 1.860e-2 — 2.980e~3 —
0.05 1.515¢-3 3.62 5.729e-5 5.70
0.00250 1.080e—-4 3.81 7.382¢-7 6.28
0.00125 6.839¢-6 3.98 1.114e-8 6.05

where £ = 10"*, whose solution u(¢) = cos(wt) + erf(¢/V2¢ ) /erf(1/y2¢) is plotted in Fig. 3.
In Table 3 the maximum errors are reported for various stepsizes.

Example 6. Consider the nonlinear problem due to Troesch [14]

u"= A sinh(Au), 0<t<1,
(32)
u(0) =0, u(l) =1.

The solution is plotted in Fig. 4, for A = 5. A straight implementation of the Newton method,
starting from a zero initial approximation, has been used for both the two methods. In Table 4
the maximum errors are reported for various stepsizes.

Problem (31) is significant, since (see Fig. 3) the solution has a layer at ¢ = 0. In this case,
one cannot expect a uniform mesh to be the best choice. In fact, in Fig. 5 it is plotted the
absolute error for the ETR of order 4 (but similar considerations hold true for the TOM of
order 6). As one may expect, the larger errors are near the layer, where a smaller stepsize
should be used. However, if one uses the error equidistribution technique described in [6] the
original mesh is sensibly improved (see also [10]). In fact, after one equidistribution over the
original uniform mesh with 4 = 0.01, one obtains the mesh shown in Fig. 6. In the figure it is

=)
oo

=]
~

g s /
/
/
0.4 ;
/
| /
03+ /
i .
02+ e
o1t //
|
ol e . o
0 01 02 03 04 05 06 07 08 09 1

i

Fig. 4. Solution of problem (32), A = 5.
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Table 4
Maximum errors for various stepsizes (problem (32))
h ETR of order 4 TOM of order 6

lellw rate el rate
0.1 1.8051e-1 — 9.0884e-2 —
0.05 3.2913e-2 2.46 1.4653e-2 2.63
0.025 5.3195¢-3 2.63 1.7345¢~-3 3.08
0.0125 6.8539¢—4 2.96 1.3131c-4 372
0.00625 6.9570e-5 3.30 6.1618¢-6 441
0.003125 5.8186¢e-6 3.58 1.9127e-7 5.01
0.0015625 4.2736e-7 3.77 4.4208¢-9 5.44
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Fig. 5. Error with the ETR of order 4 on problem (31), initial uniform mesh.
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u(t)

Fig. 7. Computed solution of problem (32), A = 20, equidistributed mesh.

also shown that the absolute error is now almost uniform (and much smalier), even if the
number of the mesh points is the same as in Fig. 5.

This mesh selection technique turns out to be also useful in the nonlinear case. For example,
consider the fourth-order ETR applied to solve problem (32) with A = 20. If a uniform mesh is
used, then the intermediate approximations provided by the Newton method highly oscillate
near ¢ = 1 and the method fails to converge. However, if an error equidistribution is made at
every intermediate approximation, the Newton method converges smoothly. In Fig. 7 the
computed solution is plotted along with the final mesh, which contains 200 points.

5. Conclusions

In this paper we have shown how two important classes of BVMs can be used to approximate
continuous BVPs. Since these methods can also be used to approximate continuous IVPs, it
follows that it is possible to use them both for approximating initial and boundary value
problems. In fact the same programs used to carry out the numerical tests can also be used to
approximate continuous IVPs.

Acknowledgements

The authors thank the referee for his comments and suggestions.

References

[1] P. Amodio, A-stable k-step boundary value methods of order 2k for the solution of stiff ODEs (submitted).

[2] P. Amodio, F. lavernaro and F. Mazzia, Boundary value methods based on Adams-type methods, Rapporto
23 /1993, Dipartimento di Matematica dell’ Universita di Bari, Italy (submitted to the proceedings of NUM-
D-IFF7).



94 L. Brugnano, D. Trigiante / Applied Numerical Mathematics 18 (1995) 79-94

[3] P. Amodio and F. Mazzia, A unifying boundary value approach to the numerical solution of ODEs by multistep
methods, Rapporto 6,/1994, Dipartimento di Matematica dell’ Universita di Bari, Italy (submitted).
[4] U.M. Ascher, J. Christiansen and R.D. Russel, A collocation solver for mixed order systems of boundary value
problems, Math. Comp. 33 (1979) 659-679.
[5] U.M. Ascher and S. Jacobs, On Collocation implementation for singularly perturbed two-point problems, SIAM
J. Sci. Statist. Comput. 10 (1989) 533549,
[6] U.M. Ascher, R M.M. Mattheij and R.D. Russel, Numerical Solution of Boundary Value Problems for Ordinary
Differential Equations (Prentice Hall, Englewood Cliffs, NJ, 1988).
[7]1 L. Brugnano and D. Trigiante, Stability properties of some BVM methods, Appl. Numer. Math. 13 (1993)
291-304.
[8] L. Brugnano and D. Trigiante, A parallel preconditioning technique for BVM methods, Appl. Numer. Math. 13
(1993) 277-290.
[9] L. Brugnano and D. Trigiante, Convergence and stability of boundary value methods for ordinary differential
equations, J. Comput. Appl. Math. (to appear).
[10] L. Brugnano and D. Trigiante, Solving ODE by linear multistep formulae: initial and boundary value methods
(in preparation).
[11] P. Marzulli and D. Trigiante, Stability and convergence of boundary value methods for solving ODE, J.
Difference Equations Appl. 1 (1995) 45-55.
[12] R.M.M. Mattheij, Decoupling and stability of algorithms for boundary value problems, SIAM Rev. 27 (1985)
1-44,
[13] P. Amodio, V. Golik and F. Mazzia, Variable step boundary value methods based on reverse Adams schemes
and their grid distribution, Appl. Numer. Math. (to appear).
[14] J. Stoer and R. Bulirsch, Introduction to Numerical Analysis (Springer-Verlag, Berlin, 1980).



