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The code £hbvm

This code is described in [1,2,3], and is available at the URL [4]. The basic idea is that
of deriving a local polynomial approximation of the vector field of the problem (for sake of
brevity, we have omitted f as a formal argument of f)

yW=f),  telT, YO =wpeR",  i=0.,[a]-1,

by expanding it along the orthonormal Jacobi polynomial basis
p; € 11, / i(x)dx =6, i,j=0,1,..., w(x) =a(l—x)*"1,
with a > 0 the order of the fractional derivative. In more details, given a mesh in the form
t =0, ti=ti1+h, j=1,...,N,
let us denote by
yi(chj) :==y(tj_1 +chy), cel0,1], j=1,...,N,

the restriction of the solution to the sub-interval [t;_, t;]. Consequently, the problem can
be rewritten as the following sequence of local problems:

v (ehy) = fleh),  ce01,  j=1...N,
WO = vy i=0..la]-1

By expanding the local vector fields along the Jacobi basis,

f(yj(ch)) ZPZ )ve(yj), c€[0,1], i=1,...,N,
>0

with the Fourier coefficients defined by

1) = [ @RS eh)dn =01,

one then obtains the following equivalent formulation:

yey) = LREw), el  j=1...N,
>0

yWo) = v,  i=0,...[a] -1

Consequently, for ¢ € [0,1], so that t = t,_1 + chy, € [t,_1, tx], One obtains

y(t) = yu(chy) = Yu(ch) +hy Y I*Pe(c)ve(yn),  c€[0,1],
>0

with [*Py(c) the Riemann-Liouville integral of P;(c) and, by setting

Wty
Tlx<t): Z l,yO'

i=0



Fractal Fract. 2025,1,0

11 of 52

the memory term formally given by:

n-1 th_1 —ti_1+ch
¥n(chn) = Ta(tp—1 + cha) + Z@‘ZI?( — ;1,1 n)W(Vj)r ce[01],

j=1 " £>0 ]

having set

15 (x) = r(la) /01(x _ o lp(t)dr, x> 1.

A piecewise approximation
oi(chj) = yj(ch;), ce[0,1], j=1,...,N,

can be obtained by truncating the infinite expansions of the local vector fields to polynomials
of degree s — 1:

U,(“)(ch]') = ZPZ 'YZU'] ce[0,1], ji=1,...,N,
al(i)(o) = yo, i=0,...,[a] -1,

with the Fourier coefficients 7,(c;) defined as above, by formally replacing y; with o;.
Consequently, for t = t,_1 + chy € [t,_1,t,], one obtains

-1
on(chy) = Y5, (chy) + h ZI“PZ Yve(on), ce[0,1],

with the memory term now given by

n-l sl (it —tiq+ch
i (chn) = To(tuor + ch) + Zhﬁﬂf@‘( —— ”)w(ap, ceo1]
j=1 " (=0 ]

Next, in order to obtain a practical numerical method, the Fourier coefficients 7y, (o ) are
approximated by means of an interpolatory Gauss-Jacobi quadrature of order 2k, with
abscissae given by the zeros of the kth Jacobi polynomial, for a convenient k > s, Py (¢;) =0,
i=1,...,k and corresponding weights by, ..., by:

prf oi(cih) =24,  £=0,...s—1, j=1,..N,

Where, for the sake of brevity, we continue denoting ¢; the approximation of the solution

in [t;_1,j], after the discretization of the Fourier coefficients. In so doing, one obtains a
FHBVM(k s) method. A noticeable feature of such methods (common to HBVMs, obtained
for « =1 [5,6]), is that the discrete problem can be cast in terms of the s Fourier coefficients
in the current sub-interval, independently of k. In fact, from the above equations one
derives:

k s—1
g = Z ( ;(cihn)+hg21apr(ci)w>, 0=0,...,s—1,

r=0

which can be efficiently solved by means of a Newton-type iteration [2].
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The code fhbvm implements a FHBVM(22,20) method. Moreover, in order to have
manageable integrals involved in its implementation, it uses either a uniform mesh,

or a graded one, where, for a convenient r > 1,

- '
to =0, tjzt]',1+hj, hjZI’] h1, j=1,...,N,
In fact, in such a case the argument of ]/ in the memory term becomes:

tn1 — tj_1 + chy n—j+c, for the uniform mesh,

hj rnlfl +cr"7i, for the graded mesh.

The code automatically detectes which mesh is needed, depending on the smoothness of
the vector field at the initial point, also choosing the parameters N, 7, and ;. Moreover,
also the smoothness of the vector field is automatically detected, by means of a trial and
error procedure.

Remark 1. It is worth noticing that the local truncated vector fields are equivalent to requiring that
the corresponding residuals, r;(ch;) := (Tj(“)(chj) — f(oj(chj)), c € [0,1], be orthogonal, w.r.t. the
weighted product defining the Jacobi polynomials. Le., forall j=1,...,N:

1
/ w(c)Py(c)rj(ch;)dec =0, £=0,...,s—1
0

In consideration of the high value of s (s = 20) implemented in the code fhbvm, one expects a
spectral accuracy in time for the numerical solution [1], similarly to what happens in the ODE case
for HBVMs [7].

The calling sequence of the code fhbvm is:

[t,y,stats,err] = fhbvm( fun, yO, T, M )
In input:
¢  funis the identifier of a function computing:

—  the vector field (fun(t,y)) also in vector mode, returning row vectors;
—  theJacobian (fun(t,y,1));
—  the order « of the fractional derivative, if called without arguments;

e y0isamatrix of dimension [a] X m containing the initial conditions;

*  Tis the width of the integration interval (the initial point being set to 0);

. Mis an optional parameter such that # = T/M is the constant timestep, if a uniform
mesh is selected, or iy ~ T/Mis the final timestep, if the graded mesh is used. In this
latter case, the parameters N, r, h; are automatically computed.

It is worth noticing that this code requires very few parameters be given by the user in
input. In output:

* t,y contain the computed solution (y is stored by rows);

*  stats is an optional vector containing the following four times:
—  the pre-processing time;
—  the execution time;
-  the pre-processing time for the error estimation;
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- the execution time for the error estimation.

Consequently, the total execution time is given by their sum;
* err is an optional vector containing the estimated error on a doubled mesh (this is an
expensive procedure, which is done only if this parameter is specified in output).
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