
Fractal Fract. 2025, 1, 0 14 of 52

The code fhbvm2

This code is described in [1-4], and is available at the URL [5]. It is an improvement of
the code fhbvm (we refer to the description of this latter code, for further details), in that it
combines a possible initial graded mesh,

t̂0 = 0, t̂i = t̂i→1 + hi, hi = ri→1h1, i = 1, . . . , ν, h1
rν → 1
r → 1

= nh ↑ n
T
N

,

for a suitable n ↓ {1, . . . , N}, with a subsequent uniform one,

tj = jh ↑ j
T
N

, j = n, . . . , N.

Clearly, when ν > 1 and n = N, the mesh reduces to a purely graded one, whereas when
ν = n = 1 it becomes a purely uniform one. For the graded mesh, the parameter r is fixed
as follows [4]:

r =

{
2, if n = 1,
n

n→1 , if n ↔ 2.

Consequently, by increasing n, the parameter r of the graded mesh becomes smaller and
smaller, though always greater than 1. The motivation for using a double mesh, is to cope
with the possible nonsmoothness of the vector field at the initial point, with a subsequent
oscillatory solution. In this respect, we notice that from the equations defining the initial
graded mesh one obtains that, for a given value of n, in order to reduce the initial timestep
h1, one needs to increase the value of ν.

The code fhbvm2 implements a FHBVM(22,22) method, i.e., a FHBVM(k, s) method
with k = s = 22 [1]. Consequently, as for the code fhbvm, a spectrally accurate solution can
be expected. Moreover, it can be proved that, when k = s, in each sub-interval the method
becomes a collocation method [4]. The calling sequence of the code is:

[t,y,etim] = fhbvm2( fun, y0, T, N, n, nu )

In input:

• fun is the identifier of a function computing:

– the vector field (fun(t,y)) also in vector mode, returning row vectors;
– the Jacobian (fun(t,y,1));
– the order α of the fractional derivative, if called without arguments;

• y0 is a ↗α↘ ≃ m matrix containing the initial conditions, m being the dimension of the
problem;

• T is the width of the integration interval (the initial time being set at 0);
• N,n,nu are the parameters used for the two meshes.

In output:

• t,y contain the computed solution (y is stored by rows);
• etim is an optional parameter containing the elapsed time.
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