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Abstract The BS Hermite spline quasi-interpolation scheme is presented. It is re-
lated to the continuous extension of the BS linear multistep methods, a class of
Boundary Value Methods for the solution of Ordinary Differential Equations. In the
ODE context, using the numerical solution and the associated numerical derivative
produced by the BS methods, it is possible to compute, with a local approach, a suit-
able spline with knots at the mesh points collocating the differential equation at the
knots and having the same convergence order as the numerical solution. Starting from
this spline, here we derive a new quasi-interpolation scheme having the function and
the derivative values at the knots as input data. When the knot distribution is uni-
form or the degree is low, explicit formulas can be given for the coefficients of the
new quasi-interpolant in the B-spline basis. In the general case these coefficients are
obtained as solution of suitable local linear systems of size 2d x 2d, where d is the
degree of the spline. The approximation order of the presented scheme is optimal and
the numerical results prove that its performances can be very good, in particular when
suitable knot distributions are used.
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1 Introduction

Univariate spline Quasi-Interpolants (QIs) are function approximations with the fol-
lowing general form,

Qay =Y 1j(y)Bj,

jelJ

where {B;, j € J} is the B-spline basis of some space of splines of degree d on
a bounded interval / defined by some partition 7 of /. The w;, j € J, are local
linear functionals for the definition of which several different approaches have been
considered in the literature, producing functionals of Differential type (DQIs) (see e.g.
[2, 4]), of integral type (1QIs) (see e.g. [15, 18]), or of discrete type (dQls) (see e.g.
[7, 17]). We refer to [16] and to references mentioned therein for recent developments
on univariate quasi-interpolation and for its interesting extension to the multivariate
setting.

Even if many different types of spline quasi-interpolation schemes exist, they all
share locality as common denominator and this is the reason why quasi-interpolation
is usually preferred to interpolation or to least-squares approximation whenever the
computational cost is fundamental. This is for instance the case when real-time
processing of large streams of data is required and also when it is assumed that the in-
put information on the function y can be dynamically updated (and consequently also
the spline approximation is). Our specific interest for spline quasi-interpolation was
in particular motivated by the necessity of associating with the numerical solution
produced by a Boundary Value Method (BVM) for Ordinary Differential Equations
(see [1] for a general introduction to BVMs) an easy to compute continuous approx-
imation having the same convergence order [12]. Observe that, when dealing with
numerical methods for ODEs, the values at some mesh points of (an approximation
of) y are available together with the associated values of (an approximation of) y’.
This is the reason why here we focus our attention on DQIs and in particular on a
scheme requiring the knowledge of y and y’ only at the knot set. Now, for one class
of BVMs, namely the BS methods, it is possible to compute a spline Hermite inter-
polation scheme locally, that is to use a local procedure for associating the numerical
solution and the corresponding numerical derivative produced by such methods with
a spline with knots at the mesh points and there collocating the differential equation
[10, 11, 13]. In this paper we prove that the local approach introduced in [13] for the
definition of such spline defines a general Hermite spline quasi-interpolation scheme
when the input data are not necessarily produced by the BS methods for ODEs. In
particular, we prove that our quasi-interpolation operator is a projector in the space
of C?~! splines of degree d and that it has optimal approximation order p = d + 1
when y € C?*1(I), provided that two positive (lower and upper) bounds exist for
the ratios between successive mesh sizes. Considering that the quasi-interpolation
approach here introduced is strictly related to BS methods, we call the new scheme
BS Hermite quasi-interpolant. A preliminary application to differential equations of
the strategy here proposed has been considered in [12], where we dealt with another
important class of BVMs, the Top Order Methods. On the other hand, the goal of this
paper is to present our approach in the general setting of quasi-interpolation because
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The BS class of Hermite spline quasi-interpolants

we believe that it can be useful not only for the specific application to differential
equations but also for different applications.

The paper is organized as follows. In Sect. 2 we give a general introduction to
BS methods and then, in Sect. 3, after some necessary preliminaries on the adopted
notation, the constructive approach used for defining the new quasi-interpolation op-
erator Q;BS) is introduced in the general case of a nonuniform partition. Section 4 is
devoted to the analysis of its convergence behaviour. Finally, in Sect. 5 the results of
some numerical experiments are reported in order to check the performances of the
new quasi-interpolation scheme.

2 The BS methods

The BS methods are a recently studied class [10, 11] of Boundary Value Meth-
ods for ODEs which have been efficiently implemented for the numerical solution
of Boundary Value Problems [13]. BVMs are Linear Multistep Methods which are
combined with a specific number of initial and final additional methods in order to
equip the full scheme with good stability features which can be absent or poor when
it is used as a traditional Initial Value Method (see [1] for a general introduction
to Boundary Value Methods). In particular, the k-step BS method is correctly used
as BVM if it is combined with k; — 1 left and k; right additional methods, where
ki = [%'I and kp := L%J, [10]. Even if clearly a suitable choice of the additional
methods is necessary for a good behaviour of the numerical scheme, in the follow-
ing we concentrate only on the main BS method because the additional methods
are not of specific interest for this paper (the interested reader can refer to [11]).
If y'(x) = f(x, y(x)), x € [a, b], is the considered differential equation (associated
with suitable boundary conditions) and 7 := {a = xo < x] < --- < xy = b} denotes
any fixed mesh in the integration interval, the numerical solution {y;,i =0, ..., N}
computed using the k-step BS method satisfies the following main equations:

ko ko
ol vivj=hi Y B firj. i=ki . N -k, (1)
j==k j==k

where h; := x; — xi_1, fi := f(x;, y) and a® := (a(()i), )T and B9 =
(ﬂél), e ,3,5'))7,1' =ki,...,N — ko, are the coefficient vectors characterizing the
linear multistep BS method, used with variable mesh size. .

Only in the special case of uniform meshes the vectors &) and 8% do not depend
on i; in this case their components are a priori known and defined as follows,

aj =Bk—j+1), Bi=Bk-j+1), j=0,...k 2)

where B(x) here denotes the k + 1 degree B-spline with integer knots O, ..., k + 2.
In Table 1 the o and B coefficients of the BS methods with k =1, ..., 5 are reported.
For k = 1 the method corresponds to the trapezoidal rule, for kX = 2 to the Simpson
rule.
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Table 1 The « and S coefficients of the BS methods withk =1, ...,5

k o B
1 1
1 -1 1 ! !
1 1 1 4 1
2 ) 0 2 3 3 3
3 _1 1 JR | S S | B
6 2 2 6 24 24 24 24
4 1 _s 0o 5 L 113 a3 L
24 12 12 24 120 60 20 60 120
5 Al _s 1 1 s 1. 1 19 Isl st 19 1
120 24 3 3 24 120 720 240 360 360 240 720

In the general nonuniform case, each couple of vectors a and B) has to be
computed solving the following linear system of size (2k 4+ 2) x (2k 4 2),

GO@O", BN =expa, 3)
where ey 12 = (0, ...,0, )T e R%*+2 and
(i—k)T Al=k)T
G .= |4 T ThiA @
o7 el
withe:=(1,..., )7 e R and AY), AV, j €N, defined as,
. [ Bj_k—1(xj), ..., Bjyr—1(xj) ]
Ay = : : : :
_ijkfl(Xj+k)v ey Bj+k71(xj+k)_ (k+1)x 2k+1) (5)
B B}_k_l(xj), ey B;‘.;_k_](xj) 7]
() ) .
A2 - . . ’
/ . / .
_Bj_k_l(xj+k)v ceey Bj+k_1(xj+k)_ (k-+1)x (2k+1)

where Bj(x), j =—( +k),..., N — 1, denote the B-spline basis of degree k + 1
with extended knot vector {x_1_k, ..., X—1,X0, .+, XNy XN+1s---5 XN4k+1}- In [11]
it has been proved that the local matrix G) is always non singular' and an efficient
algorithm for the solution of (3) is given.

Observe that the local truncation error 7 of the main k-step BS method is defined

as follows,

ko ko
= Z a;’.:_kly(xi-‘rj)_hl‘ Z ﬁﬁklf(xz'ﬂ,y(xiﬂ)), i=ki,...,N—ko,
j=—ki j==ki
(6)

n [11] distinct auxiliary knots are assumed. However the proof of the nonsingularity of GW» reported in
Corollary 1 in Appendix of that paper does not depend on such assumption and can be repeated also when
the auxiliary knots are coincident.
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where y(x) is the exact solution of the differential problem. In [10, 11] it has been
proved that (® for the k-step BS method is O (h**?), where h is the maximum mesh
size; thus, if a suitable selection of the additional methods is done, we can deduce
that the full scheme in (1) has approximation order p = k + 1. The stability features
of the BS methods are optimal, as proved in [10], and this is a fundamental point
for a robust numerical solution of differential problems; however, the characterizing
feature of such class of methods is that it is possible and easy to determine a spline
of degree k + 1 and with knots at the mesh points, s = ZlN: ill_k ¢ B;, verifying all
the following Hermite interpolation conditions (and, as a consequence, collocating
the differential equation at the knots),

sx)=yi, sS)=fi, i=0...,N. (7

We refer to [13] for the proof of this result, but we recall here the local ap-
proach which can be used for the spline computation because this will be useful
to derive the new quasi-interpolation scheme. If we put d := k 4+ 1> and we denote
as sU), j = —1,..., N — d, the restriction of s to the interval [x;41,Xjt+4], (i-€.

sU) = Zj_l:fi 4 €iBi), (7) implies that

sDx) =y, Jj+1<i<j+d, ®
i (Y= fi, j+1<i<j+d,

which can be recast in matrix form deducing that

GUHRIDTRWD = (y; 1, Yjwds —hjaki 1 fist oo oo —hjsi 11 fisa) T, (9)
where 8/) = (¢j41-d .-+, Cj—14a,0)T € R¥,
Denoting as &Y = @, ....&Z)T and gu =B, BT two
vectors belonging to R¥*! such that,
G(j"rkl"rl)(&(j,r)T’ B\(j‘r)T)T =e,, 1l<r< 2d7 (10)
T ) 2d .
(thus, in particular, it is & /">? = ¢(U+k1+D ang ﬂ(J ) = BUTk+D) e can observe
that,
T AGPT N if r <2d
(&(],r)T’ B J» )G(j+k1+1)Té(j) — 1%j—d+r ’
0, ifr=2d.

20bserve that, throughout the paper, we use not only the integer d denoting the spline degree but also the
superfluous integer k = d — 1 denoting the spline smoothness. This use is done in the following sections
mainly for brevity reasons; on the other hand, at the beginning of this section, k is preferred to d because
it can be interpreted as step number in the BVM setting.
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Thus, the following local approach for the computation of the spline coefficients
¢j,j=—d,...,N —1,is suggested in [13],

d  a(=lj+d+D d  A(=1,j+d+1)
cj= Zi:] o; Yi—1— hkl Zi:l ﬂi fi—1,
j=—d,...,-2,
d ~(j.d) d  50.d)
=210 g = hjrg1 i B St
j=-1,....N,
_yd AN j-N+d) d pWN.j-N+d) o
cj =214 yN+i_hN>kzZL=15i fN+w

j=N+1,...,N—1,

(an

where the symbol N = N — d has been used for brevity reasons. Under the assump-
tion of quasi-uniform meshes (i.e. meshes such that for all i itism < h;/hij+1 <M,
where m and M are two assigned positive constants) in [13] it has been proved that,
when the solution of the differential problem is C?*! smooth, the spline s extend-
ing the numerical solution produced by the k-step BS method has convergence or-
der O (h?).

The quasi-interpolation approach introduced in this paper takes the local formulas
in (11) as a tool for defining a spline of degree d approximating a function y(x),
assuming as input data its values and derivative values on the mesh 7. Observe that,
in the general case, we can not determine the spline by requiring all the conditions
in (7) because the dimension of the spline space is only N + d; this fact can be also
interpreted locally observing that, in general it is not true that the solution of the local
system in (9) has a vanishing last component. On the other hand, the formulas given in
(11) can still be used for defining the coefficients of a d degree good quasi-interpolant
approximation of y(x), as it will be shown in the next section.

3 The BS Hermite spline quasi-interpolant

In this section we introduce our BS Hermite spline quasi-interpolation scheme which
approximates on an interval [a, b] a function y which is known together with its deriv-
ative at N + 1 mesh points, w = {xp, ..., xny} witha =x¢9 < --- < xy = b. The data,
that is the function and derivative values at the mesh points, are denoted as yp, ..., Yn
and fo, ..., fn,respectively. The spline here defined belongs to Sy , i.e. to the linear
space of all polynomial splines of degree d defined in the interval [a, b] with knots in
7 = {xg, ..., Xy}, and with smoothness Ck[a, b], with k =d — 1. As in the previous
section, the B-spline basis of S;  is denoted as Bj(x), j =—d,..., N — 1, and the
associated extended knot vector is {X_g, ..., X_1,X0, .-, XN, XN+41»---s XN+d}- BY
using this notation, our quasi-interpolant spline is represented as follows,

N—-1
0 =Y u s, (12)
j=—d
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where ,uSBS) (y) are the local linear combinations of function and derivative values
already introduced in (11) which we report here for clarity reasons,

BS d A~(=1,j+d+1 d  p(=1,j+d+1)
WP = 6 g — e L BT

j=—d,...,~2,

BS d AGid d  aGd
M(, "0 = & Py = Rk X B fig

. S (13)
j=—-1,...,N,

BS), .\ _~~d A~N,j—N+d) d (N, j—N+d)
M] (y) - Zi:l o; yl(/—&-i - hN—kz Zi:] 181‘ fN+i’

j=N+1,...,N—1,

N A . ~(i (i A(.’
where N = N — d and the vectors &Y = (aij’r),...,afi]’r))T and B e

(ﬁf”), ey ﬁ;]’r))T are defined as solution of the linear system in (10).

In the next subsection we give an interpretation of the above formulas within the
general context of quasi-interpolation and in the following one we report their explicit
analytic expression for low degree cases. The study of the convergence behaviour of

the associated quasi-interpolant QEIBS) () is developed in Sect. 4.

3.1 Interpretation of the functional definition

In this subsection we show how the scheme introduced in (12) and (13) can be inter-
preted and explained by using a common strategy in the quasi-interpolation setting
(see for example [6, 8]) which is based on the use of local projectors. In particular
we outline that each /LE.BS) (y) can be associated with a suitable local function which
approximates y|1j, where I; C [a, b] is fixed as follows,

[xjt1,,Xj4al, if —1<j<N—d,
I =1 [x0, Xxa-1], if —d=<j=<-2,
[xv—d+1,xn], ifN—-d+1=<j<N-1

The local function defined in /; is a spline denoted as BSOY) belonging to the space
Sa,n; of the (local) splines defined in /; with degree d and knots at the d inner active

knots of B j»j=—1,..., N —d. Consequently, such local spline can be represented
as follows,
jHd—=1
BSQV(x)= > o’B(x), if —1<j<N-d, (14)
s=j—d+1

and it is assumed that

BSOY) (x) =BSQW D (x), ifN—-d+1<j<N-1.
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The (2d — 1) coefficients defining in (14) each local approximation BSQ') (x)
in the corresponding local B-spline basis are obtained by requiring the following
conditions,

dgsgn ()= fi4 T i<t (15)

rmdﬂu»=w, jHl<i<j+d,
B jtky+1

where we remind that k| := [d—gl] and h; := x; —x;_1; the symbol rUtki+D denotes
an additional necessary unknown; in fact one can observe that in (15) 2d conditions
are required but the coefficients defining BSQY) (x) are only 2d — 1. We can also
remark that this system is similar to the local system (8), except for the additional
unknown 711+ and we will show at the end of this subsection that, if the function
y(x) is sufficiently smooth in [a, b], TUT51TD is O (h4+1), where h is the maximal
mesh size.

The equations in (15) can be recast in matrix form by using the local matrix
GUtki+D introduced in (4), as follows,

itk + DT AG T
GUHRADTWD = (yi1, oo yjrds —hjsknt Fists oo —hjsi fiva) . (16)
where now ¢/ := (C;"Qd+1» e c;jjdfl,t(ﬁkl“))T_

(j,r) ﬁ(j.,r)

By using again the vectors & introduced in (10), we can write,

. (0] :
@ T g GUR DT U = Cilaw  ifr<2d. A7)

tUFkiFD - if =24,
and such formula, considering also (16), implies that,
. d . d .
CE-"_)[H, = Z&,-('/’r)y,/+i —hjtr+1 Zﬁi(/’r)fjﬂ, r=1,...,2d —1. (18)
i=1 i=1

Then we can conclude that our functional values /,L;BS) (y) can be interpreted as fol-
lows,

4”% —d<j<-2,
WPy ={. —1=j=N-d (19)
NN _d+1<j<N-1,

j £
that is each inner ,u(/.BS) (y) can be associated with the central coefficient of the corre-

sponding local approximation BSQ/) and the left (right) (d — 1) boundary ones can
be associated with the first (last) (d — 1) coefficients of BSQ™D (BSQWN~9)).

Let us now analyze more deeply the meaning of the additional unknown ¢/ +k1+D
appearing in (15) and consequently in (16). For this aim, first we observe that (16)
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and (17) imply also that zUT51+D can be expressed as follows,

4 d
. ~(j.2d gU-2d
r(1+k1+1)=§ G2y = b E B fii (20)
i=1

i=1

Then, by using a general result about the approximation order of the BS methods for
ODE:s proved in [11], we can state the following proposition.

Proposition 1 The values of tUT5+D j = _1,....N —d, are the local trun-
cation errors of the k-step BS linear multistep method constructed on the knots
Xj41, ..., Xjyq. As a consequence, the following properties are satisfied.

1. If y € C¥*a, bl, then tU+h+D) = O (h?*1), where h denotes the maximal mesh
size;

2. If y is a polynomial of degree d, then t(UHhi+D = 0;

3. If y € Sy n, then tUHhi+D =,

Proof First, observe that (10) and (3) imply that a1+ = g2 anq glithi+h —
~(j,2d S . . . .
,B(j ). Thus, considering (6) and relating to the differential equation y’ = f, we can

say that /+%1+D in (20) is the local truncation error associated with the correspond-
ing linear k-step BS scheme. In [11] it has been proved that such method satisfies
the order conditions with order p =k + 1 (= d). This immediately implies the first
two statements of this proposition. The third one is a consequence of the fact that if
Y € S4.x, its values and its derivative values at the mesh points verify (1). As a conse-
quence, from the analysis reported in the previous section, we can infer that the last
component of the solution of (16) vanishes if y € Sy , that is tU+1+D =0, O

Summarizing, we can conclude that the determination of the coefficients of
QEIBS) (y) in the B-spline basis requires the solution of all the local systems (10)
for j=—-1,r=1,....d,for 0<j<N—-d—-1,r=d and for j =N —d,
r=d,...,2d — 1. Thus, the computational cost is related to the solution of these
N + d linear systems of size 2d x 2d which can be solved in an efficient and stable
way using the algorithm described in [11] for general nonuniform meshes.

In the following subsection the explicit analytic expression of our quasi-interpolant
for some splines of low degrees is reported. Observe that, when a uniform mesh

~(j ~(.d .
7 is used, the inner coefficient vectors &'/ 9 and ﬂ(] ) do not depend on j, j =
-1,...,N—d.

3.2 Low degree cases

When low degree cases are considered, even if general nonuniform knot distribution
are assumed, it is possible to compute the analytic expression of all the M;BS) )
defining our quasi-interpolant with the help of symbolic computation. Tables 2 and 3
report such expressions for d =2 and d = 3 and we can observe that for d = 2 they

do not depend on the knot distribution while for d = 3 each ,LL;BS) (y) only depends
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Table 2 Values of u; for d = 2. General knot distribution

1y
(BS) )

—2(Y/+I+Y/+2) j+l( f/+1+f/+2) j=—1,...,N—2,
=)0, MN_I()’)=

Table 3 Values of 1 ; for d = 3. General knot distribution. Rj =hj3/hj2

2
1P =1 % Vi1t Rj+zfj+1y.i+2 - R_1~(+1%+R15'~)yj+3)
—511”2(%]3““1 R) fj2 = 11_:2R fj+3)s J==l....N=3,
M@S)(y) =)0, Mﬁ\lfﬂ O =yn,
(BS)(V) %(311215 11y0+ R] y1+R (1+R )M)

342R_,
—5hi(= Tygoy fo + 261 + iy f2):

(BS) 1 Rz N-3
iy = 3 (rRes IN-2 + (1= Ry—3)yn— 1+1+R—y1v)

R2 Ry_3(2+3Ry_3)
N-3 N-3 SRN_3
- §hN—l(* TFRy 3 IN-2 = 2RN3 N1+ =g fn)

Table 4 Values of u; for d = 4. Uniform knot distribution

1P 0) = F5 5341 + a2+ 343 +53j14)
— 25h(=5fjp1 =41 fj 0 +41f43+5fj14), j=—1.....N—4,
(BS) » =)o, u%gf)l » =N,
(B%) 2 (23y0 = 3y1 +3y2 + y3)
— g h(=23fo+ 1111 + 11+ f3).,
1BV ) = 5 (~11yo + 47y —Ty2 — 5y3)

— deh(11fo +41f1 —47f —5f3),
WSO (1) = Ay (=Syn—3 = Tyn—2 +4Tyn—1 — 11yx)
ah(Sfo+47f1 —41f, —11f3),
u§55)2<y> = 21—4()’N—3 +3yn-—2—3yN-1+23yN)
— geh(—fy—3—11fy_o — 11 fy_1 +23fN)

on one of the ratios of consecutive mesh sizes. Table 4 reports their form for d =4 in
the special case of uniform knot distribution. Observe that in all the reported tables
we relate to the case of coincident additional knots for the definition of the boundary
functionals (see also Remark 2 at the end of the following section).

4 Convergence behaviour of Q(BS) )

Theorem 1 The quasi-interpolation operator Q;BS) is a projector on the spline
space Sq.x .
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Proof Keeping in mind the locality of the B-spline basis and considering the rep-
resentation given in (19) of the functionals /L(BS) (y), it is sufficient to prove that
the local approximation BSQ(y) reproduces the local spline space Sa,N; .V —1=
J <N —d, where Nj :=m NI; (e.g. see Lemma 8.2 in [8]). Thus, let us assume
that, y|;; (x) = Z!:j:j 41 bs Bs(x). Then, from Proposition 1, the right hand side
of the local approximation problem (16) can be written as (G'/ i+ TH(U) | where
b = (bj,d+1,...,bj+d,1,0)T. Since GUTKIHD is non singular, we have that
¢U) = b\ This immediately implies that BSQY) (y) = yli; O

As a special case, the previous theorem implies that Q(BS) (y) =y when y is a
polynomial of degree less or equal to d. Now, in order to derive the approximation
order for the BS quasi-interpolation scheme when smooth enough functions are ap-
proximated, we need some assumption on the knot distribution. We define:

h:= max hy, h; = max h i=0,...,.N—1,

)

1<s<N " max(i—ky, ) <s<min(i+k;+1,N)

and the following two scalar quantities related to the coefficients used in (13):

lleell := max( ]max &t d)lll [nax ||0t(_ )||1 [max ||oc

(N—d,2d— r)” )
<N—d

A ~(j,d) A(—1,r) A(N—d,2d—r)
B := maX( max 1B "ll1, max ||B ll1, max |8 |I1>-
1<r<k 1<r<k

<N—d

By using this notation, we can first state two preliminary lemmas and then our
main theorem concerning the approximation order of our quasi-interpolant.

Lemmal Let g € Cl[a, b]. Then,YO <i <N — 1 and V0O <r <k there holds

BS Crr
10" Qi @l = ™ (181800, 15, i1 + i 1B oot ,1)
l
where iy = max{i — k, 0}, i, = min{i + d, N}, C,  is a suitable positive constant

depending on r and on the ratios between consecutive mesh sizes, with Co r = 1.

Proof Considering that the B-splines are nonnegative and that they sum up to one,
from the relation Q(BS) @i xii] = 2sia 1B (2)By(x), we get that

(BS) BS)
105 @l ioxpen = | max_ 11 (@)1

From (13), we deduce the proof for r = 0. For r > 0 the result follows by con-
sidering the recursive derivative formulas for splines expressed in the B-spline basis
(see for example [3]). Il
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Lemma2 Letx_g<---<x_| <X0<-:<XN <XNt] <+ <XN4d-Ifthere exist
two positive constants, m and M, withm <1 < M, such that

hi
hiti

m < <M, i=—-d+1,...,N+d—-1, (21)
then there exist two other positive constants Ay m.qa and By, ym.a depending only on
m, M and on d such that

lall < Am,ma, and Bl < Bm,m.a-

Proof Observe that the recursive definition of the B-spline basis implies that, Vs with
—1 <s < N —d, the entries of the matrix GGth+Dh only depend on the successive
ratios hj/hj41,i =s —d +2,...,5+2d — 1. Considering that such matrix is always
nonsingular [11], we get that each of the vectors &Y and ,@(N) depends continu-
ously on the ratios between successive mesh sizes. Thus the hypothesis (21) implies

the thesis of the Lemma because we can say that ||&| and ||B]| are continuous func-
tions of all the ratios h; / hjy1,i=—d+1,...,N+d — 1. O

Lemma3 Letx_g=---=x_|=Xx0 <+ <XN =XN4]="+"=XN+d- If there exist
two other positive constants, m and M, with m <1 < M, such that

m < <M, i=1,...,N—1, (22)

then there exist other two positive constants Ay m.qa and By, ym.a depending only on
m, M and on d such that

lall < Am,pa, and Bl < Bm,m.a-
Proof Even in this case we can state that each matrix G/) is nonsingular (see foot-

note 1). Then, by using arguments analogous to those used in Lemma 2, the thesis
can be proved. g

Then we are ready to prove the following main result,

Theorem 2 Let us assume the hypotheses in Lemmas 2 or 3 for the knot distribution.
If y € C?*a, b, then the r-th derivative of the approximation error of the quasi-

interpolant Q;BS) (y) satisfies the following inequality,

ID"(y — 0P 3D lloo < LA Dyl o, r=0,...,k, (23)

where L is a suitable positive constant depending on d, r and on the positive quanti-
ties m and M introduced in Lemmas 2 or 3.

Proof Let us consider the r-th derivative of the error in the interval [x;, x;41], with
0 <i < N —1 and for the sake of brevity let us use the notation || - [|; := || - lloo, [x;,x;41]-
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The BS class of Hermite spline quasi-interpolants

We have that, if p belongs to the space I1; of all polynomials with degree less than
or equal to d, we get the following bounds:

ID"(y = 0¥ )l = ID" (v — p) = D" (Y () = p)lli
<ID"(y = p)li + 1D Q% ) = p)i

S
=ID" &y - p)li +ID" 0V (v = plli.

From Lemma 1 we get the following inequality,

BS C, A nA A
10" Q7 (v = p)lli < i (B = Plloc.sy 1 + A NBIY = 'lloo 1)

1

where Co = 1 and C, -, for each r > 0, depends on the positive constants m and M.
Now, if p is the Taylor expansion of order d of y|y, ;] at the point x;, we get

ID"(y = p)lli < parhH T IDF y )5,

where pg r is a positive constant depending only on d and r, withr =0, ..., d.
In conclusion, using the above bound, we obtain the following local error estimate,

BS ~ A N
D" (3= Q> W)lli < [pa.r+Crx(l@llpa.o+ 181 oa DD Yoot i 1hd T

Taking into account the upper bounds for ||&|| and for || ['} || obtained in Lemmas 2 or 3
under the assumed hypotheses on the knot distribution, this local estimate implies the
global estimate in (23), where

L:=pg;~+Crz(AnmapPad,0~+ Bmmdapda1)- O

Remark 1 Even if the statement of the previous theorem is true whatever the fixed
positive constants m < 1 < M are, the value of the constant L in the upper bound on
the error (23) deteriorates when m decreases and/or M increases. In our experience it
is reasonable to require m = M L M =2.

Remark 2 The specific selection adopted for fixing the necessary auxiliary left
and right knots (respectively x_g4,...,x_1 and Xy41,...,XN+q) influence only

the definition of the boundary functionals, that is only the vector coefficients
A (=1, AL j+d+1) A(N—=d, j— ~(N—d,j—N+2d)
AR AN ! j=-d,...,—2 and qW—dJj=-N+2d) g !

k) i

j=N—k,...,N — 1. We observe that the choice of coincident additional knots
seems preferable because it ensures that QL(JBS) (y)(a) = y(a) and Q;BS) (»)(b) =
y(b). In addition, at least when uniform partitions are used, the corresponding values
of ||a| and of || ﬁ || increase when a uniform distribution of auxiliary knots with mesh

size h is used.
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5 Numerical results

In this section we analyze the behavior of Q;BS) for approximation by using the fol-
lowing two testing functions,

y1(x) = e Fsin(57x), [a,b]=[-1,1],

exp(—x/y/€) —exp((x —2)/\/€)
(1 —exp(=2//€))

For the first test function we report only results obtained with a uniform knot distribu-
tion. In fact in this case we had not a significant gain from using nonuniform distribu-
tions. For the second test function, characterized by a boundary layer of width € near
x =0, we report results obtained with uniform and nonuniform distributions because
in this case the use of a suitable knot sequence can be very profitable. Observe that
the nonuniform knot sequences considered for the reported experiments have always
geometric distribution (with common ratio «).

The obtained results are summarized in Tables 5-13 where N denotes always
the number of mesh steps and 655 the infinity norm (which is computed using a
uniform mesh with 1000 points) of the absolute error with respect to the BS quasi-
interpolant of degree d. When a uniform knot distribution is used, we can compare
the accuracy of our approximation with that of the discrete spline quasi-interpolation
operator presented in [17] that in the following will be referred to as Q4 (the knot set
is unchanged). Thus, in all the tables where a uniform knot distribution is assumed,
we report also €4 which is the absolute error with respect to the O, quasi-interpolant.

In the general case the comparison is done with the accuracy of the approximant
produced by the d-degree spline Hermite interpolation scheme based on the selection

»2(x) = , €=0.001, [a,b] =10, 1].

Table 5 Approximation errors

BS BS HC HC HI HI
for the test function 1, d = 3. N & 37 € & 3 € 3
Uniform knots
16 2.9e—1 5.8e—1 1.1e—1 2.3e—2

32 12e—2 4.6 1.0e—1 25 6.6e—3 41 253 32
64 5.0e—4 4.6 5.1e—3 43 4.0e—4 40 1.8e—4 38
128 2.6e—5 42 28e—4 42 24e-5 4.1 12e-5 40
256 1.5e—6 4.1 18e—5 4.0 15e—6 40 7.2e—7 4.0
512 94e—8 40 1l.le—6 4.0 94e—8 40 4.5e—-8 4.0

Table 6 Approximation errors

BS BS HC HC HI HI
for the test function 2, d = 3. N & 3T €3 & "3 € 3
Uniform knots
16 1.9e—-2 8.4e—-2 1.9e—2 7.4e—-3

32 1.7e—=3 35 14e—2 26 1.7e-3 35 45e—4 40
64 13e—4 37 14e—3 32 13e—4 37 33e-5 37
128 8.8e—6 39 12e—4 3.6 88e—6 39 29e—6 3.5
256 5.8e—7 39 78e—6 39 58e—7 39 22e-7 3.7
512 37e-8 40 52e-7 39 37e-8 40 15e-8 3.9
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Table 7 Approximation errors
for the test function 2 d = 3.
Geometric knot distribution

Table 8 Approximation errors
for the test function 1, d = 4.
Uniform knots

Table 9 Approximation errors
for the test function 2, d = 4.
Uniform knots

Table 10 Approximation errors
for the test function 2, d = 4.
Geometric knot distribution

BS BS HC HC HI HI
N o € r3 € r3 €3 r3
8 1.6479 2.9e-3 1.9e-3 1.3e-3
16 13209 1.4e—4 3.8 94e—6 3.7 4.7e—6 3.8
64 1.0921 8.5e—7 3.6 83e—-7 3.5 4.0e—7 3.5
128 1.0504 7.6e—8 3.5 7.6e—8 3.5 3.7e—8 3.5
256  1.0276 6.9¢e—9 35 69e—9 3.5 3.3e—9 3.5
512 1.0150 6.1e—10 3.5 6.le—10 3.5 2.9e—10 3.5
N B O ol ol
16 2.7e—1 4.6e—1 4.3e-3
32 3.6e—3 6.2 1.4e—2 5.0 6.4e—4 2.7
64 6.0e—5 5.9 3.3e—4 5.5 2.4e-5 4.7
128 1.1e—6 5.8 1.8e—5 4.2 8.0e—7 4.9
256 2.1e—38 5.6 6.3e—7 4.8 2.4e—8 5.1
512 4.5e—10 5.6 2.1e—8 49 7.4e—10 5.0
N efs rfs €4 r4 eiﬂ rfl
16 4.9e-3 2.2e-2 4.9e—-3
32 1.9e—4 4.7 2.3e—3 33 2.3e—4 4.4
64 9.3e—6 4.3 1.4e—4 4.1 8.6e—6 4.7
128 2.9e—7 5.0 6.1e—6 4.5 3.0e—7 4.9
256 8.0e—9 5.2 2.3e—7 4.7 9.0e—9 5.0
512 1.5e—10 5.8 7.8e—9 4.9 2.9e—10 5.0
N o efS rfs eiﬂ rf’
8 1.6479 2.6e—3 3.0e—4
16 1.3209 5.3e—5 5.6 2.6e—6 6.8
32 1.1697 1.6e—6 5.1 8.0e—8 5.0
64 1.0921 5.3e—8 4.9 3.2e—9 4.7
128 1.0504 1.9e—9 4.7 1.4e—10 4.5
256 1.0276 8.1e—11 4.6 5.3e—11 1.4

of an optimal knot distribution, which is available in the Matlab spline package (re-
lease 7.2) [19] and here is referred to as H; (observe that the number of degrees of
freedom used by this scheme is 2N +2); for the details about Hy, the interested reader
can refer to [5, 14]. The related absolute error is denoted in the tables as eéﬂ . For the
case d = 3 the accuracy of our approach is also compared with that of the classical
C! cubic spline Hermite interpolant at the knots whose knot sequence is the same
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Table 11 Approximation errors for the test function 1 and its derivative, d = 6. Uniform knots

N egS BS HI HI /BS 1BS 1HI 1HI

re €g i €'g r's €'s r's
16 1.0e—1 9.5e—3 1.5e0 2.9e—1
32 5.0e—4 7.7 1.7e—5 9.1 8.5e—3 75 1.2e-3 79
64 1.6e—6 8.3 4.0e—7 5.4 5.7e-5 7.2 5.5e—5 45
128 7.0e—9 7.8 3.9e—9 6.7 4.8e—7 6.9 1.0e—6 5.7
256 2.7e—11 8.0 2.7e—11 72 5.4e—9 6.5 1.1e—8 6.5
512 1.1e—13 7.9 2.1e—13 7.0 7.2e—11 6.2 1.3e—10 6.5

Table 12 Approximation errors for the test function 2, d = 6. Uniform knots

N BS BS HI HI /BS 1BS /HI 1HI

€ [ €6 rg €' r'e €'s r's
8 1.0e—2 3.0e—2 4.1e—1 9.7e—1
16 2.8e—4 5.2 9.3e—4 5.0 1.5e—2 4.8 6.le—2 4.0
32 8.5e—6 5.1 1.5e—5 6.0 9.9e—4 39 1.9e—-3 5.0
64 1.2e—7 6.2 1.6e—7 6.5 2.1e—5 5.6 4.4e—5 5.5
128 1.1e—9 6.7 1.5e—9 6.7 3.0e—7 6.1 8.2e—7 5.7
256 7.7e—12 7.2 1.1le—11 7.1 4.0e—9 6.3 8.9e—9 6.5
512 3.7e—14 7.7 8.6e—14 7.0 5.9e—11 6.1 1.0e—10 6.4

Table 13 Approximation errors for the test function 2, d = 6. Geometric knot distribution

N o Eé?s rgs E(I’-ll rgll érgs r/gS E/gl[ r/gll
8 1.6479 2.4e-3 1.1e—2 3.4e—-2 1.1e—1

16 1.3209 1.8e—5 7.0 2.6e—6 12.0 3.2e—4 6.7 4.1e—5 11.4

32 1.1697 1.6e—7 6.9 2.2e—9 10.0 4.4e—6 6.2 2.1e—17 7.6

64 1.0921 1.5e—9 6.8 1.7e—11 7.0 8.0e—8 5.8 3.5e—9 5.9
128 1.0504 1.4e—11 6.7 6.2e—13 4.8 1.9e-9 54 6.0e—9 *
256 1.0276 1.3e—13 6.7 2.9e—11 * 5.0e—11 52 1.4e—8 *
512 1.0150 1.3e—15 6.7 2.0e—10 * 8.1le—11 * 8.6e—8 *

used for Q;BS). Such local spline approximation will be denoted in the following as

HC3(y) and the associated absolute error as egfc. Observe that, we do not compare
Qgs with such scheme when d > 3 because we want to compare approximations with
the same approximation order. For facilitating the evaluation of the accuracy of the
considered schemes, in all the tables each error column has on the right an associ-
ated column reporting the corresponding numerically computed approximation order
(denoted as r with the corresponding sub and superscripts).

Tables 5-7 relate to the case d = 3 and we can verify that all the schemes have
the theoretical convergence order. In particular Table 7 shows that a significant im-
provement can be obtained by using nonuniform knot distributions for the second
test function. The difference between Q?S (y) and HC3(y) is evident only when few
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knots are used but Qgs produces a C? approximation while HC3 a C! one. The com-
putational cost of our scheme is linear with respect to N, as well as that of HC3, and
the explicit functional expressions reported in Table 3 can be used in this case. Con-
cerning Q3(y), we can see from Tables 5 and 6 that for the same value of N, Q?S is
more accurate than such scheme. On the other hand, considering that O, doesn’t use
the derivative information, in order to perform an honest comparison, our error Egs
related to N should be compared to €; related to 2N. If we take this point into ac-
count, our results in Table 5 and in Table 6 show that Q; (which can be specifically
used for the uniform case) produces little better results. However, we would like to
remark that there are important applications where the derivatives at the mesh points
are available, while this is not true for the function information at refined meshes. Fi-
nally, Tables 57 show that a little better accuracy is obtained in this case by H3(y).
These results are however encouraging because, when the degree of the spline in-
creases the computation of Hy;(y) is more expensive, since the scheme is global.
Tables 8—10 relate to the case d =4 and analogous comments can be done. Finally,
Tables 11-13 relate to the case d = 6 and they show that, if d is suitably increased,
QE,BS) can produce smooth function approximations with a very high accuracy, even
with a relatively low number of knots. In Tables 11-13 we report also the errors for
the approximation of the first derivative (denoted by €’ with the corresponding sub
and superscripts) and the numerically computed approximation order (denoted as r’
with the corresponding sub and superscripts). We note that the convergence order is
respected and in many cases, even if the error for ngs is higher than the error for Hl¢,
the approximation of the derivative is more accurate. Another interesting behavior is
that, with high N, the HI scheme is unstable for the geometric mesh distribution;
this is mainly due to the global nature of the scheme. On the other hand, Qgs has no
problem because of its locality.

6 Conclusion

We have presented a new class of spline quasi-interpolants which can be easily used
also in case of nonuniform knot distribution. Such class is of (first order) differential
type and is based on the BS linear multistep collocation methods for the numerical
solution of ordinary differential equations. Results concerning the convergence of the
schemes have been proved and some numerical experiments related to function ap-
proximation have been presented. These formulas are particularly interesting when
dealing with the numerical solution of differential problems because in this case ap-
proximations of both the solution and of its derivative at the mesh points are available.
For applications of this quasi-interpolant to the numerical solution of Ordinary Dif-
ferential Equations, see [9, 12, 13].

Acknowledgements We would like to thank the referee for his/her useful comments and suggestions
which have allowed us to improve the quality of the paper.
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