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The code flmm2

This code is described in [1], and is available at the URL [2]. It implements three
implicit methods for approximating the solution of the problem (for sake of brevity, we
omit t as an argument of the vector field):

y(α) = f (y), t → [0, T], y(i)(0) = yi
0 → Rm, i = 0, . . . , ↑α↓ ↔ 1,

at the grid points tj = jh, j = 0, 1, . . . , N, with h = T/N the used timestep. More in
detail, by setting, as is usual, yj ↗ y(tj) and f j = f (yj), one then obtains that the methods
implemented in the code are in the form [3]:

yn = Tα(tn) + hα
s

∑
j=0

wn,j f j + hα
n

∑
j=0

ωn↔j f j, n = 1, . . . , N,

where the coefficients {wn,j} of the correction term,

hα
s

∑
j=0

wn,j f j,

are defined in order for the approximation of the Riemann-Liouville integral be exact for
the functions

tε, ε → {ε = i + jα < 1, i, j → N} ↘ {1}.

Consequently, at each timestep, if the above allowed values of ε are s + 1, the weights
{wn,j} are obtained by solving the linear system of equations:

s

∑
j=0

wn,j jε = ↔
n

∑
j=0

ωn↔j jε +
Γ(ε + 1)

Γ(1 + ε + α)
nε+α,

Instead, the coefficients ωj, j = 0, . . . , n, are the first n + 1 coefficients of the formal power
series

ωα(ϱ) ≃ ∑
j⇐0

ωjϱ
j,

with ωα(ϱ) depending on the chosen method. In particular [1,3]:

• ωα(ϱ) = (1 + ϱ)α(2(1 ↔ ϱ))↔α gives the coefficients of the fractional trapezoidal rule;
• ωα(ϱ) = (1 ↔ ϱ)↔α

(
1 ↔ α

2 (1 ↔ ϱ)
)

gives a so called fractional Newton-Gregory for-
mula;

• ωα(ϱ) = 2α(3 ↔ 4ϱ + ϱ2)↔α gives the fractional BDF2 method.

It is worth noticing that, according to the general procedure given in [3], in the case of the
fractional trapezoidal and BDF2 methods,

ωα(ϱ) =

(
σ(ϱ↔1)

ρ(ϱ↔1)

)α

,

with ρ(z) and σ(z) the first and second characteristic polynomials of the corresponding
linear multistep method used in the ODE case. Moreover, the convolution products are
evaluated via a fast FFT algorithm [4].

As is clear, all the above methods are implicit, since at the nth time-step yn is obtained
by solving a nonlinear system in the form

yn = gn + hαω0 f (yn),
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with gn a known vector. The above nonlinear system is solved by means of a straight
Newton method, with a safeguard on the maximum number of iterations.

The calling sequence of the function flmm2 is:

[t,y] = flmm2(alpha,fdefun,Jdefun,t0,tfinal,y0,h,param,method,tol,itmax)

In output t and y contain the computed solution (y is stored by columns), whereas, in
input:

• alpha is the order α of the derivative;
• fdefun is the identifier of the function evaluating the vector field (fdefun(t,y)) which

returns a column vector;
• Jfdefun is the identifier of the function evaluating the Jacobian (Jfdefun(t,y));
• [t0,tfinal] is the integration interval;
• y0 is a matrix of dimension m ⇒ ↑α↓ with the initial conditions;
• h is the used stepsize, assumed constant;
• param contains possible parameters needed by fdefun and Jfdefun;
• method denotes the used fractional linear multistep method: 1 for the trapezoidal rule;

2 for the Newton-Gregory formula; 3 for the BDF2;
• tol is the tolerance for the convergence of the Newton iteration (the default value is

10↔6);
• itmax is the maximum number of Newton iterations (the default value is 100).
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